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Seiberg-Witten Invariants of Lens Spaces

Liviu I. Nicolaescu

Abstract. 'We show that the Seiberg-Witten invariants of a lens space determine and are determined by
its Casson-Walker invariant and its Reidemeister-Turaev torsion.

Introduction

The Seiberg-Witten theory of rational homology spheres is particularly difficult since
the usual count of monopoles leads to a metric dependent integer. Chen [2], Lim
[10] and Marcolli-Wang [12] have shown that this count, suitably altered by a certain
combination of eta invariants, leads to a topological invariant. For integral homology
spheres, there is an unique spin® structure and this altered count was shown to coin-
cide with the Casson invariant; see [3, 11], and [20] in the special case of Brieskorn
spheres. For a rational homology sphere N there are #H; (N, 7Z) such invariants which
are rational numbers. They define a function

sw =swy: Spin‘(N) = Q, o — sw(o).

We will call swy the Seiberg-Witten invariant of N. This invariant can be further
formalized as follows.

Recall that H, (N, Z) = H%(N, Z) acts freely and transitively on the space Spin‘(N')
of spin‘ structures on N

Spin“(N) x H1(N,Z) 3 (o,h) — o - h € Spin(N)

Thus each oy € Spin“(N) defines an element SW,,, € Q) [H] (= the rational group
algebra of the multiplicative group H = H;(N, Z)) defined by

SW,, = Z swy(og - h)h.

heH

Clearly
SWoog = SWo, g ', Vg €H.

Thus, the collection SW := {SW,;0 € Spin‘(N)} C Q[H] coincides with an orbit
of the right action of H on Q)[H] so that the Seiberg-Witten invariant can be viewed
as an element in Q [H]/H.
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This Seiberg-Witten invariant is unchanged by natural involution
Spin‘(N) — Spin‘(N), o+ 4.
The conditions sw(o) = sw(é)ando -h=6-h~! imply
SW,; = SW,,

where™ Q[H] — Q[H] is the involution determined by H > h +— h~! € H.

In [20] we have explicitly computed the invariant SW for Brieskorn homology
spheres with at most 4 singular fibers and we have identified it with the Casson in-
variant.

In the present paper we use the results and techniques of [19] to produce a sim-
ple algorithm computing the SW. As in [19], these formulz involve the Dedekind-
Rademacher sums so, each concrete computation, although completely elementary,
can be quite involved.

Denote by SW, , the Seiberg-Witten invariant of L(p,q). It is an element of
Q[Z,]/Z, and we will regard it as a polynomial in one variable ¢ satisfying t¥ = 1.
The ring Q[7,] is equipped with an augmentation map

p—1 p—1
aug: Q[Z,] — Q, Zaktk — Zak.
k=0 k=0

We prove in Section 3.2, Theorem 3.1 that
(0.1) aug(SW, ) = CW(L(p, q)) .

where CW denotes the Casson-Walker invariant (see [31]) of a rational homology
sphere normalized as in [9].

As explained in [1], the results of Meng-Taubes [14] imply that an analogous result
is true for 3-manifolds with positive Betti numbers provided that the augmentation
map is defined in a regularized sense. In this case we have an equality of the form

Z swy(o) = CWL(N)

where CWL stands for the Casson-Walker-Lescop invariant of N and the sum on the
left-hand-side should be understood in the {-regularized sense when b;(N) = 1.

Following [15] we introduce the polynomial ¥ = 5;01 tk. It can be used to
define a projection

_ aug(R)

Proj: Q[Z,] — A, := keraug, R+ R 3.

Set

CW (L(p,q) >

Tpq = Proj(SWy,) = SW, , — p
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We can regard T), ; as an element of A, /Z,. If A, B are two “polynomials” in A, then
A ~ Bwill signify A = "B for some n € /L.

The Reidemeister torsion of L(p, q), which we denote by 7, 4, is also an element of
A, (see [15, 22]). More precisely, using the convention of [29] we have (see [15, 22,
291)

Tpg~ (1—=1) "1 —t1)~!
ie.

Tpg1 =1 —t) ~i=1— éz'

As explained in [15, 22] the “polynomial” i represents 1 in A ,. We prove the follow-
ing.

For any positive integers p, q such that gcd(p, q) = ged(p,q — 1) = 1 we have
(0.2) Tpa(1—1)(1—t1) ~ 1

The method we present works in the general case, when ged(p, g —1) > 1, but the
additional arithmetical difficulties are not particularly enlightening so we have not
included them.

The paper consists of three parts. The first part is a review of basic, known facts
about Seifert manifolds. The second part explains how to use the results in[19] to
compute the various eta invariants needed to compute the Seiberg-Witten invariants.
The third part is devoted to the proof of (0.1) and (0.2).
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over the years. As always, Nikolai Saveliev has generously shared his knowledge with
me. In particular, the conversations with him provided the stimulus to think about
the Casson-Walker invariant. I am indebted to Frank Connolly for the many helpful
mathematical discussions. Finally, I want to thank Yuhan Lim for sending me his
preprints [10, 11].

1 Seifert manifolds
1.1 Classification results

The literature on Seifert manifolds can be quite inconsistent as far as the meaning of
Seifert invariant is concerned. This subsection is an informal comparative survey of
the most frequently used descriptions of a Seifert manifold. In particular, we care-
fully keep track of the various sign conventions and carefully describe various natural
metrics (Thurston geometries). This is particularly crucial in the case of lens spaces
which admit infinitely many Seifert structures and thus infinitely many Thurston ge-
ometries. However only two (I!!) of them are Sasakian, which is exactly the geometric
context needed to invoke the results in [17, 19].
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A. The Equivariant Description In this paper, a Seifert manifold (or fibration) is a
compact, oriented, smooth 3-manifold N without boundary, equipped with an in-
finitesimally free S! action. A fiber S' - x is called regular if the stabilizer St, of x is
trivial. Otherwise, the fiber is called singular. In this case St, is a cyclic group 7Z,
and the order of this stabilizer is called the multiplicity of the fiber. It is customary to
identify St, with the cyclic subgroup

ke
Ca:{exp(%);kzo,l,...,afl} c st

For brevity set p, = exp(%’i). The base of the Seifert fibration is the space of orbits
¥ := N/S'. Topologically, it is a compact oriented surface but smoothly, it is a
2-dimensional orbifold. The orbifold singularities are all cone-like and correspond
bijectively to the singular fibers. Equip N with an S'-invariant Riemann metric h.
Suppose F C N is a singular fiber of multiplicity o containing the point x. The
bundle TN/ splits orthogonally as

TN|p = TF® (TF)*.

Both TF and (TF)* are S'-equivariant bundles over F. The stabilizer C,, of x acts
effectively on (TF)*. Denote this action by

7: Cq — Aut((T.F)"').

If we identify (T,F)" as an oriented vector space with C then 7 is completely de-
scribed by an integer 0 < g < @, ged(q, a) = 1 by the formula

T(pa)z = plz.
We will denote this action by 7, or, when no confusion is possible, by 7,. Following
[23], we call the pair (¢, q) the orbit invariant of the singular fiber F. Now denote by
0 the integer uniquely determined by the requirements
0<pB<1, Bg=1 (mod a).
The pair (o, 8) is called the (oriented, normalized,) Seifert invariant of the singular
fiber F.
Using the principal C,-bundle P, = (S! — S!), z — z%, and the representation
7, we can form the associated S'-equivariant line bundle
— 1
Eo g = Po Xq, C—S.

The S'-action on E,.q is induced from the obvious action on S'xC

i0 0
e (z1,2) = ("21,2), |a|=1,2€C
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which commutes with the action of C,,

palz1,2) = (pazi, p, 122).

To describe this S'-action on E, , more explicitly note first that E,,  is diffeomorphic
to S! x C. Such a diffeomorphism can be obtained using the C,-invariant map

T:S'x C— 8 x C,(z1,22) > (€1, &) = (22, 202).

Then we can regard (1, (2) as global coordinates on E, , and we can describe the
S!-action by

(¢, G) = Té - (21,25) = (6°9¢), €172y).

We have the following result (see [23]).

The Slice Theorem There exists an S'-invariant open neighborhood U of F in N, an
S'-invariant open neighborhood V of the zero section of E, 4 and an S'-equivariant
diffeomorphism ¢: V. — U which maps the zero section to F and 1 € S' to a given fixed
point x € F.

Denote D, denotes the disk of radius r in the fiber of E, ;, over 1 € St ie.,

D, ={(1,G) € Eags |G <1}

The surface ¢(D,) will be called a slice of the S'-action. For simplicity, we will con-
tinue to denote it by D,. Its boundary, equipped with the induced orientation, will
be denoted by &. It can be explicitly described by the parametrization

(€1,G) = (1,ré"), te0,2m],

Denote by A(r) = A, s the bundle of disks of radius r determined by E, ; and set
S(r) = Sap = 0Anpg. A(r) is usually known as the fibered torus corresponding
to the Seifert invariants (c, 3). Endow S(rl with the induced orientation. S(r) is
equipped with a free S'-action. Denote by f an orbit in S(r) equipped with the in-
duced orientation. It can be parametrized explicitly by

(Cla CZ) = (eiat, eiqt)’ te [07271-]

fmeets d geometrically a-times. In fact, when we use the outer-normal-first orien-
tation convention for manifolds with boundary, we also have & - )? = a, algebraically
as well.

A section of the S'-action on S(r) is a closed, oriented curve § such that 5 - ]? =1
both algebraically and geometrically. There exists a canonical section satisfying the
homological condition

(1.1) G = as+ Bf.
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Clearly the above condition uniquely determines the homology class of 5'in S, .

We can now use these notions to describe the structure of Seifert fibrations. Sup-
pose the Seifert fibration has m > 1 singular fibers F,,, ..., F,, with normalized
Seifert invariants

(a17181)) R (am)ﬁm)-

Delete small, pairwise disjoint, S'-invariant neighborhoods Uy, . . ., U,, of the singu-
lar fibers, determined by the Slice Theorem. We get a 3-manifold with boundary

m

(1.2) N =N\ (UU)

equipped with a free S!-action. This is a principal S'-bundle ! — N’ — ¥/ :=
N’ /S!. The restriction of this bundle to &%’ has canonical sections, determined by
(1.1). In other words, it is trivialized along the boundary. Such a bundle is completely
determined topologically by an integer b, the relative degree (or Euler number). Here
we have to warn the reader that our b differ by a sign from the conventions in [8, 16].
Denote by £ the rational number

ezb—zg.

It is called the rational Euler number or degree of the Seifert fibration. The normalized
Seifert invariant of N is defined as the collection

(13) (g7b7{(a17ﬁ1)7"‘7(a}n75m)})

where g denotes the genus of X’. Two Seifert fibrations are equivalent iff they have
identical normalized Seifert invariants.

B. Surgery Description To obtain a Seifert fibration with Seifert invariant (1.3) start
with a S'-bundle over an oriented Riemann surface ¥’ of genus g with m small dis-
joint disks removed. We assume this is trivialized over %’ and has relative degree
b. N’ has several boundary components, ;N’, i = 1,... , m, all difftomorphic to a
torus and oriented using the orientation conventions in the introduction. The Seifert
manifold with the above Seifert invariants can be obtain by attaching, a solid torus
D? x S' to each 9;N’ using the orientation reversing homeomorphism

Ly 50 O(D* x ') — O;N’

homologically described by the matrix with integral entries and det = —1

(1.4) Loip = [—;ﬁ zl:| :
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In the above description we assumed that H; (S! x D?; /) is equipped with the natural
basis {* x OD?,S' x *} while H;(8;N’,Z) is equipped with the basis {5, f} given by
the trivialization of N’ along the boundary of ¥’ and respectively a fiber. This gluing
map implements the homological equation (1.1).

Often it is useful to work with un-normalized Seifert invariants. These are collec-
tions

S = (ga b, m; (o, B1), ..., (ama/gm))
such that gcd(3;, ;) = 1, o # 0. Two collections S and S’ are called equivalent if

g = ¢/, the collection of a;-s not equal to 1 coincides (including multiplicities) with
the collection of a-s not equal to 1 and

/61' / ’6 J/
b— —=b - —.

Z Q; Z al

i i J
We can carry out the above surgeries using the prescriptions given by these new in-
variants. We refer the reader to [8, 23] for a proof of the fact that equivalent un-
normalized Seifert invariants lead to S'-diffeomorphic Seifert manifolds.

C. Orbifold Description, [5] Start with a V-surface 3 with m singular points x,, . . .,

X, with isotropies Cy,, . . ., Cy,,. Pick a complex line V-bundle L — ¥ such that the
isotropies in the fibers over the singular points are given by the representations

TO(,',W,': CO{,‘ — U(1)7 Toz,-,w,-(pa,-) = PZZ
Above, w; are integers satisfying the conditions
(1.5) 0<w <a gdlo,w)=1.

Then the unit circle bundle N = S(L) determined by L is a Seifert manifold. In [19]
we defined the Seifert invariants as the collection

(g: £,m; (Qr,wi), - -y (amawm))

where £ is the rational degree of L. We will refer to these as the Seifert V -invariants.
The normalized Seifert invariants (as defined in this paper) of N are

(1.6) G = a; — w;

and

(1.7) b:4+2%.
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We want to clarify one point. Denote by |L| the desingularization of L (described in
[19]). Then

(1.8) deg|L|:degL—Zﬂzfﬁ—Z%—m:b—m.

—

1

The description of Seifert fibrations via line V-bundles has its computational ad-
vantages. It allows a very convenient description of the cohomology group H*(N, 7).
We include it here for later use.

Consider a Seifert fibration N over a 2-orbifold ¥ defined as the unit circle bun-
dle determined by a line V-bundle Ly — . Suppose the singularities of ¥ have
isotropies a1, . . . , ay, while the isotropies of Ly over the singular points are described
by pii as explained above. Denote by Pic'(X) the space (Abelian group more pre-
cisely) of isomorphism classes of line V' -bundles over 3. Define a group morphism

7: Pic(2) 5> QB Zy, @+ @ Za,

7(L) = (deg L,y mod o, . .., ¥m mod )

where degL is the rational degree of L and +; describe the isotropies of L over the
singular points of X.. Next, define

0: QD7 @+ B Ly, = QJZ

Oy Yy e e oy Ym) = (cf Z%) mod Z.

i
In [5] it is shown that the sequence below is exact
(1.9) 05 Pic'(R) D Q@ Zg, @+ @2y, > Q)7 — 0.
Moreover, there exists an isomorphism of groups
(1.10) H*(S(Ly), Z) = 7% @ Pic' () /Z[Ly],

where g is the genus of ¥ and /[ L] denotes the cyclic subgroup of Pic’ (X)) generated
by Ly. The subgroup Pic’(X)/Z[Ly] of H? ( S(Ly), Z) consists of the Chern classes of
the line bundles on S(Ly) obtained by pullback from line V-bundles on X.



Seiberg-Witten Invariants of Lens Spaces 9

1.2 Geometric Seifert Structures on Lens Spaces

We now want to apply the general considerations in the previous subsection to lens
spaces.

If p, q are two coprime integers, p > 1 we define the lens space L(p, q) as the
quotient of

S = {(z1,2) € C5|z|* + |n|* = 1}
via the action of C,, given by

(1.11) pp(21,22) = (ppz1, phza).

Alternatively, we can describe L(p, q) as a result of gluing two solid tori D x S!
along their boundaries using the gluing map I'; , (see [8]). This shows that we can
regard a lens space as a Seifert manifold with (un-normalized) Seifert invariant (g =
0,b = 0,(q,p)). In fact, as explained in [8, 28], any lens space admits infinitely
many Seifert structures. They all have something in common. Their bases have zero
genus and they have at most two singular fibers. Moreover, any Seifert fibration over
S* with at most two singular fibers must be a Seifert fibration of a lens space. The
Seifert invariants of all these Seifert fibrations are described in Section 4 of [8].

We will be interested only in those Seifert structure on a lens space such that the
base is a good orbifold in the sense described in [28]. This can happen if and only if
they have an (un-normalized) Seifert invariant

(g = 07 b= 0, (alaﬂl)) (QZaﬂZ))

satisfying a; = . These Seifert structures were determined in [24] for any lens
space L(p, q). There are only two of them

(1.12) S+(p,a) = (0,0, (s, B, (s, )
which can be explicitly computed as follows:

° aizpi/gcd(p,q:tl)
° ﬁ1i+ﬁ2 ?igcd(p,q:tl)
e 53 -mz—lmodai.

We will refer to the above Seifert structures on L(p, q) as the geometric Seifert struc-

tures. There is a more conceptual description of these structures. To present it, recall

first the Hopf actions of S! on S° given by
0o .

hy: (z1,2) 'e‘—> (eiwzl, 61022)-

The action (1.11) of C, commutes with these action of ' and thus the Hopf actions

descend to two infinitesimally free S'-actions on the lens space L(p, q). These define

precisely the two geometric Seifert structures.
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1.3 Sasakian Structures on Lens Spaces

All Seifert fibrations admit natural geometries, i.e. locally homogeneous Riemann
metrics and their universal covers belong to a list of 6 homogeneous spaces (see [28]).
In the case of lens spaces this geometry is induced from a round metric on their
universal cover, S>. We want to describe those Seifert structures which interact in
a certain way with this metric. In the terminology of [17], we need a (K, \) <—
Sasakian structure. In this case this is equivalent to asking that the Seifert structures
are the quotient of the Hopf actions on S' modulo the action (1.11) of C,. In other
words, we must restrict to geometric Seifert structures.

Consider a lens space N = L(p, q) equipped with a geometric Seifert structure
with (un-normalized) invariant

(g = 07 b= 07 (a7 ﬂ1)7 (aaﬂZ)) .

The base X = N/S! is a 2-orbifold with at most two conical points of identical
isotropies C,. Denote by g(R) the metric on N induced by the round metric on the
3-sphere of radius R. The radius R will be described below. The group S! acts by
isometries of g(R) so that ¢, the infinitesimal generator of this action, is a Killing
vector field. ¢ is nowhere vanishing and produces an orthogonal decomposition

TN = span (¢) @ span O+

The action of S' is compatible with this splitting and thus, the metric on span (¢)*
induces an orbifold metric h on X. Now fix R = R, such that

(1.13) vol,(X) = 7.

The radius Ry can be explicitly determined as follows. Observe first that the volume
of N is equal to

length regular fiber x vol,(¥) = 27r2R0/p

Since the regular fibers have length (1/p) x (length of a great circle on S° (Ro)) =
27Ry/p. Hence

vol (N) = 2772R3/p.
On the other hand
vol (N) = vol (S*(Ry)) /p = 2°Ry/p

from which we deduce Ry = 1.

The regular fibers of N are geodesics and have the same length 27/ p so that  has
length 1/p. Denote by ¢ € Q!(N) the g(Ry)-dual of (. The metric g(R;) can be
described as

g(Ry) = ¢* @ h.



Seiberg-Witten Invariants of Lens Spaces 11

For 0 < r < 1 define the anisotropic rescaling
& = (pr)’0’ ® h.

With respect to this metric the regular fibers have length 277. Denote by V" the Levi-
Civita connection of the metric g;. Following [18] we define for each t € (0, 1] an
isometry

L: (TN, g0) = (TN,g), (= 1(, X=X ifX L.
Now set
V=LV

The connection V" is compatible with g, but it is not symmetric. In [18] we have
shown that the limit lim,_,, V' exists and defines a connection compatible with the
metric g.. We will call this limit the adiabatic Levi-Civita connection of the metric g,
and we will denote it by V".

Observe that a lens space admits two geometric Seifert structures. Arguing as
above we obtain two families of Riemann metrics g, and h,. Both have positive scalar
curvature (for r, p < 1), and there exist values g, py > 0 (which need not be equal)
such that the metrics g;, is homothetic to the metric h,,.

2 Seiberg-Witten Invariants of Rational Homology Spheres
2.1 Definition

Suppose N is rational homology sphere equipped with a Riemann metric g. Pick a di-
vergence free 1-form v, thought of as a perturbation parameter for the 3-dimensional
Seiberg-Witten equations SW (g, v, o) on (N, g, ), where o is a spin‘ structure on N.
Denote by S, the bundle of complex spinors associated to ¢ and set deto = detS,.
The pair (g, v) is said to be good iff the following hold:

o The irreducible solutions of SW(g, v, o) are nondegenerate for all .

o If§ = (¢p = 0,A,) is the reducible solution of SW(g, v, o) then ker Dy, = 0
where D, denotes the Dirac operator on S, coupled with the connection A, on
deto.

For any irreducible solution o of SW (g, v, o) denote by i(«, #) the virtual dimen-
sion of the space of tunnelings (= connecting gradient flow lines) from « to 6.

Fix a spin‘ structure o on N and a good pair (g, v). The set of gauge equivalence
classes of monopoles is finite and it consists of a unique nondegenerate reducible
monopole § = (0,A,) and finitely many, nondegenerate irreducible ones {Cy;i =
1,...,n}. Set

g = mi(g) = i(Cy, 0),
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and
F(o) = Fy(0) = 4n(Da,) + Nsign (),
where 75, (¢) denotes the eta invariant of the odd-signature operator on N deter-

mined by the metric g.
The Seiberg-Witten invariant of (N, o) is the rational number

1 n
(21) SW(O’) = SWN(O') = gFg(()—) _ ;(71) k(g)‘
In [2, 10] it was proved that sw(o) is independent of the choice of the good pair (g, 1)
and
(o) € ! 7
sw(o) € —
8h"”’

where h; = #H;(N, 7). Observe that sw(c) = sw(&) where o + & is the natural
involution on Spin‘(N). Set

(2.2) sw(N) := st(a).

a

2.2 Computations of Eta Invariants

Consider a lens space N = L(p, q) and fix a geometric Seifert fibration structure on
it. The discussion in Section 1.4 shows that the Seifert invariants of this structure has
the form

(g=0,b=0,(a,3), (e, ), a>0.

More explicitly, this is one of the Seifert structures S+ (p, q) described in (1.12).
If we regard N as the unit circle bundle determined by a line V-bundle over ¥ =
$*(a, ) = N/S! then we deduce that

(2.3) (= degly = D12
[0}

and the isotropies of L, over the singular points are given by

(2.4) w; =(—F)moda;, i=1,2.

Above and in the sequel, for any x,n € Z we denote by x mod n the smallest non-
negative integer = x mod n. We want to warn the reader that when oo = 1 the above

Seifert structure has no singular fibers and N is a genuine smooth S'-bundle over S?
of degree .
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The canonical line bundle Ky, of ¥ has rational degree
2
(2.5) K= ——
«a
so that the rational Euler characteristic is
(2.6) X=—kKk=—.
Denote by 7y, (r) the eta invariant of the odd signature operator of N equipped
with the deformed metric g, (described in Section 1.3). 7, (r) Was computed in
[24]. To describe it explicitly we need to introduce the Dedekind-Rademacher sums

defined for the first time by Hans Rademacher in [25]. More precisely, for every pair
of coprime integers a, 3, « > 1 and any x, y € IR set

wemn =050 ((52)

r=1

where for any r € R we set

0 rel
((r) = {{q}_% FER\Z ({r}=r—1rD.

The sums s(3, ) := s(8,;0,0) are the Dedekind sums studied in great detail in
[7, 26].

2
(2.7) Tsign (1) = —sign () + ;(Xr2 — 0 + g — 4s(wy, a) — 4s(w;, ).

The canonical spin® structure on the orbifold ¥ (with determinant line bundle
Ky, ') determines by pullback a spin® structure on N which we denote by . This
allows us to bijectively identify the collection of spin® structures on L with the space of
isomorphism classes of complex line bundles. Since H*(N,Z) = Z,, is pure torsion,
the discussion at the end of Section 1.1 shows that all the line bundles on N are
pullbacks of line V-bundles. Thus

(2.8) Spin(N) 22 Pic'(X)/Z[ L]

where Spin“(N) denotes the space of spin® structures on N. If L is a line bundle on N
then the spin® structure oy ® L which corresponds to L has determinant line bundle

det(op ® L) = L®% @ detoy = L®* ® W*Kgl

where 7: N — X is the natural projection. The associated bundle of complex spinors
is

Si=LoL®r*K;'.
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In [19] it was shown that, up to gauge equivalence, there is a unique flat connection
on det o, which we denote by A;. The Levi-Civita connection of g, and A}, canoni-
cally determine a connection on S; compatible with the Clifford multiplication. De-
note by D, the associated Dirac operator, by ng;; (L, ) its eta invariant, and

F.(L) := 4nqir (L, 1) + Tlsign ().

The results of [19] show that for r sufficiently small, the unperturbed Seiberg-Witten
equations corresponding to the spin‘ structure L have only one solution which is
reducible. It is also nondegenerate since the scalar curvature of g, is positive. Thus,
g 1s a good metric for r < 1 and since there is no Floer homology we deduce that

sw(og® L) = F,(L).

‘We now show how one can use the results of [19, 18] to provide explicit descriptions
of F,(L). We have to distinguish two cases.

A «a = 1 so that N is a degree £ line bundle over $% or, as a lens space, N =
L(¢,—1) = L(|¢], ]| — sign (£)) . The signature eta invariant is

20 L
(2.9) Tsign () = —sign (£) + ?(sz — Y+ 3

In this case there is a unique spin structure on ¥ = S which corresponds to the
unique holomorphic square root K'/? of Ky,. This determines by pullback a spin
structure on N and denote by oy, the spin® structure associated to it. Then

x7-1/2
Ospin = 09 @ T Ky ™.

For each integer 0 < k < |¢| we denote by Ly the line bundle of degree k over ¥ and
by oy the spin‘-structure

Ogpin @ T Ly = 09 @ 7 (K'/* @ Ly).

Also let Dy denote the Dirac operator on S, determined by the unique flat connec-
tion on det oy and denote by ng; (k, r) its eta invariant. Then

Spin‘(N) = {o;0 < k < |£]}.

In [19] we computed the eta invariants, not for the operator Dy, but for the adia-
batic Dirac operators Dy. These are constructed using the connection on S, induced
by the adiabatic Levi-Civita connection TN and the flat connection det oy. The eta
invariant of Dy can be determined using variational formula corresponding to the
affine deformation (1 — #)®; + ¢tDy. The difference ng; (k,r) — n(Dy) can be ex-
pressed as the sum of a continuous (transgression) term and a discontinuity contri-
bution (spectral flow). The transgression term is expressed in the second transgres-
sion formula of [18] while the analysis in Section 4 of [17] shows that the spectral
flow contribution is zero if r < 1. We obtain the following results:
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e k = 0 (use Theorem 2.4 of [18])
Ty
Ndir (ka 1’) - 6 6(Xr £or )

e 0 < k < || (use the equality (2.22) and the second transgression formula of [18])

LK . Co a4

Nair (k, 1) = A + 7 sign (0)k — E(Xr — 0.

Using (2.9) we deduce

4, . .

F. (k) = Zk — 4sign (£)k + £ — sign (£).

We see that F, (k) is independent of r!!!

Ba > 1 The computations are similar in spirit to the ones in Case A but obviously
they are more complex due to the presence of singular fibers.

Let L — N be aline bundle over N = S(Ly) and set 0 = 0y ® L € Spin‘(N). To
compute Ngir (0, 7) := Nair (L, ) we need to determine the canonical representative of
L. This is the unique line V-bundle L = L, — ¥ satisfying the conditions

(2.10) =)

K —2degl
2.11 - =% 210,1).
(2.11) 7 €[0,1)

Denote by p = p(o) € [0, 1) the rational number sitting in the left-hand-side of
(2.11) and by 0 < 4; = 7v;(0) < «, i = 1,2 the isotropy of the fibers of L, over the
singular points. Finally set

d(o) = g — p(o) = degl,.

In Proposition 1.10 of [19] we computed the eta invariant for the adiabatic Dirac
operator D; = D,, defined by using the adiabatic connection on S, and the flat
connection on det o. To recover the eta invariant of ©, := D; we use a deformation
argument as in Case A and we deduce the following results:

e If p(0) = 0 then

N

2
(2.12) Nair (0,7) = = =2 s(wi, a57i(0) /@, 0)
i=1

2
_ Z((%‘%(U))) _ f(sz — 2,
a 6

i=1

where 0 < g; < « denotes the inverse of w; mod a.
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e If p(0) > 0 then

J4
Nair (0, 1) = (1—é)(l—Zp)—Kp(l—p)+2p+g

vilo) +wip
(2.13) —22 (w,, e —p)
2
_ Z{ M(Z)ﬂ)} _ 20«2 _ 2,

i=1
where {x} denotes the fractional part of the real number x.

The above formule may seem hopelessly useless. Fortunately, the Dedekind-
Rademacher sums satisfy a reciprocity law (see [25]) which makes them computa-
tionally very friendly. The reciprocity law, coupled with the identities
(2.14) s(B,5x,y) = s(B — ma,asx+my,y), VmelZ

reduces the computation of any Dedekind-Rademacher sum to the special case

s(68, 1;x, y) which is
(2.15) s(B,x,y) = ((By +x)) - ()

The complexity of the computation is comparable with the complexity of Euclid’s
algorithm which is very fast.
Using (2.7), (2.12) and (2.13) we conclude that when p(o) = 0 we have

2

F,(c) = £ —sign (£) — SZs(u)i,a; 'yi(o)/oz,O)

i—1
(2.16) 42((‘”’(0))) 422: :
. - - s(wi, )
i=1

and when p(o) > 0 we have

F.(0) = £ — sign (£) +4(1 - l) (1= 2p) — 4bp(1 — p) +8p
«
- i(o) + wip
(2.17) — 8;s<w,~,a;T,p)
42{ %71(0)'*'9} 425(‘4}1704)

Note again the r has disappeared!!!
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To put the formule to work we need to have a complete list of the canonical rep-
resentatives of the line bundles on N. Given the isomorphism (1.9) this reduces to an
elementary number theoretic problem.

According to (1.9) any line V-bundle on ¥ can be uniquely represented as a col-
lection

(i,jmoda,(i—j)moda), ije.
(0%

Setn = (f; + (3;) so that £ = —n/a. A collection as above is the canonical represen-
tative of a line bundle as above if

k—2i/a i+1

= € [0,1).
—2n/a n 0,1
Thus, when sign (n) = —1 we deduce that the complete list of canonical representa-
tives is
(2.18) R, = { <i,jrnodoz,(i - j)moda) si=—1,-2,...,—n[,0<j < a}
e

while when sign (1) = 1 the complete set of canonical representatives is
(2.19)
R, = { (i,jmoda,(i—j)moda);i =-1,0,...,|n—2,0<j< a}.
a
The invariant p of a canonical representative v = (i/a, j,i — j) € Ris

i+1

(2.20) plv) = .

Notice that we have a bijection
Lo ={-1,0,...,|n| =2} xZy, ~ R,
given by the correspondence

(k, jmoda) ~ v — (M,j,—sign(n)k—c—o,

«

where ¢ := 1 — sign (n). The functions p,y1,72: R — Q. can now be regarded as
functions on I, . More precisely
k+1

(2.21) plk, jmod o) = P
n

and
(2.22) vk, jmoda) = j, 7.k, jmod a) = sign (n)k —c — j.
Finally we can now regard F, as a function
F,=F/(k,j): I, — Q
given by (2.16), (2.17), (2.21) and (2.22).
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3 Seiberg-Witten = Casson-Walker + Reidemeister Torsion

In this section we describe a relationship between the Seiberg-Witten invariants of a
lens space and other “classic” invariants.

If N is the lens space L(p, q) then, as explained in Section 2.2, a geometric Seifert
structure on N determines a spin‘-structure oy on N. We will work with the geomet-
ric Seifert structure determined by o = p/ ged(p, ¢ — 1) and we set

p—1
SW,, = ZSW(O’O <),
=0

where t is a generator of the cyclic group 7. Observe that

sw(L(p, q)) = aug(SWp,,).

The Casson-Walker invariant of N is defined in [9, 31]. It is a rational number
CW (N) uniquely determined by certain Dehn surgery properties. We will work with
C. Lescop’s normalization used in [9]. It is related to K. Walker’s normalization used
in [31] by the equality ([9, Property T5.0, p. 76]

h
CW(N)Lescop = ?1 CW(N)WaLker-

The Casson-Walker invariant of the lens space can be expressed in terms of the
Dedekind sums. More precisely we have the equality (see [31])

(3.1 W (Lip.g) = ~Es(q.p).
‘We can now state the first result of this section.

Theorem 3.1

sw(L(p,q) = CW(L(p,q))-

3.1 Seiberg-Witten = Casson-Walker

Our proof of Theorem 3.1 is arithmetic in nature and relies on the computations in
Section 2.2.

We will work with the same metric as in Section 2.2. Since it has positive scalar
curvature we deduce there are no irreducible monopoles, the unique reducible is also
nondegenerate and thus

1 .
SW(L(P,q),U) = ng,q(U)a Vo € SPinL(L(PaQ)) .
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To proceed further we need to organize the computational facts established in Sec-
tion 2.2 in a form suitable to our current purposes.

Setn = ged(p,q — 1), a = p/n
—1
n

By 1

=—1moda, (1=n—/>,
w;j=—0;, qw; =1moda Vi=1,2.

The rational Euler number of L(p, q) equipped with the above geometric Seifert
structure is

For each positive integer m set
L,={0,1,...,m—1} and I;,={1,...,m—1}

The set SpinC(L( p, q)) can be identified with I, x I, and we have several functions
of interest

k
p: I, x Iy = Q, pk,j)=—,
n

’71)72:In><la_>z> Wl(ka]):]a ’72(ka]):k_1_]

The function F, (o) can be regarded as a function F: I, X I, — Q. It is explicitly
described by

F(k,j)=4+1—4p(1 —p) + 8p
2 2
Yi twip
_4;S(wiaa)_S;S(wiaavTa_p)
=, (1) ifp=0
3.2 4 ! @ .
>y ! {(l—é)(l—zp)—ziﬂ{W} itp #0

We have to prove

(3.3) DDk j) = —4psiq, p).

kel, jELn

The proof of (3.3) relies on two identities. The first one was proved by M. Ouyang,
[24, p. 652]. More precisely, we have

2 1 S|
(34) Y oswi,a) =sg,p) = — = ——+ 7

i=1
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The second one is central in the theory of Dedekind sums and has the form

(3.5) Z((‘”W)) — (W), VmeZ, weR

m
HEL,

For a proof we refer to [7].
Summing (3.4) over (k, j) € I, X I, and using the equality p = no we deduce

2

(3.6) 4ZZs(w,,a)_4ps(q, )__f”_+p.

k€, j€la

We now proceed to sum over (k, j) € I, x I, all the terms entering into the definition

of F(k, 7).
(3.7) ZZ(£+1) =’ +p.
kel j€ly
8a n(n
(3.8) 8221)—822—: —4(p—a).
kel jEIL, JEI, k€T,
4n k(n — k) 4
4€ZZP(1—P):—EZZ 2 :—;Zk(n—
kel, j€l, j€l, k€I, ke,

e, K =5 —5+8)

4 3 2 3 2 2 2
(9 S Amom w252

n\ 2 2 3 2 6 3 3

Next,

Zzs<wl’ 771+wip7 p)

k€L, jEI,

-y (!

SER(()( ()
_Z<<u ))ZZ<<vz(k1)+wlu)>

-2 ((39) 22 ((72)

According to (3.5), the last sum (over r) is equal to ((w,-/,L)) = 0. Hence

(3.10) DD stwna =2 —p) = 0.

kel j€ln
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Using (3.5) again we deduce
qz% k ]) 3_
T (1)) -5 ((5))
kerx j€l, kerx rely
Observe that since 1 — 2p(k) = —(1 —2p(n — k)) we have
1
(3.12) (1——) > > (1-2p) =0.
¥ kel jer,
Finally, we have

qii(k, j) + p(k)
>y { ekl

kerr jel,

_ qii(k, j) + p(k) qivi(0, j)
D e

kel, jEly J€la
nqm(k H+k 9i7(0, j)
R R
kel, jEl j€la

Now observe that as k covers I, and j covers I, the quantity (nqi’yi(k, j) + kmod p)
covers I, while g;;(0, j) covers I,. Hence

ZZ{ nq;vi(k, ])+k} Z{ }__

kel j€l, r€l,

and

OB R

€I, rel,
We conclude that
2 .
g7k, j) + plk) |
(3.13) 4222{# =4(p — a).
kery j€ly i=1
The identity (3.3) now follows from (3.6)—(3.13). Theorem 3.1 is proved. [ |

Remark 3.2 As explained in [1], for any 3-manifold N we can define an invariant

sw(N) = Z swy (o)

a
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where the summation is carried over all spin® structures of N. If b; (N) > 1 then the
above sum is finite. If b;(N) = 1 then the above sum is infinite but admits a finite
(-function regularization. When b;(N) > 0 the results of [14] imply that sw(N) is
equal to the Casson-Walker-Lescop invariant of N.

Recently, Marcolli and Wang [13] have proved that sw(N) = CW(N) for any
rational homology sphere. Theorem 3.1 is used as an initial step in their inductive
proof.

3.2 Seiberg-Witten = Reidemeister Torsion

Consider the Reidemeister torsion 7, ; of the lens space L(p, q) described in the in-
troduction. The goal of this section is to prove the following result.

Proposition 3.3 Ifgcd(p,q— 1) = 1 then

(3.14) Tpa(1—t)(1—1t1) ~ 1

e, Tpy ™~ Tpg

Proof For a while we will not rely on the assumption ged(p,q — 1) = 1. We will
continue to use the notations in the previous subsection so that n = ged(p,q — 1).

As explained in Section 2.2, each (k, j) € I, x I, = I, o, defines a line bundle on
L, on L(p, q) and thus, via the first Chern class an element

ek, j) = ai(Ly;) € H (L(p,q),Z) 2 Z,.
Moreover, the correspondence
eIy x 1o, =12y, (k,j) ek, j)
is a bijection.

Lemma 3.4 There exists an isomorphism of abelian groups H*(L(p,q),7) — 7,
such that

e(k, j) = q(k — 1) — (g — 1) jmod p.

Proof of the lemma H?*(L(p,q),Z) is torsion so according to the results in Sec-
tion 1.1 it can be described in terms of the chosen geometric Seifert structure as
follows.

Consider map Q & Z, ® 72, — Q/7Z

+
@y, ) = d = =2
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and the element
Lo = (—n,wi,w,) € kerd.

Recall that L describes a line V-bundle over a genus 0 orbifold whose associated
circle bundle coincides with the lens space equipped with the chosen Seifert structure.
Then

H*(L(p,q),7) = ker§/7[Ly).
Now observe that ker 6 /Z[Lo] has the presentation

0725 7% 5 ker§/Z[Ly] — 0

where
A= -n 0
T lw o
We let the reader verify that
I o |[-1 1 A |y
019 E R PR KA
where
y=-—(q—1)/n and x= 7w2y+1.
e
This shows that indeed

ker§/Z[Lo] = Z,.
To each pair (k, j) € I, X I, it corresponds the line bundle L ; with Seifert data
(k—1,j,k—1—j) € kerd. Its first Chern class is the image of the vector v =

(k — 1, j) € 7% in the quotient 72 /A7>. Using the equality (3.15) we deduce that this
image is (y, mod p) where

=l
¥ q l—q il
This establishes the assertion in the lemma. [ |

Denote by c: Z, — I, X I, the inverse of the map e described in the above lemma.

Lemma 3.5 We have the following equalities.



24

Liviu L. Nicolaescu
(i) Ifn=1thena = pand
c(m) = (0, —wym + w; mod p).
(ii)) Ifn > 1 then
c(=1)=clp—1)=(0,aa—1)
and
c(—m)=c(p—m) = (r, (—m — sw;) mod a) , Vmel,

wherer € I, and s € 7. are such that ns = (m — 1) + r so that

r=—(m—1)modn and S:[m;w

where [x] is the smallest integer > x.

Proof We prove only part (i). The second part is left to the reader.

Observe that when n = 1 we have I, x I, = {0} x I,. Thus we can write ¢(m) =
(0, ), where

m=—q—(q—1)jmod p.
Since w; = (q — 1)~ mod p we have the following mod p equalities
wym=—quw, —j=—(q—1+1Nwy, —j=—w, — 1 — .

The equality in (i) now follows form w; + w, = —n = —1. ]

In the remaining part of this section we assume

n=gcd(p,q—1)=1.

We can now write

SW, 4= é Z F(c(m)) ",

mel,
Since ¥ - (1 — t) = 0in Q[Z,] the equality (3.14) is equivalent to
SWp (1 —£)(1—1t1) ~ 1.
We will prove a slightly stronger statement, namely

(3.16) SWpa(1—6)(1—1t1) = 1.
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Let us introduce the polynomial
ft) = Z((]) ) t e Q[z,).
jel, p
A simple computation shows that f(t ') = — f(t), and for all m coprime with p we
have (see [22] for an interpretation using harmonic analysis)

(3.17) (% — f(t"’)) (1-t" =1 inQzZ,)

We want to express SW, ; as a linear combination of polynomials of the form t* f (¢),
t f(t*) f(t*) and 3. Observe first that since n = 1, in the equality (3.2) of Section 3.1
we always have p = 0. Thus for all (k, j) € I,, x I, we have

2
Flk, j) =€+1 -4  s(wi,)

i=1
: ~( (aitk, )
-8 iy &y ika j 70 —4 S .
;S(w o, %i(k, j)/e,0) Zj(( - ))
Observe two things:

e Since n = 1 we always have k = 0 € I} = {0} so that we can write 7, (j) instead
Of,)/i (ka ])

e The first term in the definition of F(k, j) is independent of (k, j). Thus its contri-
bution to SW, ; will be of the form const.X which is cancelled upon multiplica-
tion by (1 — t). Thus when computing SW ,(1 — £)(1 — t9) we can neglect this
first term.

Fori = 1,2 define
. i(em) P qi7i(c(m)) .
A = 8%5(%,&,7& ,O)t , B,—n%((ia ))t
where according to Section 3.2 we have
() =17, m()=-1-j
so that according to Lemma 3.5 we have
'yl(c(m)) = —wrym+ wy, 'yz(c(m)) =wm—w; —1=wy(m+1).
Observe that since qyw, = 1 mod p and w,(q — 1) = 1 mod p we have

q2 = (@ — 1) mod p.
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Lemma 3.6

(3.18) By =—t1f(t71),
(3.19) By =—t 'f(t ),
(3.20) Ay ==t 9f(t D ft),
(3.21) Ay =t e .

Proof For any (m, p) = 1 we will denote by 1/m the inverse of m mod p.

B = — Z ((‘11(‘-02";(-01)) ) £
mel,,

(1= qiwr — w1 = qrwom — 1,m = 2H(p + 1))

T w

RS ( ( %) ) ot _ _gorfon f(gonfony,

eI,

Now observe that 1/w; = ¢ = q— 1and w; = —1 — w; so that w; /w, = —¢q. This

proves (3.18).

e (=50~ ()

el
=t f(t) = —t 7L,

This proves (3.19).

v TR () ()

mel, pely
— K Wi = worm F i >tm
() (=)
(r=wip—wim+w,m=—r/w, +w(u+1)/w)
=l 3 < (%) ) pornfon Z( ( 1_:) > —
pEl, rel,

= twl/wzf(twl/wz)f(tfl/wz)
=t 4f(E N TY) = = D f().
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This proves (3.20). Finally, we have

B ((2) (250

mely pel,
_ M Wb + wym + w, m
_%<(p)>%<( p ))t ¢

r=wy(m+p+1),m=rfw,—pu—1)

12(( ))f “Z(( ))f’/‘”=t1f(r‘>f<t“>

pEI, rel,

This proves (3.21). [ |

We can now finish the proof of Proposition 3.3. Using Lemma 3.6 we deduce
8SW, ,(1 —1)(1 —t1)
= (—8A; —8A, — 4B, — B, + const.X)(1 — £)(1 — t1)
= —4(2A; +2A,+ B, +By)(1 —t)(1 — t1)
= —4{ 7T (1+2f@"7Y) — T T (1 - 2f0Th) }
x (1 —1t)(1 —1t9)
= s{ e (5 - fe) e (5 - feh) )

x (1 —1)(1 —t9)

(17 3{ £ i — } (1— )1 — )
:S{t* +t71f(t71)-$}(1—t)(1—t‘1)
= 8t*11 e -(fEH = feD)) Q-1 —19)

= St*%tq_l(fw) —f®) 1= -1

e 1 —itq—l ( 1i—t B 1—i q) (1=0{ =)

=8t ! = —{1 -t - (1-1)}

i .
:8t711_7tq_1(t7tq):8.1.
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The proof of Proposition 3.3 is now complete. ]
Remark 3.7
(a) The restriction ged(p,q — 1) = 1 in Proposition 3.3 can be dropped but we will

not present the details as they are not particularly revealing.

(b) The results of this paper were posted on the Internet as math.DG/9901071 in
early 1999. Since then we have succeeded to extend the results in this paper to
arbitrary rational homology spheres; see [21]. The paper [21] does not render the
results in the present paper obsolete. On the contrary, Theorem 3.1 and Proposi-
tion 3.3 are needed as stepping stones in our inductive proof.
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