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Abstract—In the analysis of large-scale wirelessly powered
networks, the energy correlation is often ignored. While this leads
to remarkably simple results for key performance metrics, it is
typically not realistic and accurate. Considering the accuracy,
tractability, and practicability tradeoffs, this paper introduces
and promotes the Poisson disk process (PDP) as a model for
the energized nodes that succeed in harvesting energy. To show
that the model leads to analytically tractable results in several
cases of interest, we derive its first and second moment densities,
which fully characterize the PDP. Besides, we also provide tight
bounds for its probability generating functional as well as its
contact and nearest-neighbor distance distributions. Then, to
show that the model is relevant for wirelessly powered networks—
which all have positive energy correlation—we provide two
approaches to fit the PDP to a given energized point process
incorporating practical energy harvesting factors. Further, we
derive the success probability in the information transmission
phase, where the distribution of the active transmitters is modeled
by a PDP. It turns out that the resulting PDP can closely
model the distribution of actual energized nodes in terms of the
success probability and other statistics while preserving analytical
tractability.

Index Terms—Energy correlation; wirelessly powered net-
works; Poisson disk process; energized point process; stochastic
geometry.

I. INTRODUCTION
A. Motivation

Radio frequency (RF) energy harvesting has quickly
emerged as an attractive solution to energy-constrained wire-
less communication devices, especially the ones for which
it is inefficient or even impractical to replace or recharge
batteries [2} [3]. While the integration of RF energy harvesting
with communication networks has many appealing advantages,
it also adds an entirely new dimension to the performance
analysis. The efficiency of energy transfer depends on the total
received RF power rather than the signal-to-interference ratio
(SIR) that is known as a strong indicator of the reliability of
a communication link. Both the total received RF power and
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the SIR depend on the network topology. Therefore, accurate
modeling of the network topology in terms of both energy and
information transfer becomes a key step towards a meaningful
performance analysis of wirelessly powered networks.

Stochastic geometry has naturally been the preferred choice
for modeling and analyzing wirelessly powered networks due
to its realism in capturing the irregularity of node locations
[4]. The existing research, however, is mostly based on the
simplifying assumption that the active communication nodes
form an independent thinning of the RF-powered nodes, which
are independent of the RF power sources, see, e.g., [SHLS]. As
a result, the network topology in the energy transfer phase is
independent of that in the communication phase. This clearly
deviates from reality in wirelessly powered networks where
the energy transfer performance has a fundamental impact on
the topology of the energized RF-powered nodes (i.e., the
active communication nodes) and hence the communication
performance. This connection between the energy and infor-
mation transfer fundamentally is a consequence of the spatial
correlation of the amount of energy that can be harvested by
RF-powered nodes, i.e., the energy correlation. In order to
capture the energy correlation in wirelessly powered networks,
a new point process, named energized point process (EPP), has
recently been proposed to model the nodes that successfully
harvest energy from the RF transmitters [16]. The EPP is a
general model that can be concretized for any given energy
harvesting scenario.

When applying the point processes to model a network,
the accuracy and the tractability are two competing aspects
that should be traded off. Generally, the more practical factors
are considered, the less tractable the analysis. Despite the
relevance of the EPP in modeling wirelessly powered networks
with energy correlation, an exact characterization of the system
performance indicators, such as the success probability and
area spectral efficiency, is quite challenging. The approach
taken in prior work is to use a homogeneous Poisson point
process (PPP) or a Poisson cluster process (PCP) to approx-
imate the EPP [16]]. While this approach is reasonable, the
PPP approximation is inaccurate beyond a specific range of
system parameters, and the PCP approximation usually results
in complex results involving multiple integrals. Thus, tractable
models that accurately model wirelessly powered networks
with energy correlation are still unavailable, which impedes
the development of wireless energy transfer techniques. In
this paper, we focus on the Poisson disk process (PDP) where
disks are created around the RF transmitters modeled by a
homogeneous PPP and only the RF-powered nodes located
within such a disk are retained. The PDP is a simple type



of EPP where an RF-powered node succeeds in harvesting
enough energy if and only if there is at least one RF transmitter
within a given distance. As such, it achieves a good tradeoff
between modeling accuracy and tractability and thus plays an
important role in modeling, analyzing and designing future
energy-limited scenarios such as wirelessly powered mobile
networks and the Internet of Things.

B. Contributions
The contributions of the paper are:

e« We introduce and promote the PDP as a model for
wirelessly powered networks. The PDP not only captures
the real network topology of wirelessly energized com-
munications including the spatial correlation of energized
nodes, but also is fairly tractable analytically, in contrast
to other EPP models.

o We give closed-form expressions for the first- and second-
order statistics of the PDP and show that the PDP is
completely characterized by these two statistics. We also
provide tight bounds on some additional fundamental
statistics of the PDP, such as the probability generating
functional (PGFL), the contact distribution function, and
the nearest-neighbor distance distribution function.

o We propose two approaches to apply the PDP to model
the network topology in the communication phase, for
which the basic idea is to find a disk radius such that
either the energy threshold (used to determine whether
an RF-powered node is retained) or the density of the
PDP is the same as the given EPP with practical energy
harvesting factors.

+ We analyze the information transmission success proba-
bility in a PDP-based network for two practical cases: (1)
the desired transmitter is independent of the PDP (i.e.,
belongs to another system) and the interference comes
from all the active RF-powered nodes; (2) the desired
transmitter is a point of the PDP and the interference
comes from the other active RF-powered nodes.

o« We provide tight bounds as well as accurate approx-
imations for the Laplace transform of the interference
and the information transmission success probability in
a PDP-based wirelessly powered network. To show the
significant advantages of the proposed PDP over the
existing approaches in capturing the energy correlation,
we compare the analytical results with those in a practical
EPP-based simulation as well as two approximations
provided by a homogeneous PPP and a Matérn cluster
process (MCP), respectively. We show that, remarkably,
the PDP is superior to the PPP and the MCP in balancing
the accurate modeling and analytical tractability.

C. Related Work

Stochastic geometry has been successfully applied to the
performance analysis of wireless networks over the past two
decades [17]. Recently, with research on wireless energy
harvesting proliferating, point process models have found
applications to wirelessly powered networks. The authors in
[S] investigated the tradeoffs between transmit power and

density of mobile devices and wireless power beacons modeled
as two independent homogeneous PPPs. As an extension, the
work of [6] studied wireless energy harvesting in an uplink
K -tier cellular network, where the locations of the users and
base stations (BSs) were modeled using mutually independent
PPPs. A similar setup was considered in [7] with focus on the
downlink analysis. The work of [8] introduced and analyzed
the energy meta distribution, which is the distribution of the
conditional energy outage probability given the point process.
This new metric provides much more fine-grained information
than the mean that is usually considered. Moreover, analytical
results on wireless energy harvesting were also obtained for
relay [9], cognitive [10, [11], device-to-device [12]], millimeter-
wave [13| [14] and sensor [15] networks using PPP-based
models. Although relatively sparse, there has been another
line of research considering the setups where either the RF-
powered nodes or the RF power sources are modeled by a
non-Poisson point process, such as the Ginibre point process
in [18, [19], the Poisson hole process in [20] and the PCP
in [21} 22]. To maintain analytical tractability, the influence
of the energy transfer performance on the network topology
of the communication nodes is mostly simplified to an in-
dependent thinning of the original point process of the RF-
powered nodes, with the thinning probability taken to be the
average energy harvesting success probability. As a result, the
inherent correlation between the energy and information trans-
fer phases, namely the energy correlation, is ignored. More
importantly, subsequent impacts of the energy correlation on
the communication performance are also masked.

Since the energy correlation is a differentiating feature
in wirelessly powered systems, it is crucial and intriguing
to accurately incorporate it into the wireless-powered net-
work performance analysis. Thus motivated, we introduced
the energized point process (EPP), a new point process
that captures the critical influence of the random field of
harvested energy on the spatial distribution of active RF-
powered nodes [16]]. It is a general model, or, rather, a
general concept for characterizing the spatial configuration
of the nodes that successfully harvest energy from the RF
transmitters. In [16], we concretized the EPP by focusing
on the energy harvesting from a Poisson field of RF power
sources and considering two energy harvesting models with
different degrees of practicality. However, due to the absence
of an analytical form for the PGFL and the Palm measure
of the EPP, an exact characterization of the communication
performance such as the information transmission success
probability is an unsurmountable problem. Thus, we turned to
approximating the EPP by a homogeneous PPP with the same
density and a PCP by matching the first- and second-order
statistics. However, the PPP approximation causes inaccuracies
while the PCP approximation leads to significantly increased
complexity in the performance evaluation. In contrast, this
paper addresses the tradeoff between accurate modeling and
tractable performance analysis by introducing a relatively
simple EPP, namely the PDP, which can match a given EPP by
suitably adjusting the disk radius. It corresponds to a simplified
energy harvesting model where successful energy harvesting
occurs if an RF power source is located within a certain



distance. We derive tight upper and lower bounds for the PGFL
and its Palm version for the PDP, which makes it possible to
give analytical expressions for the information transmission
success probability of a wirelessly powered network with
energy correlation.

D. Mathematical Preliminaries

Here we give a brief overview of some terminology and
mathematical tools from stochastic geometry. Readers are
referred to [17, 23} 24]] for further details.

Definition 1 (Germ-grain model [17, Def. 13.1]). Ler
® = {21,79,...} be a point process on R?, the germs, and
(51, Sa, . ..) a collection of random non-empty sets, the grains.
Then the union = = |J x; + S; is a germ-grain model.
i€EN

Definition 2 (Boolean model [17, Def. 13.4]). A Boolean
model is a germ-grain model where the germ point process is
a uniform PPP and the grains S; are i.i.d.

Definition 3 (Boolean Cox process on disks [23, Sec. 2.1]).

Let = = |J b(yi, R) be a Boolean model where b(y;, R)
ieN

denotes a disk centered at y; with radius R, i.e., S; = b(o, R)

for Yi € N. Then, the Boolean Cox process on disks is a Cox

process with random driving measure A induced by = as

_J Adxe ifzreE
Alde) = { Aidz iz ¢ E, M
where 0 < A, A\i1 < 0o and max{)q, /\11} > 0.
Note that when A\; = 0, it reduces to the Swiss cheese

model (also called Poisson hole process); and when Ajp = 0, it
reduces to the inner-city model [[17]]. The former has been used
in cognitive networks [25]], heterogeneous cellular networks
[26]], etc., to characterize the repulsion among wireless nodes,
while the literature on the latter (called the PDP in this
paper) mostly focuses on the spatial characteristics of the point
process [23) 24] rather than the communication performance
in wireless networks.

Definition 4 (Matérn cluster process [17, Def. 3.6]). The
Matérn cluster process is a Poisson cluster process, where
the parent point process is a PPP with density \. The points
in each cluster are placed uniformly at random in a disk of
radius D around their parent points and the number of points
in each cluster follows a Poisson distribution with mean c.

The MCP is also a Cox process with random driving
measure Ayiop(da) = kyep(2)de, where the intensity field
KMCP(x) = )\I(I)l(b(l’, D)) and A\ = E/(TFDQ).

E. Organization

The rest of the paper is organized as follows. Section
describes the system model and applies the PDP to a wirelessly
powered network. Section [[II] gives the fundamental properties
of the PDP. Section [[V] details the information transmission
phase, which covers the analysis of the communication per-
formance in a PDP-model network and two approximations
provided by a homogeneous PPP as well as an MCP. Section

[V] presents the results and the advantages of the PDP over the
PPP and MCP, and Section [V]| offers the concluding remarks.

II. SYSTEM MODEL

In this section, we consider a wirelessly powered com-
munication network, where the locations of RF transmitters
and RF-powered nodes follow two independent Poisson point
processes. As discussed above, there is spatial correlation
among the amount of harvested energy by RF-powered nodes.
We first formally define the EPP, which is formed by the RF-
powered nodes that succeed in harvesting enough energy for
subsequent transmission and then establish the key relationship
between the PDP and the EPP in order to use the PDP as a
model for the wirelessly powered network.

A. Energized Point Process

Definition 5 (Energized point process [16]). Let ®¢ and 4
be two point processes of RF transmitters and RF-powered
nodes, respectively. Then the energized point process P is
defined as a dependent thinning of ®q as

P, 4 {x € dy: E(x,CI)f) = 1}, )
where E(x,®;) € {0,1} is the energy indicator function
describing whether enough energy can be harvested from P
at location x.

Definition [3] stipulates that an RF-powered node becomes
active if and only if it harvests enough energy in the energy
transfer phase. Note that in this definition, ®¢ and ®4 can be
arbitrary point processes. In this paper, the two point processes
®;¢ and P4 are assumed to be two independent homogeneous
PPPs with densities A\; and Aq, respectively. Then the energy
indicator function is

E(z,®¢) = 1(e(z, D) > &), 3)
where e(x,®f) denotes the energy harvested from ®; at
location x and ¢ is the energy threshold.

In addition to the spatial configuration, the amount of
energy harvested also depends strongly on the propagation
loss experienced by the RF signals. It is assumed that the RF
signals merely experience large-scale path loss, and a linear
energy harvesting model is adopte(ﬂ Hence, the harvested
energy at x is the aggregate received signal strength from all
the RF transmitters in ®¢, which is given by

e(x,®r) = Y Uy — =),

yebs

“4)

where £(x) £ |||/~ is the path loss function with exponent
« for the energy transfer.

I'The results for other (non-linear) energy harvesting models can be obtained
similarly. If the actual harvested energy is a non-linear function f of €, where
f is assumed strictly monotonically increasing, then £ in merely needs to
be replaced by f~1(€) to capture the non-linearity.
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Fig. 1. A realization of the PDP with 5 = 0.01, A\; = 0.2, and R = 5.

B. PDP Model for EPP

Definition 6 (Poisson disk process, PDP). The Poisson disk
process is a Boolean Cox process on disks with Ar1 = 0.

Figure [I] shows an example realization of the PDP. From
the definition, the PDP &, can be described by a Boolean

model on disks 2= |J b(y, R) with two PPPs ®; and @5 of
yEDy
densities 8 and Ap, respectively. Hence we have &, = ®;NE.

Interestingly, there are some similarities between a PDP and
a MCP: (1) they are both derived from the PPP; and (2) the
grains in the PDP and the clusters in the MCP are both disks.
The key difference is that in the MCP, the conditional density
at a location is given by the number of times it is covered by
a disk instead of being just binary as in the PDP. The PDP is a
dependent thinning of ®5 and, from Definition [3] its random
intensity field rp(x) = A(1(®1(b(z, R)) > 0), where 1(-)
denotes the indicator function and ®1 (b(x, R)) is the number
of points in ®; located in b(z, R).

Compare Definitions [6] and [5] and let ®; be P, 5 be A¢, ®o
be ®4, and A; be A\4. It is easily seen that the PDP behaves
like an EPP but has a simpler structure. Thus, it is intuitive to
use the PDP as a tractable model for the active RF-powered
nodes by establishing a relationship between the PDP model
and a given EPP that incorporates practical energy harvesting
factors. The basic idea is to find an equivalent disk radius R
such that the mechanism of retaining points in the PDP mimics
that in the EPP as closely as possible, or, equivalently, to find
how to capture the condition &(z, ®¢) > £ by P¢(b(z, R)) >0
for x € ®g4.

We provide two different approaches to relate ®. and ®;:

« Approach I: The first approach is to set R = £/,
based on the fact that ®¢(b(x, R)) > 0 is a sufficient
condition for e(z, ) > &. Thus, we have ®, C ®, and
Ap < Ae.

o Approach II: The second approach is to determine R
by setting P(®¢(b(z, R)) > 0)) = P(e(x, ¢) > &) such
that A\, = Ae.

Due to the motion-invariance of ®,, P(e(z, 5) > &) =

P(c(o,®¢) > £) £ P. is the energy harvesting success
probability of the RF-powered node at the origin. Let
o(w) & E(e?w(>®0)) be the characteristic function of
the harvested energy at the origin. According to [17, Sec.
5.15], the characteristic function for o > 2 is expressed
as

p(w) = exp (— A\grl'(1 — 5)w‘$e*j”5/2), w >0, (5)

where j = +/—1 and § = 2/a. Using the Gil-Pelaez
theorem [27], we have

11 [ (edwe
P.=-+ 7/ wdw
2 7/ w
— } + l /00 e—AfﬂF(l—é)ws cos(dm/2)
2 7/
5 sin (AerD(1 — &)w® sin(d7/2) — wé) dw. 6)
w
Then, according to and P(®¢(b(o, R)) > 0)) = P,
we have
1 1
=4/ —1 . 7
R Tt t 1-F )
When o = 4, we have
p(w) = exp (— M2 we ™) w >0, (8)

and in this case the energy harvesting success probability
admits the closed-form expression

1 1 mA2
P=1 ﬁr(2, i ) ©)

Remark 1: When « — oo, we have ¢(x) — 0 for ||z|| > 1
and £(z) — oo for ||z|| < 1. For the EPP in this case, only
those points with a distance to the RF transmitters smaller than
1 can be energized. As a result, the EPP converges to the PDP
with R = 1. This observation further justifies the use of the
PDP to characterize the EPP.

Figure 2] shows a comparison between the realizations of
the EPP and the Approach II-based PDP under the same
realization of ®; and ®4. It is observed that the points retained
in the EPP are almost the same as those retained in the
PDP, which demonstrates the good match between the two
point processes. The accuracy of the match is evaluated by
comparing the first- and second-order statistics in Section |V}
where it is shown that Approach II is better than Approach I
in terms of the accuracy of modeling the given EPP. Hence, in
the following analysis, we will use the Approach II-based PDP
to model the active RF-powered nodes in the communication
phase.

C. Communication Model

Each energized RF-powered node is assumed to have a dedi-
cated receiver at distance d in a random orientation. Hence, the
energized RF-powered nodes and their receivers form a PDP
bipolar network. The transmit power of RF-powered nodes is
assumed to be one. We further assume that the path loss model
is the same as in the energy transfer phase and all power
fading coefficients are i.i.d. exponential (Rayleigh fading)
with mean one. For the information transmission phase, the
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Fig. 2. Comparison of the EPP (left) and the Approach II-based PDP (right) with Af = 0.1, A\q = 1, £ = 0.5, and o = 4, where R = 1.32 in the PDP.

received SIR is a strong indicator of the performance of a
wireless link, the distribution of which (i.e., the transmission
success probability) depends on the joint distribution of the
received powers from the serving node and the interfering
nodes. Depending on whether the desired transmitter belongs
to the PDP, we consider two types of practical scenarios:

o Type I: This case considers the SIR distribution in a
PDP field of interferers, i.e., the desired transmitter does
not belong to the PDIﬂ Without loss of generality, due
to the stationarity of the PDP, the typical receiver is
assumed to be located at the origin and its corresponding
transmitter at z = (d,0). Then the received SIR of the
typical receiver is given by

SIR = M’
> (@) hyo

z€d,

(10)

where h,, denotes power fading coefficient between node
z and y, and the interference is 1 23 o 4(%)hao.

o Type II: This case considers the SIR distribution where
the desired transmitter belongs to the PDP. Since the PDP
is a stationary point process, we condition on that the
typical transmitter (active RF-powered node) is located at
the origin, with the corresponding typical receiver at z =
(d,0). Letting ®2 £ (9, | 0 € ®;,) and @2 £ &3\ {0},
the received SIR of the typical receiver is given by

U2)hos

STl — 2)hg,

zEPl

SIR =

(1)

In this case, the interference is I'(z) = Ypear Uz —

2)hgz.

In the next section, we will provide some of the pertinent
properties of the PDP, in particular, the PGFL, to facilitate the
performance analysis in wirelessly powered networks modeled
by the PDP.

2This case is usually used to characterize the interference from the energized
RF-powered nodes to other systems, e.g., a cellular link can be interfered by
all energized D2D links if they share the same frequency band.

III. FUNDAMENTALS OF THE POISSON DISK PROCESS

A. Basic Properties

Since ®,, is motion-invariant, its density is a constant and
its second moment density p(?)(x,y) depends only on the
distance ||z — y||. Hence there is a density p'2) such that
Pz = yll) = p@(x,y). The density of the PDP is
Ap = NP, (R), where

Py(R) = 1 — exp(—pB7R?) (12)

is the retention probability of the typical point of ®o [23].
The second moment density is a key statistic that describes the
pairwise correlation of a point process. For the PPP, pl(i) = \Z
because points are independent. If p(Qi) (r) > A2, points at
distance r exhibit clustering, and if pni) (r) < A2, points at
distance r exhibit repulsion. In the following lemma, we give
a closed-form expression for the second moment density of
the PDP.

Lemma 1. The second moment density of the PDP is
P2 = 33 (1 - 2P 4l mAR) ) g3

where

2R arccos (5 ) —uy/R2 = % ifu < 2R

0 otherwise

(14)
is the intersection area of two disks with radius R at distance
U

Proof: See Appendix [A]

A(R,u) = {

The pair correlation function (pcf) is given by [[17, Def. 6.6]

>
s
e
—
<
~

gp(u) = SV
e—QBﬂRQ (eﬁA(R,u) . 1)
(1 _ e—,@TrRz)Q

15)



As expected from the clustered nature of the PDP, g,(u) > 1
for all v > 0. Given the density A, and the pair correlation
function g, (u), we obtain for the PDP that

1

R = gmin{u: gp(u) = 1}, (16)
_ 1 9p(0)

b= sl 0T a7

Al = Ap/gp(0). (18)

Thus, the PDP is fully characterized by its first-order statistic
Ap and its second-order statistic g,(u) (or pf§3 (u) This
implies that a suitable PDP can be used to generate point
distributions with any given intensity and pcf for which
gp(u) > 1 Yu > 0. In other words, once the first- and second-
order statistics of an actual network, where “attraction” exists
between transmitters, are given or obtained numerically, we
can use the PDP to model this network.

B. Probability Generating Functional
For a point process ®, the PGFL is defined as [17, Def. 4.3]

gl 2 E( I v(@)).

zed

19)

where v : R? ~ [0, 1] such that 1 — v has bounded support.
Since PDP is obtained by a dependent thinning of the PPP, it is
difficult to derive the exact PGFL. Instead, we provide upper
and lower bounds on its PGFL in the following theorem. For
notational convenience, we define

yo = arg min{y € ®1: ||y|l},
be(o,t) 2 R*\ b(o, 1),

V(R,y) = [1—v(z)]da.
b(y,R)
Theorem 1 (Bounds on the PGFL of the PDP). Let

G[]

[I>

B e PrlvlP-MV(RY) g,
R2

Glv] £ exp ( - B . [1- e‘AIV(R’y)}dy). 21

(20)

The PGFL for the PDP is bounded by G[v] < G[v] < G[v].
Proof: See Appendix B

The PGFL is a key tool in point process theory that has
many applications in wireless networks. Most notably, it can be
used to evaluate the Laplace transform of the sum of all the in-
terfering signal powers emitted from a PDP field of interferers.
We also consider the conditional PGFL conditioning on a point
of the process ®, being at the origin but without including the
point. Denoting by [E'°(-) the expectation with respect to the
reduced Palm measure [[17, Def. 8.4.1], the conditional PGFL

is defined as
g![v] £ E!O( H U(a:))

e,

(22)

Next, we derive bounds and an approximation for the condi-
tional PGFL.

3The MCP also has this property but not the Thomas cluster process.

Theorem 2 (Bounds on the conditional PGFL of the PDP).
Let
1

Q
=
>

o) (23)

2
BePrlulP =2V (R) g,
(R) /b(o,R)
1

2
2 Be=brllelP =MV (R)
Py (R) /b(o,R)

xexp(—ﬂ

Q¢
=
>

1- e**IWvady) dz. (24)
be (o, |zl)
The conditional PGFL of the PDP is bounded by G'] <
G'[v] < G'vl.

Proof: See Appendix [(}

_Since b°(0, R) C b%(o, [|z]|) if z € b(o, R), the lower bound
G'[v] with three nested integrals can be used to obtain an
approximation in a simpler form (two nested integrals) as

5 1
G'[v] ® ——exp(—p 1 — e MVEY gy
Py (R) ( be (o, R) )

“ / Be— Bl =MV (1) gy
b(o,R)

Remark 2: To maintain tractability, the overlaps of the disks
in the Boolean model are not considered in deriving the lower
bounds in Theorems E] and @ Hence, the points located in the
overlaps will be repeatedly considered in calculating the lower
bound of the PGFL. As a consequence, the tightness of the
lower bounds depends on the number of disks that cause a
point to be retained due to the overlaps in the Boolean model,
which follows a Poisson distribution with mean AmR2 [17,
Thm. 13.5]. This also indicates that the tightness of the lower
bounds is agnostic to ®,. Denoting by P, the probability that
the typical point is covered by less than two disks, we have
P. = ¢ #7R*(1 + 87 R?). Then, when P, — 1, i.e., BTR2 —
0, the lower bounds get tight.

Remark 3: The tightness of the uppers bounds is mainly
determined by the monotonicity of v(z) with ||z|| and the
number of points of ®5 in the closest disk, since only the
closest disk to the origin in the Boolean model is considered,
thereby neglecting the effect of the distant points in the PDP.
When v(x) is monotonically decreasing with ||z||, e.g., when
using it to represent path loss, the upper bounds are also rather
tight. Moreover, denoting by P, the probability that there is
no point of ®, located in the closest disk, we have P, =
e~M7R® The higher the probability P,, the more likely the
upper bounds deviate from the exact results. When A\; — 0 or
R — 0, P, — 1. In this case, there is almost no point in the
PDP. But, obviously, this is a rather unrealistic situation. That
is to say, for a wide variety of scenarios (where parameters
like A\ and R are seldom set very small), the above upper
bounds are quite tight.

From the discussions above, we conclude that both the upper
and lower bounds are very tight for scenarios with small 3
and large A;. More details on the tightness are provided in the
numerical results section.

(25)

C. Important Distances

1) Contact distribution function: The contact distance at
location w of a point process @ is ||[u — ®||, and the contact




distribution function or empty space function F'* is the cumu-
lative distribution function (cdf) of ||u — ®|| [17, Def. 2.38]:

FU(r) 2 P(|lu— @[ <r)=P(®(b(u,7)) >0).  (26)

If @ is stationary, F'* does not depend on the location u and is
given by F(r) = P(®(b(0,7)) > 0). Upper and lower bounds
on the cdf of the contact distance for the PDP are derived
next.

Theorem 3. Let

B(r) 21— exp (- 278 /00(1 — e MRS, (27)
0

oo ~
Fry21- / 2 fte AT MAMRIO G (28)
0
where
) m(min{r, R})?, t<|R—r|
A(R,r,t) =< R*pr+1%p, — x(R,1,t), |R—7|<t<R+r
0, otherwise

(29)

is the intersection area of two disks with radii R and r at
distance t,

R2 42 —r2

YR = arccos(T),
B r? +1* — R?

or = arccos(T),

X(R,m,t) =2/plp—R)(p—7)(p—1),

and p = (R+ 1 +t)/2. Then, the cdf of the contact distance
for the PDP is bounded by F(r) < F(r) < F(r).

Proof: According to (26, the contact distribution function
of ®, is expressed as

F(r) = 1 - P(®(b(0,7)) = 0)

—1-E( T [- (el <))

zeP,

=1-G[1—1(|z|| <r)]. (30)

Following the results in Theorem the upper and lower
bounds of the contact distribution function are obtained.
Specifically, the upper bound is given by

F(r) <1-G[1—1(||z[| <r)]

=1—exp <— B]1—exp (— /\1/1(||xH < r)dx)dy)

R? b(y,R)
@ 1—exp ( —27f3 /00(1 - e*)‘IA(RW’t))tdt),
and the lower bound is ginn by
F(r) > 1-G[1—1(|lz]| <1)]

1 p [ e BEIP A Ml <ndag
R?

® 1-— /OO ZWﬂtefﬁ”tQW\IA(R’T’t)dt,
0

€29

(32)

where steps (a) and (b) are derived using polar coordinates
and fb( R) 1(Jjz|| < r)dx which is the area of the overlap
between b(o, r) and b(y, R). [ |

2) Nearest-neighbor distance distribution function: The
nearest-neighbor distance is the distance from a point x € ®
to its nearest neighbor, given by |z — @ \ {z}|| [17, Def.
2.39]. The corresponding distribution function is the nearest-
neighbor distance distribution function, denoted by G*, which
is the cdf of ||z — @\ {z}|:

G*(r) £ P (|lr — @\ {z}] < 1)

= P (2(b(z, 7)) > 0),

where P? and P'* are the Palm and reduced Palm measures
(at x). If ® is stationary, G* does not depend on the location
z and is given by G(r) = P"(®(b(o,7)) > 0). Upper and
lower bounds on the cdf of the nearest-neighbor distance for
the PDP are derived in the following theorem.

(33)

Theorem 4. Let

R
N 1 i
G(r)&1— /2775texp — Brt? — MA(R, 1, t)
A | e
—2775/ (1- e—)\IA(R,r,z))xdx)dt’ (34)
t
1 R
Gr) 21— o / 2mBte P MAMG (35
Py(R) )

The cdf of the nearest-neighbor distance for the PDP is
bounded by G(r) < G(r) < G(r).

Proof: According to (33), the nearest-neighbor distance
distribution function of ®,, is expressed as
G(r) = 1—P"°(2,(b(o,7)) > 0)
=1 ] [ 10zl <))
red,

=1-G'1—1(|z| < 7). (36)

Following the results in Theorem [2] the upper and lower
bounds of G(r) are obtained. Specifically, the upper bound
is given by

G(r) <1-G'[1—1(Jlzf| < r)]

L —Brl@l =M1 fy (o my LlIzI<r)dz
=1- Be 1 Jy(z,R) =<
Py (R)
b(o,R)
X exp ( / 1— 6_/\1 fb(y,R) 1(”Z|\Sr)dzdy)d$
be(os|zl)
R
= ) /Qﬂﬁte_ﬁ”?e_hg(&”)
Py(R)

Xexp — 2776/

and the lower bound is given by

o~ MA(R,r, ””))xdx) dt, (37)

G(r) > 1 -GN~ 1(Jlz[| < )]
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Since the range of the outer integral in is [0, R], setting

t = R as the lower limit of the inner integral yields a lower
bound on G’(r), and accordingly, a simple approximation to
the nearest-neighbor distance distribution function is given by

1 —A[A(R,rz
67271'('3]}?(176 AR 2) Y pdg

Bp(R)

></27rﬁte—5”t2—*“‘_‘(R”>dt.
0

(39)

This approximation is validated in Section |V| to provide an
excellent match for the nearest-neighbor distance distribution
function of the PDP.

IV. TRANSMISSION SUCCESS PROBABILITY OF
WIRELESSLY POWERED NETWORKS

In this section, we analyze the information transmission
success probability in a wirelessly powered network, account-
ing for the energy correlation. The information transmission
success probabilityﬂ is a fundamental communication perfor-
mance metric, defined as the complementary cumulative dis-
tribution function (ccdf) of the SIR, i.e., P(¢) = P(SIR > 6),
where 6 is the SIR threshold. We first adopt the PDP to model
the spatial configuration of the energized nodes and provide
upper and lower bounds on the information transmission
success probability. Secondly, we provide two approximations
by a homogeneous PPP and a MCP with the same density.

A. PDP-Based Analysis

In this subsection, we provide the information transmission
success probability analysis of a wirelessly powered network,
where the locations of the transmitters in the communication
phase (i.e., the energized RF-powered nodes) are modeled by a
PDP. Since the success probability can be derived through the
Laplace transform of the interference, we focus on the Laplace
transform of the interference for both Type I and Type II next.

1) Type I: In this case, the Laplace transform of I is
expressed as

,C[(S)

= ]E:exp(—s Z é(a:)hm)}

zeEP,

[ 1
B ]E_xgp 1—|—s€(x)]

a) L[ 1
(:) g :|7

T+ sl(z) (“40)

4Another important performance metric is the information transmission
outage probability P° = 1— P, P(0), which is the complement of the success
probability.

where step (a) follows from the definition of the PGFL.
According to the bounds on the PGFL of the PDP derived in
Theorem |1} we can also give bounds on the Laplace transform
of I as follows. Let L;(s) and L;(s) be a lower bound and
upper bound of L£;(s), respectively. Using polar coordinates,
we have

. . 1
Li(s)= G| ———
1(5) g_l—i—sf(x)_
— exp ( — 27r/\f/ (1 _ e*AdW’R’S))vdv) (41)
0
fr(s) = ¢ —L ]
)= G| ———
! |1+ st(z) |
= 27T)\f/ efAfWUQ*AdV(”’R’S)vdv, (42)
0
where
2 [ avecos (“5) it
-v rdr
'Y(’UaR7 8) = +27Tf0 Trs~ire Vs R7
2 va:;.: arccos (”2+2TE;R2) 1+:(1T1T0 , v> R.
(43)

Since the transmission success probability is the Laplace
transform of I evaluated at s = 6d°, i.e., P () = L;(0d*),
we obtain the upper and lower bounds on the success proba-
bility by substituting s = 0d® into and (@2).

It is worth noting that the success probability necessarily
tends to zero for § — oo while its upper bound L;(0d®)
tends to e~*a™” This indicates that the upper bound on the
success probability deviates more from the exact result when 6
gets large. This is mainly due to the fact that the upper bound
of the PGFL G [v] is obtained by merely considering the points
in @5 Nb(yp, R) with yg € P the nearest point to the origin,
thereby neglecting the contribution from the more distant
points in ®,. To solve this problem, we further approximate
the spatial distribution of the points in ®3\b(yo, R) with a PPP
with density A,, which results in an accurate approximation
to the Laplace transform of the interference, given in the
following corollary.

Corollary 1. Let ¥(v, R,s) = 2w f;iv Tt dr and

L1(s) =2\ / e~ MV AaY (0 R =M (0. R8) gy (44)
0

The Laplace transform of the interference is approximated as

L1(s) = L1(s).

Proof: To capture the effect from the interfering nodes
outside the disk b(yo, R), we adopt a PPP denoted by Pt
with density A, to approximate the spatial distribution of these
nodes. Letting ¥, = ®, Nb(yo, R) we have

e I o I o)

rev, 2E€EPout

i 1
27\ —Agme? ]E{ —
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where step (a) follows from the fact b°(o,v+ R) C b°(yo, R).
The final result is obtained by using polar coordinates. ]

2) Type II: Because of the stationarity of the PDP, in this
case, we condition on the desired transmitter belonging to the
PDP and being located at the origin. Hence, this node does not
contribute to the interference. Letting £ (s) be the conditional
Laplace transform of [ ' we have

zeP,

o) - E[

| 1

=g L—l—sf(m—z)} (46)
In the bipolar communication model, since the distance d be-
tween a transmitter-receiver pair is usually set relatively small
(e, d < Ap 1 2) to avoid many low-reliability links, we ap-
proximate I'(z) with I' (o), resulting in Ly (s) = G'[ 11377
Under this approximation, expressions for the lower and upper
bounds on L (s) can be significantly simplified as follows.

Let £;(s) and £;:(s) be a lower and upper bounds on

L (s), respectively. Using polar coordinates, we have
. 5 1
Lr(s) = G| ———
r(s) g{l—#sé(x)}
) 2T As foR e—/\fﬂvz—/\d'y(v,R,s)vd,U
Bp(R)

oo

X exp (— 27r)\f/
R

Lp(s) ~ ¢ {wﬁe@}

0

—~
<o

Q

(1 — ef)‘”(”’R’s))vdv) ,(47)

2mAs /R — A2 = Ay (0, R.5)
= e MY V8 ydw, 48)
Pp(R) Jo

where step (b) is obtained using the simplified approximation
in 23).

It should be noted that as d gets larger, the impact of the
condition that the typical transmitter belongs to the PDP on
I' gradually diminishes, and accordingly, I' tends to have the
same statistics as the interference in Type I.

Similar to Type I, we further obtain an approximation of
L (s) based on its upper bound by considering the distant
interferers outside the closest disk to the origin, and the
following corollary gives the explicit result.

Corollary 2. Letting

27 A
Py (R)

ﬂ[! (S) =

R
/ e—/\fm;z—/\d'y('U,R,s)—)\p’y(v,R,s),Ud,U7 (49)
0

the Laplace transform of the interference is approximated as

Elz (S) ~ E[! (S)

Although the PDP-based analysis involves two nested in-
tegrals, it can be efficiently calculated by using numerical
methods since the integrand in the Laplace transform of
the interference essentially decreases exponentially with the
integration variable.

B. Approximation with PPP

Due to the energy correlation, an exact calculation of the
success probability of the typical receiver in a wirelessly pow-
ered network seems unfeasible. The approximate expressions
for the more realistic model can be traded off against exact
ones for a less realistic one, namely the Poisson model, where
the spatial distribution of the energized RF-powered nodes is
approximated by a homogeneous PPP with the same density.
From Slivnyak’s theorem [17]], conditioning on a point at the
origin does not change the distribution of the rest of the
process, i.e., the reduced Palm distribution is the same as
the distribution of the original PPP. Hence, in the PPP-based
approximation, the Laplace transforms of the interference for
Types I and II are the same and given by

1
Liren(s) = e (= A /R 1+ s—lé—l(x)d‘”)
o
= - 4 50
P ( e7Tsin(m?)s )’ (50)
and the resulting success probability with the PPP approxima-
tion is 2
s
P(6) = exp ( ~ A @20°). 51
(0) = exp eSin(ﬂts) (51

Remark 4: The PPP approximation yields the most tractable
analytical results for the wirelessly powered networks but leads
to the largest deviation from the exact results due to the neglect
of the energy correlation.

C. Approximation with MCP

As discussed above, there are some similarities between
a PDP and a MCP. Thus, by setting A\ = X, D = R,
and matching the density A\, = A¢, we provide another
approximation for the performance analysis with an MCP
as follows. The interference in a PDP-based network can
be approximated by the one in a Poisson cluster network.
According to [28, Eq. (34)], the Laplace transforms of the
interference for Types I and II are

Lipep(s) =exp {—)\ [1— exp(—ev(s,y, z))]dy} (52)

R2
L1306 = Liren(s) [ explocvtp o) fu)dy, 53
where
/
v(s,y,2) = /R i (_xl)/_z))_ldx, (54)

and f(x) is the probability density function of the node
distribution around the parent point. For the MCP, we have

fz) = %1(3: € b(o, R)).

TR (55)
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Remark 5: Despite the accuracy of the approximation
provided by the MCP, the resulting expressions for perfor-
mance metrics are more complicated compared to the PDP-
based analysis and the PPP-based approximation. In addition,
the MCP approximation may still be not accurate beyond a
specific range of system parameters. After all, the higher-order
statistics are also ignored.

V. NUMERICAL RESULTS

In this section, we provide numerical results for the prop-
erties of the PDP and the performance of PDP-modeled wire-
lessly powered communication networks. The default values
of the main parameters are 8 = A = 0.1, Ay = A\q = 1,
a=4,&=1,and d = 0.1 where applicable.

A. Basic Properties of the PDP

Figure [3] shows how the key parameter R changes with the
energy threshold & when the PDP is adopted to characterize the
EPP via the proposed two different approaches. We observe

16-@-@-6-6
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0.8 O EPP
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o
506
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Fig. 4. The density of the PDP versus £ in the EPP for different
approaches.

N O Sim.w. EPP
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The pair correlation function

Fig. 6. The comparison of pcfs for different options with different .

that the disk radius R in the PDP decreases with increasing
&, and the curves for different approaches and RF transmitter
densities tend to be consistent with each other when ¢ is larger
than a certain value, about 10 dB. For a given &, the value of
R obtained by Approach I is smaller than that by Approach II,
because the former is based on a sufficient condition such that
Ap < A while the latter guarantees A\, = \.. Furthermore, for
a relatively sparse energy harvesting network (i.e., a smaller
density of RF transmitters), the disk radius also gets smaller
in Approach II. However, in Approach I, the disk radius is
independent of \¢. Thus, while Approach I is relatively simple,
its accuracy for approaching the PDP to the EPP is inferior to
that of Approach II.

Figure E| shows the relationship between the density A, of
the PDP and the energy threshold ¢ in the EPP for different
A¢ after determining the value of R via the two approaches.
Similar to Figure[3] the gap between the curves of Approaches
I and II gradually decreases and finally tends to zero as &
increases. Besides, the behaviors of R and )\, as a function
of A\¢ are the same. Since the energy correlation is stronger
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in a sparser energy harvesting network, the disk radius in the
case with a smaller density of RF transmitter is smaller, thus
resulting in a smaller density of the active RF-powered nodes.

Figures 5] and [6] compare the pcfs of different point pro-
cesses for different RF transmitter densities and energy thresh-
olds, where the one of the EPP is obtained via simulation using
the spatstat library in the R language and the one of the PDP
is obtained analytically according to (I3)) in Section [[TI-A] For
the MCP, the pcf is [17, Section 6.4]

1AD,r)

X 2Dt (56)

gum(r) =1+

where A = A\¢, D = R and A, = Ac. It can be observed that
while the PDP and the MCP provide excellent approximations
to the EPP in terms of the pcf, the Approach II-based PDP
performs best for different parameter setups. An important
observation is that all the pcfs are larger than in the PPP
case, indicating the positive energy correlation (clustering
behavior) among the active RF-powered nodes. Furthermore,
we observe that a smaller density of RF transmitters or a larger
energy threshold leads to stronger clustering, which means
the clustering behavior is increasingly prominent as the RF
transmitters become sparse or the required amount of energy
increases (i.e., fewer RF-powered nodes are retained).

Figure [/] plots the bounds on the contact distribution func-
tions of the PDP in comparison with that of the EPP. It
validates the accuracy of the PDP in modeling the energized
RF-powered nodes and demonstrates the tightness of the
derived bounds.

Figure [§] plots the bounds on the nearest-neighbor distribu-
tion functions of the PDP in comparison with that of the EPP.
Here the lower bound is relatively loose in the case of Ay = 0.1
and \q = 0.5. Such deviation occurs when there is no other
point in the closest disk to the origin. In contrast, the proposed
approximation, simpler than the bounds, is extremely close to
the simulation result.
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Fig. 8. The nearest-neighbor distribution functions of the PDP with
different A¢.

B. Information Transmission Success Probability

Figure [9] compares the transmission success probability in
the communication phase using different approaches for Types
I and II, where the simulation result is based on a given EPP
incorporating practical energy harvesting factors. We observe
that for both types of success probabilities, the proposed lower
bound and the approximation by the PDP are quite close
to the simulation results, demonstrating the effectiveness and
rationality of using the PDP to characterize the EPP. While
the upper bound deviates from the actual result in Type I, it
provides a good approximation to that in Type II. It can be also
seen that the PPP-based results always deviate significantly
from the simulations while the MCP-based results provide
the best approximation in terms of both types of success
probabilities. A key observation is that the PPP-based curve
is the same in both types of scenarios, and in particular, it is
pessimistic for Type I but optimistic (with larger deviations)
for Type IL. In Type I, we focus on the interference from all
nodes in a point process to the origin. Obviously, the node
density of the PPP is larger than the disk/cluster density in
a PDP or MCP, hence the probability of having a strong
interferer nearby in the PPP case is higher than in the other
cases. In contrast, in Type II, we focus on the interference
at a node belonging to this point process suffered by all the
other nodes. In this case, the probability that there is a strong
interferer nearby in the PDP or MCP case is much higher than
in the PPP case, since points in these point processes exhibit
clustering. In other words, the positive energy correlation
has a more important effect on the Type II communication
performance.

Figure compares the EPP-based simulations and the
PDP-based analytical results for two types of success prob-
abilities with different RF transmitter densities and energy
thresholds. It is observed that the PDP-based approximation
matches with the actual result extremely well for different
parameter setups since it incorporates both strong interferers
nearby and the weak ones far away. The lower bound is tight
for certain parameter settings, e.g., for a small density of RF



16
08 . 7
&
= ¥
2 RS
= :
Sosf o 7
e \’
o \‘
(0] 1l o |
89410 Sim. w. PP \
& — Lower Bound per (41) X ‘\'\
I Upper Bound per (42) Qe
0.2 f|..-.pppP Approx. per (44) \\
= = MCP Approx. per (52) Q.
—w—PPP Approx. per (50) :
0 ‘ ‘ ‘ ‘ ‘
10 0 10 20 30 40 %
9 (dB)
(a) Type 1

0.8 J
=
2
306 J
e
o
1]
B 0.4 ]
g "|| o sim.w.EPP
a = Lower Bound per (47)

o2l Upper Bound per (48)

--=-PDP Approx. per (49)
= = MCP Approx. per (53)
—w—PPP Approx. per (50)

-10 0 10 20 30 40 50
0 (dB)

(b) Type I

Fig. 9. The comparison of different approaches for the transmission success probability analysis.

108 e/ 0o T T T
) A;=0.05,£=10dB

o
e

o
o

o
~

A =0.2,¢=-5dB

Success Probablity

o
o

O Sim. w. EPP
— Lower Bound per (41)
= = PDP Approx. per (44) | N9 &

0 oY= cYeJe D-O-C
-10 0 10 20 30 40 50 60 70 80
9 (dB)

(a) Type I

1 0-0-6g
0.8 1
2
5
806 1
<
o
(2]
(%]
8041
o A, =0.2, £ =-5dB
S f
w
0.2 O Sim.w. EPP
= Lower Bound per (47)
= = PDP Approx. per (49)
20  -10 0 10 20 30 40 50 60 70
0 (dB)
(b) Type II

Fig. 10. The success probability for the PDP-based network with different As and &.

transmitters (sparse deployment) or a large energy threshold
(strong clustering behavior). The reason is that the overlaps
among different disks are ignored in the PDP model, and the
larger A¢ or the smaller ¢ (leading to a larger R), the more
likely the overlaps occur.

VI. CONCLUSIONS

Since the energy correlation establishes a dependence be-
tween energy and information transfer, it plays an important
role in the communication phase. Although some prior work
has addressed the energy correlation issue, an exact character-
ization of the communication performance is still unavailable.
To address this, we propose a tractable yet accurate model,
named PDP, for the energized RF-powered nodes and focus
on the accurate performance characterization of a wirelessly
powered network with energy correlation. The PDP can be
viewed as a kind of EPP but with a simpler structure, which

is fully characterized by its first- and second-order statistics.
We provided tight bounds and accurate approximations for
its PGFL, contact distribution function as well as nearest-
neighbor distance distribution function, respectively. Hence,
the Laplace transform of the interference and the informa-
tion transmission success probability in wirelessly powered
networks can be characterized. As the energy correlation
is considered, the resulting performance reflects the impact
of the energy harvesting on the communication phase more
accurately than the previous one based on the independence
assumption.

The key insight is that the PDP model lies in between the
PPP and MCP, achieving an excellent balance between accu-
racy and tractability. The PPP approximation leads to closed-
form results that deviate strongly from the exact results, as it
ignores the energy correlation. While the MCP approximation
is mostly accurate, its analytical expressions have the most



complicated form (four-level integrals). In contrast, the PDP
model achieves almost the same accuracy in a much simpler
form (two-level integrals). Moreover, it should be noted that
the work in this paper is not limited to the performance
analysis of wirelessly powered networks but has applications
in a variety of wireless networks where the network topology
is modeled by a PDP.

APPENDIX A
PROOF OF LEMMA[I]

Proof: According to the definition of Ripley’s K function

[17, Def. 6.8], we have
2
™ [ 2w
)‘p 0

where A\, K (r) is the mean number of points y € &, that
satisfy 0 < ||y — z|| < r given that x € ®,. Hence we have

A (r) = (57)

ApK(r)
= E[®,(b(0,7))]
- JE[ S " 1(llyll < @1 (b(y. R)) > 0) | 1(b(o, R)) >0]

yED2

(a)
::A{AQT)P<@ﬂb@yR»:>O|¢1@QLRD:>O)dy
_AN

. }P’(@l(b(y,R)) > 0,® (b(o, R)) > o)dy, (58)
p Jb(o,r)

where step (a) uses Campbell’s theorem. Letting u = ||y||,
the event {®1(b(y, R)) > 0, ®; (b(0, R)) > 0} is partitioned
into two events: one is {®;(V,(R)) > 0}; the other is
{4 Ebc(o7 R)) > 0,®1(b°(y,R)) > 0} conditioning on
{@1(V.(R)) = 0}. According to the total probability law and
polar coordinates, we have

2AZ [T
M) = S50 [ (1 2070
Ao Jo
+e*ﬁ(2“RQ*A<R’“>))udu. (59)
Comparing (58) and (59), the final result is obtained. [ |

APPENDIX B
PROOF OF THEOREMII]

Proof: According to the definition the Boolean model, we
have

G|

(;)E<H H

yeP zeP2nb(y,R)
= Es { exp(—)q/ 1—v(m)dx)}
L oy 1)

yedy
_ efxlvm,y)dy)’

- exp(fﬂ n (60)

where step (a) follows from ®2NZE C e {<I>2 Nb(y, R

V(EY) = [y mL-
we have

Gl <JE( I1

z€P2Nb(yo,R)

By [ep (<M [ 1= ufads)]
b(yo,R)
0o 27
1 p—
:/ / 7f|\y0\|(t)e AV (R,yo) ot (cos .sin ) LAY
0 0 ™

2w
p— 27
= / Bte Art” =MV (R.yo) ‘yo:t(cosw,sind)) dtdﬁf
0 0

)} and
v(x)]dz. Since @2 ﬂb(yo7 R) C ®3NE,

v(m))

efﬁﬂllyllkz\IV(R,y)dy.
R2

iy (61)

APPENDIX C
PROOF OF THEOREM 2]

Proof: According to the definition of the Boolean model,

we have
g1 = B ] v@)
zed
= ]E“’[ 11 v(x)@l(b(o,R))>0]
zedPN=E

> ]E“’( II 1T v(@) | P

y€P1 xePanb(y,R)\{o}

@@R»>®

—Eo,| [TEe( I v@) @00, R) > 0]
yedy z€P2Nb(y,R)

(a)

Y 8e [ [ Ear( I )|\|yo||<R]
yedy z€P>Nb(y,R)

= o, | [T eV | o]l < ]
yedy

= Eq, [V T e VO |y < R]

y€P1\{yo}

— MV (R,
e MYVUILYO)| L 4 cos tsin )

X exp ( - B 1-— e*’\IV(R’y)dy) dtdyp
be(o,t)
/ Be~Brllz|*~NV ()
B b(o,R) PP(R)
X exp ( By 1— e_’\IV(R’y)dy)d:c, (62)
be (o, |zl

where step (a) follows from Slivnyak’s theorem applied to @
and b°(0,t) = R? \ b(o,t) and step (b) follows that f(t) =

—Bmt? . o . .
%ﬁpteiR is the conditional probability density function of

||y0|T given ||yo|| < R. Since 2 Nb(yg, R) C P2NE, we have

[T ol ®oR) >0)

z€P2Nb(yo,R)

g'] < B (
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