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Abstract—Energy correlation critically affects the performance
of a wirelessly powered network due to its key effect on the spatial
distribution of concurrent RF-powered transmitters. This paper
introduces a powerful analytical framework with foundations in
stochastic geometry to characterize the energy correlation in a
general wirelessly powered network. Unlike the commonly used
pair correlation function (pcf)-based method, it is based on the
energy correlation coefficient (ECC) and yields the energy corre-
lation distance that gives a sufficiently small ECC. Specifically,
we focus on the spatial correlation of the energy harvested from
a Poisson field of RF power sources with directional beams under
two cases: i) each power source points the beam in a random
direction; ii) each power source points the beam to an RF-
powered node located in its Voronoi cell. The results demonstrate
that the energized RF-powered nodes in both cases exhibit
positive correlation that is weaker than in the omni-directional
case due to the introduction of energy beamforming. As an
application, we provide an ECC-based method using the energy
correlation distance to approximate the success probability and
area spectral efficiency in the communication phase. It turns out
that the ECC-based approximation matches the exact result well,
and, more importantly, it can deal with the energy correlation in
more general and complicated scenarios (where the pcf analysis
is infeasible) due to its superior tractability.

Index Terms—Energy correlation; wirelessly powered net-
works; directional energy transfer; stochastic geometry.

I. INTRODUCTION

A. Motivation

Radio frequency (RF) energy harvesting is a promising
solution to realize self-sustainable communications, especially
for energy-constrained networks such as sensor networks and
the Internet of Things [2–4]. The integration of RF energy
harvesting and communications brings new challenges and
opportunities and calls for a paradigm shift in wireless net-
work design. Many efforts have recently been made towards
addressing these new research problems that cover a wide
range of disciplines. Among them, advancing the theoretical
understanding of wirelessly powered communication systems
is an essential direction of research. Accordingly, stochastic
geometry has naturally been a popular tool for the modeling
and analysis of large-scale wirelessly powered networks [5].
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Regardless of the kind of wireless network being powered,
the main idea behind the majority of existing works is to
model the locations of RF power sources as a homogeneous
Poisson point process (PPP) and investigate the first-order
performance metric, i.e., the average energy transfer success
probability (or, equivalently, the energization probability of
RF-powered nodes). Then, the energized RF-powered nodes,
i.e., the active transmitters in the communication phase, are
simply assumed to form another homogeneous PPP indepen-
dent of the RF power sources [5–9]. While this leads to
tractable results, the analytical insights provided are quite
limited since the spatial correlation of the energy harvested
from RF transmitters is not taken into account. Our previous
work [10] named this correlation energy correlation, which is
shown to exist and be positive. As a result, the locations of
the active RF-powered nodes in the communication phase are
not mutually independent but clustered. This reveals that the
energy correlation needs to be fully characterized in order to
get the accurate spatial configuration of the active transmitters
in the communication phase, which plays a critical role in the
performance evaluation of wirelessly powered networks.

The study of energy correlation requires the joint analysis
of the harvested energies observed at two different locations,
which is known to be significantly more challenging than
the popular approach that confines the analysis to a single
location, i.e., the first-order performance described above.
The pair correlation function (pcf) is by far the most com-
monly used measure to characterize the second-order statistics
of the point process in stochastic geometry [11]. Although
the energy correlation has already been characterized for
wirelessly powered networks through the pcf, the resulting
expression is too complicated to evaluate and thus replaced by
an approximation in [10, 12]. More importantly, the previous
study on energy correlation is limited to the omni-directional
energy harvesting scenario, and the situation is quite different
for the directional energy harvesting scenario where the pcf
analysis is far more challenging. But in practice, RF signals
suffer from high attenuation over longer distances, which
implies that directional energy harvesting techniques need to
be implemented to improve the energy transfer efficiency [13].
Therefore, currently, a thorny issue is that a simple but efficient
evaluation of the energy correlation and its effect on the
performance of a more general (including directional energy
transfer) wirelessly powered network is elusive.

B. Related Work
Energy harvesting techniques utilizing RF signals have

lately gained a lot of attention in both academia and in-
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dustry, as they provide an appealing tetherless approach to
supply power to energy-constrained devices. This has led
to considerable research which can be broadly divided into
two categories: wirelessly powered communication networks
(WPCNs)1 [2] and simultaneous wireless information and
power transfer (SWIPT)-enabled networks [14]. In either case,
the harvested energy is positively correlated with the aggre-
gate signal strength, which, in turn, strongly depends on the
spatial configuration of RF power sources. As a consequence,
stochastic geometry tools have been widely used to analyze
the performance of wireless energy transfer (WET) and WET-
enabled networks (see, e.g., [5–10, 12, 15, 16] and references
therein).

A main application of stochastic geometry in RF energy
harvesting-based wireless communication is to model the
locations of RF power sources using the homogeneous PPP
model, which permits the derivation of metrics like average
harvested energy, energy coverage/outage probability, joint
distribution of harvested power and rate, etc. To be specific,
the authors in [5] studied an uplink cellular network overlaid
with power beacons (PBs) powering mobiles, where PBs
form a homogeneous PPP independent of the locations of
the mobiles. Under an outage constraint, tradeoffs between
the transmission power of PBs and mobiles as well as the
densities of PBs and base stations were analyzed. The authors
in [15] leveraged stochastic geometry for modeling SWIPT-
enabled cellular networks and characterized the tradeoff be-
tween wireless information and power transmission through
the joint cumulative distribution function of harvested power
and rate, where the locations of RF power sources were also
modeled by a PPP. As extensions, several authors further
investigated the performance of various wirelessly powered
communication (WPC) and SWIPT-enabled types of wire-
less networks, e.g., device-to-device networks [6, 8], ad hoc
networks [7], cognitive networks [9], heterogeneous cellular
networks [16, 17] and IoT networks [18]. Although these pa-
pers provide answers to different important design issues, they
have one limitation in common: the spatial correlation of the
energized RF-powered nodes is not considered. For SWIPT,
such correlation is not critical since the RF transmitters serve
as the transmitters in both energy and information transfer
phases, while for WPCN, only the RF-powered nodes that
harvest enough energy become active in the communication
phase. Accordingly, the spatial configuration of these ener-
gized RF-powered nodes plays an important role in analyzing
the communication performance. Motivated by this insight, we
explored the correlation of the harvested energy in a WPCN
and proposed a new point process, named energized point
process (EPP), as a model for the RF-powered nodes that
succeed in harvesting enough energy [10]. However, since the
spatial distribution of the points in the EPP highly depends
on the energy transfer phase, i.e., the energy and information
transfer phases are closely related, an exact characterization of
the WET-enabled communication performance is infeasible.

1In WPCNs, wireless devices use harvested RF energy to transmit/decode
information to/from other devices [2]. It is envisioned to apply to many
popular commercial and industrial systems in the future, including but not
limited to IoT/IoE systems as well as large-scale wireless sensor networks.

Considering the accuracy and tractability tradeoff, we then
promoted the Poisson disk process (PDP), an intermediate
class between the PPP and the EPP, for modeling the energized
RF-powered nodes and analyzed the information transmission
success probability in WPCNs [12].

The energy correlation is induced in the energy transfer
phase and affects the spatial configuration of transmitters in
the communication phase—it essentially establishes a bridge
between the performance of the energy and information
transfer phases. While there have been many studies on the
performance analysis for RF energy harvesting-based wireless
networks, research on the aforementioned energy correlation
is still in its infancy. The existing approach in capturing
the energy correlation is to first specify a point process of
the energized RF-powered nodes, e.g., the EPP, and then
investigate the spatial correlation of the point process through
the pcf. However, explicit expressions for the pcf are not
always available; for instance, when energy beamforming
techniques are considered, the beam direction will cause extra
correlation between two RF-powered nodes relative to the
omni-directional case studied in existing works [10, 12]. As
a result, the joint analysis of the energy harvesting success
probabilities at two locations becomes quite challenging and
hence the pcf-based method in this case seems infeasible. To
avoid this problem, this paper introduces the energy correla-
tion coefficient (ECC), namely the correlation coefficient of the
measured energy at two locations, to capture the correlation
structure directly from the energy field induced by the power
sources. Different from the traditional pcf-based method, it is
applicable even if the spatial distribution of the energized RF-
powered nodes is not known. Hence, the ECC-based method
can deal with the energy correlation in more general and
complicated scenarios (e.g., directed energy transfer), thereby
unlocking a new avenue to gain design insights on WPCNs
with energy beamforming.

C. Contributions
In this paper, we provide a new analytical approach to

investigate the energy correlation and its effects on the com-
munication performance. It is not based on a complicated pcf
analysis and subsequent point process fitting, which makes
it suitable for a wider range of WPCN scenarios. The main
contributions are:
• We provide the exact ECC under the random directed

energy transfer (RDET) policy and a simple yet effective
approximation of the ECC under the nearest directed
energy transfer (NDET) policy in WPCNs, where the
energy is harvested from a Poisson field of RF power
sources.

• We analyze the asymptotic behaviors of the energy cor-
relation under RDET and NDET policies with respect to
the antenna array size.

• We show that, remarkably, for directed WET, the energy
correlation is positive but weaker than in the omni-
directional case, and when the antenna array size tends
to infinity, the correlation in the RDET policy vanishes
while the one in the NDET policy approaches a positive
constant.
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• We provide analytical expressions for the density of
energized RF-powered nodes under the two energy beam-
forming policies.

• We introduce the energy correlation distance, which is
the distance where the ECC is sufficiently small for
the energies harvested to be considered uncorrelated,
and based on it, we propose the ECC-based method
as a highly accurate approximation to the WET-enabled
communication performance.

II. SYSTEM MODEL

A. Network model

We consider a wireless network powered solely by ambient
RF power sources (such as dedicated power beacons, cellular
base stations, WiFi hotspots, digital TV towers, etc.) with
locations modeled by a homogeneous PPP Φp ⊂ R2 of
density λp. We assume that each RF power source is equipped
with a uniform linear array (ULA) composed of Np antenna
elements to perform directional energy beamforming, and
each RF-powered node has a single antenna. The channel
(power) gain between transmitter x and receiver y is given
by Gxyhxy`(x − y), where Gxy is the antenna array gain
determined by the energy beamforming policy, hxy models
the small-scale fading and `(x− y) represents the large-scale
path loss. We assume that the fading coefficient follows a
gamma distribution Gamma(M, 1

M ) (i.e., Nakagami fading),
and all hxy are mutually independent and also independent of
the point process. We consider a bounded path loss law

`(x) =
1

ε+ ‖x‖α
, (1)

where ε > 0 avoids a singularity at ‖x‖ = 0 and α is
the path loss exponent. To maintain analytical tractability,
a sectorized antenna model [19] is adopted to approximate
the actual antenna pattern, and the antenna gain function is
formulated as

G(ϕ) =

{
Gm if |ϕ| ≤ w

2
Gs otherwise, (2)

where ϕ ∈ [−π, π) is the angle off the beam direction of the
RF power source, w ∈ (0, 2π] is the half-power beam width
(HPBW), correlated with the antenna array size, Gm and Gs

are the array gains of the main and side lobes. Assuming a
ULA with half-wavelength antenna spacing, we have Gm =

Np and w = 4πG−1
act(Gm/2) with Gact(ϕ) =

sin2(πNpϕ)
Np sin2(πϕ)

denoting the actual antenna pattern [20]. To ensure the power
constraint 1

2π

∫ 2π

0
G(ϕ)dϕ = 1, we have Gs = 2π−Gmw

2π−w .

B. Wireless Energy Harvesting Model

The correlation coefficient of the measured energy at two
locations is used to characterize the energy correlation caused
by the specific energy beamforming policy. Due to the motion-
invariance of the PPP, the correlation coefficient merely de-
pends on the distance of two locations. Hence, without loss
of generality, we focus on the measured energy at the origin
o and z = (d, 0).

Letting E(y) be the measured energy present at location y,
the ECC is given by

χ(d) =
E[E(o)E(z)]− EE(o)EE(z)√

var(E(o))var(E(z))
, (3)

and we consider two practical energy beamforming policies as
follows.

1) Randomly directed energy transfer (RDET) policy: Each
RF power source randomly selects the beam direction of the
energy transfer link. Hence, for an RF-powered device located
at y, its angle ϕx(y) off the beam direction of each RF power
source x is randomly and uniformly distributed in [−π, π), and
the antenna gain G(ϕx(y)) has the probability mass function
(PMF)

G(ϕx(y)) =

{
Gm w.p. qm = w

2π
Gs w.p. qs = 1− w

2π .
(4)

Using the linear energy harvesting model, the measured en-
ergy2 ER(y) at y from all the RF power sources is quantified
as

ER(y) =
∑
x∈Φp

G(ϕx(y))hxy`(x− y). (5)

2) Nearest directed energy transfer (NDET) policy: Each
RF-powered device is associated with its nearest RF power
source which aligns the beam direction pointing to one RF-
powered device in its Voronoi cell3. If two or more RF-
powered devices have the same nearest RF power source, the
beam is pointed to the different devices in a time-division
manner. If an RF power source has no devices in its Voronoi
cell, it keeps silent. Letting x1 ∈ Φp be the nearest RF power
source to the origin, pointing its beam to o, the measured
energy at o is

EN(o) = Gmhx1o`(x1) +
∑

x∈Φp\{x1}

G(ϕx(o))hxo`(x). (6)

For the measured energy at z, we need to consider whether it
has the same nearest RF power source x1. Denote by x2 ∈ Φp

the nearest RF power source to z. If x2 = x1, o and z are
both in the Voronoi cell of x1. In the ECC analysis, since the
time instant considered is when the origin is getting the beam
targeted toward it, the measured energy at z is

EN(z) = G(ϕx1(z))hx1z`(x1−z)
+
∑

x∈Φp\{x1}

G(ϕx(z))hxz`(x−z), (7)

where G(ϕx1
(z)) depends on the angle ϕx1

(z) off the beam
direction of the RF power source x1 (namely the direction
from x1 to o). If x2 6= x1, o and z are located in different
Voronoi cells, and we focus on a time instant where the beam

2The measured energy is the actual energy present at a location rather than
the harvested energy which depends on the capabilities of RF-powered nodes,
i.e., linear or non-linear energy harvesting. Since we focus on the linear model,
the results are identical whether we consider measured or harvested energy.

3If the RF power sources are cellular base stations, the results of the NDET
would apply to the case when the RF-powered device lies in the same direction
as a served user.
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TABLE I. Symbols and descriptions

Symbol Description Default value
Φp, λp RF power sources PPP and density N/A, 0.1

Φd, λd RF-powered nodes PPP and density N/A, 1

Φe, λe Energized RF-powered nodes EPP and density N/A,N/A

α, ε The parameters of path loss law for the energy link 4, 0.01
M The Nakagami parameter of the energy link N/A

Np The antenna array size of RF power sources 8

Gm, Gs, w The antenna gain of main and side lobes, and the HPBW N/A
ER, EN The harvested energy under RDET/NDET policy N/A
d The inter-point distance of two locations for ECC 0.1

χR, χN The ECC under RDET/NDET policy N/A
αI The path loss exponent for the information link 4

Eth, θ The energy/SIR threshold N/A,N/A

dI The distance between the transmitter-receiver pair for the information link 1

D, c̄ The parameters of the Matérn cluster process N/A,N/A

from x2 is pointed at z. Accordingly, the measured energy at
z is

EN(z)=Gmhx2z`(x2 − z) +
∑

x∈Φp\{x2}

G(ϕx(z))hxz`(x− z). (8)

C. Communication Model
We further consider the information transmission perfor-

mance in this WPCN where RF-powered devices are dis-
tributed as another homogeneous PPP Φd of density λd and
powered by the RF-power sources using the aforementioned
two directional energy transfer policies. Each RF-powered
device is assumed to have a dedicated receiver at distance dI

in a random orientation4, with a fixed transmit power of one.
Since only the active RF-powered nodes, i.e., the devices that
succeed in harvesting enough energy, can actually participate
in the communication phase, we need to focus on the EPP Φe,
defined as a dependent thinning of Φd as

Φe , {x ∈ Φd : E(x) > Eth}, (9)

where Eth is the energy threshold. We assume that the path
loss model in the information transmission phase is `I(x) =
‖x‖−αI , and all power fading coefficients are i.i.d. exponential
with mean one (Rayleigh fading).

For the information transmission phase, the received SIR
is a strong performance indicator of a wireless link, and
its distribution (or, equivalently, the information transmission
success probability) depends upon the joint distribution of the
received power from the desired transmitter and interferers.
Since the EPP is a stationary point process, we condition
on that the typical transmitter (active RF-powered node) is
located at the origin, with the corresponding typical receiver at
zI = (dI, 0). Letting Φoe , (Φe | o ∈ Φe) and Φ!o

e , Φoe \ {o},
the received SIR of the typical receiver is given by

SIR =
hozI`I(zI)∑

x∈Φ!o
e

hxzI`I(x− zI)
. (10)

4This is a standard model that allows an easy comparison with results
available for conventionally-powered bipolar networks. If the distances are
randomly distributed, the results require just an extra expectation that would
mask the crisper insight we can get from making the distance deterministic.
Also, the results are more general in the sense that they do not rely on a
specific assumption on the distribution of the distances.

Table I summarizes the system parameters with their de-
scriptions and default values.

III. ANALYSIS OF ENERGY CORRELATION COEFFICIENT

In this section, we provide analytical results for the ECC
at two locations and investigate the features of the energy
correlation under RDET and NDET policies, respectively.

A. Analysis of RDET

In this policy, εR(o) and εR(z) are identically distributed
but not independent, and we have

χR(d) =
E[ER(o)ER(z)]− E[ER(o)]2

E[ER(o)2]− E[ER(o)]2
. (11)

Although each RF power source randomly selects the beam
direction, the antenna array gains from an RF power source
to two different locations are still correlated with each other,
which affects the calculation of E[ER(o)ER(z)]. As a result,
we first give the PMF of G̃(x, z) = G(ϕx(o))G(ϕx(z)) for
an RF power source x in the following lemma.

Lemma 1. Given that an RF power source is located at x =
(r cos θ, r sin θ), the PMF of G̃(x, z) is given by

G̃(x, z) =


G2

m w.p. w−min(w,ν)
2π

GmGs w.p. min(w,ν)
π

G2
s w.p. 1− w+min(w,ν)

2π .

(12)

where ν = arccos
(

r−d cos θ√
r2+d2−2rd cos θ

)
denotes the angle be-

tween the direction from x to o and z.
Proof: See Appendix A.

With the help of Lemma 1, we give the ECC in the RDET
case in the following theorem.

Theorem 1. Letting δ = 2/α and ζ(x, z) = E(G̃(x, z) | x ∈
Φp), the ECC of ER(o) and ER(z) with the RDET policy is
given by

χR(d) =
M sin(πδ)

M + 1

∫
R2 ζ(x, z)`(x)`(x− z)dx

(G2
mqm +G2

sqs)π2δ(1− δ)εδ−2
. (13)
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Proof: Firstly, using Campbell’s theorem and Ehxo = 1,
we have

EER(o) = λp

∫
R2

E[G(ϕx(o))]`(x)dx
(a)
= λp

∫
R2

`(x)dx, (14)

where step (a) uses the power constraint Gmqm +Gsqs = 1.
Secondly, the second moment of the harvested energy is given
by

E[ER(o)2]

= E
[( ∑

x∈Φp

G(ϕx(o))hxo`(x)
)2]

= E
∑
x∈Φp

G2(ϕx(o))h2
xo`

2(x)

+E
x6=y∑

x,y∈Φp

G(ϕx(o))G(ϕy(o))hxohyo`(x)`(y)

(b)
= λp

M + 1

M

∫
R2

E[G2(ϕx(o))]`2(x)dx

+λ2
p

∫
R2

∫
R2

E[G(ϕx(o))]`(x)E[G(ϕy(o))]`(y)dxdy

= λp
(G2

mqm +G2
sqs)(M + 1)

M

∫
R2

`2(x)dx+ E[ER(o)]2

(c)
= λp

(G2
mqm+G2

sqs)(M + 1)

M

π2δ(1− δ)εδ−2

sin(πδ)
+ E[ER(o)]2,

(15)

where step (b) follows from the independence of hxo and hyo,
E[h2

xy] = M+1
M , the independence of G(ϕx(o)) and G(ϕy(o))

as well as the second-order product density of the PPP [11],
and step (c) follows from [21, Eq. 3.251.11]. Lastly, the mean
of ER(o)ER(z) is expressed as

E[ER(o)ER(z)]

= E
[ ∑
x∈Φp

G(ϕx(o))hxo`(x)
∑
y∈Φp

G(ϕy(z))hyz`(y − z)
]

= E
∑
x∈Φp

G(ϕx(o))G(ϕx(z))hxo`(x)hxz`(x− z)

+E
x 6=y∑

x,y∈Φp

G(ϕx(o))G(ϕy(z))hxohyz`(x)`(y − z)

(d)
= λp

∫
R2

E[G̃(x, z)]`(x)`(x− z)dx

+λ2
p

∫
R2

∫
R2

E[G(ϕx(o))]`(x)E[G(ϕy(z))]`(y − z)dxdy

= λp

∫
R2

ζ(x, z)`(x)`(x− z)dx+ E[ER(o)]2, (16)

where step (d) follows by similar reasoning as step (b).

Remark 1. This theorem shows that the ECC is positive and
increases with the fading parameter M . Put differently, the
small-scale fading reduces the energy correlation under the
RDET policy. Since the interference in wireless networks is
the aggregated signal power from all interfering transmitters
(excluding the desired transmitter) and the measured energy is
the aggregated one from all transmitters, the two correlations

are closely related. In essence, they could be regarded as two
instances of the same underlying problem of the correlation
structure of a random field induced by Poisson-located emit-
ters.

When Np = 1, the RDET policy reduces to the omni-
directional energy transfer case, where the ECC corresponds
to the interference correlation coefficient in [22, 23]. Since the
interference correlation with directional beamforming has not
been analyzed, the results of the ECC also solve that problem
with the same path loss and fading models, i.e., the energy
correlation equals the interference correlation.

Next, we find the ECC for the unbounded path-loss model
by letting ε→ 0.

Corollary 1. Letting ε→ 0, we have χR(d)→ 0 for d 6= 0.

Proof: We have

χR(d)

=
M sin(πδ)

M + 1

∫
R2

ζ(x,z)
(ε+‖x‖α)(ε+‖x−z‖α)dx

(G2
mqm +G2

sqs)π2δ(1− δ)εδ−2

(a)
=

M sin(πδ)

M + 1

εδ−2
∫
R2

ζ(εδx,z)
(1+‖x‖α)(1+‖(x−ε−δz)‖α)

dx

(G2
mqm +G2

sqs)π2δ(1− δ)εδ−2
, (17)

where (a) follows from the change of variables. When ε→ 0,
we have χR(d)→ 0.

This corollary shows that the unbounded path loss model
yields zero ECC due to the dominant contribution of the
nearby RF power sources to the measured energy. To be
specific, for two locations o and z with distance d 6= 0, the
measured energy at o and z is dominated by the RF power
sources in disk b(o, r) and b(z, r), respectively, for a small r,
which are independent for a PPP and thus make the ECC go
to zero.

We further explore how the antenna array size Np (or,
equivalently, the beamwidth) affects the correlation and what
happens when Np →∞.

Corollary 2. Letting Np →∞, we have χR(d)→ 0.

Proof: When Np → ∞, we have Gm → ∞ and w →
0. Furthermore, according to the power constraint, we have
Gs < 1. Thus, it is obtained that

G̃(x, z) =

{
GmGs w.p. w

π
G2

s w.p. 1− w
π ,

(18)

and ζ(x, z) = w
πGmGs + (1− w

π )G2
s . Then, the ECC can be

further expressed as

χR(d) =
GmGs

w
π +G2

s (1− w
π )

G2
m
w
2π +G2

s (1− w
2π )

M
∫
R2 `(x)`(x− z)dx

(M + 1)
∫
R2 `2(x)dx︸ ︷︷ ︸
A

= A 2wGs +G2
s (π − w)/Gm

Gmw +Gs(2π − w) + (
G2

s

Gm
−Gs)(2π − w)

= A 2wGs +G2
s (π − w)/Gm

2π + (
G2

s

Gm
−Gs)(2π − w)

→ 0. (19)
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Remark 2. This corollary shows that the energy correlation
at two locations vanishes when Np →∞, which implies that
modeling the energized RF-powered devices by independent
thinning is only accurate in the extreme case when the RF
power sources are equipped with infinite antenna arrays.

B. Analysis of NDET

In this policy, each RF power source points the beam to
the RF-powered devices lying in its Voronoi region. As a
consequence, the energy correlation between two RF-powered
nodes under NDET is highly affected by whether the two RF-
powered nodes have the same nearest RF power source, which
significantly complicates the analysis. Since energy beamform-
ing is employed and the NDET policy is designed to supply
concentrated, stable and abundant energy directly to certain
nodes, it is expected to make the nearest RF power source be
the dominant energy supply source. Accordingly, for the sake
of simplicity, the total harvested energy from all RF power
sources is approximated by the harvested energy from the
nearest RF power source, resulting in EN(o) ≈ Gmhx1o`(x1)
and

EN(z) ≈
{
G(ϕx1

(z))hx1z`(x1 − z) if x2 = x1

Gmhx2z`(x2 − z) if x2 6= x1.
(20)

To characterize the energy correlation, it is necessary to derive
the distance distribution of R2 = ‖x2 − z‖, which is given in
the following lemma. For notational convenience, we define
R ,

√
r2 + d2 − 2rd cos θ, and

A(r1, r2, d) ,

π(min{r1, r2})2, d ≤ |r1 − r2|
r2
1ϕ1 + r2

2ϕ2 − s∆, |r1 − r2| < d < r1 + r2

0, otherwise
(21)

is the intersection area of two disks with radii r1 and r2 at
distance d, where

ϕ1 = arccos

(
r2
1 + d2 − r2

2

2r1d

)
, (22)

ϕ2 = arccos

(
r2
2 + d2 − r2

1

2r2d

)
, (23)

s∆ =
1

2

√
[(r1 + r2)2 − d2][d2 − (r1 − r2)2]. (24)

When r1 = R and r2 = r, we have a simple form of
A(r1, r2, d) for θ ∈ [0, π], given by

A(R, r, d) = R2 arccos

(
d− r cos θ

R

)
− r2θ + rd sin θ. (25)

Lemma 2. Given that the nearest RF power source to the
origin x1 is located at (r cos θ, r sin θ), the two locations z
and o have the same nearest RF power source with probability

$(r, θ) = e−λp(πR2−A(R,r,d)), (26)

and the unconditional probability is

psame =

∫ π

0

∫ ∞
0

2λpre
−λpπr

2

$(r, θ)drdθ. (27)

Conditioned on x2 6= x1, the cumulative distribution function
of the distance R2 is given by

FR2
(r2) =

{
1−e−λp(πr22−A(r2,r,d))

1−$(r,θ) r2 ∈ [ψ(r), R]

0 otherwise,
(28)

where ψ(r) = max(0, r − d).
Proof: See Appendix B.

With the help of Lemma 2, we next provide the approximate
ECC under the NDET policy.

Theorem 2. The ECC of EN(o) and EN(z) with the NDET
policy is approximated as

χN(d) ≈ ξzo − ηoηz√
(κo − η2

o)(κz − η2
z)
, (29)

where

ηo = πλp

∫ ∞
0

e−πλpr

ε+ rα/2
dr, (30)

κo = πλp
M + 1

M

∫ ∞
0

e−πλpr

(ε+ rα/2)2
dr, (31)

ηz =

∫ π

0

∫ ∞
0

2λpre
−πλpr

2

[
$(r, θ)G(r, θ)

ε+Rα

+

∫ R

ψ(r)

(1−$(r, θ))
dFR2(r2)

ε+ rα2

]
drdθ, (32)

κz =
M + 1

M

∫ π

0

∫ ∞
0

2λpre
−πλpr

2

[
$(r, θ)G2(r, θ)

(ε+Rα)2

+

∫ R

ψ(r)

(1−$(r, θ))
dFR2(r2)

(ε+ rα2 )2

]
drdθ, (33)

ξzo =

∫ π

0

∫ ∞
0

2λpre
−πλpr

2

[
$(r, θ)G(r, θ)

(ε+ rα)(ε+Rα)

+

∫ R

ψ(r)

(1−$(r, θ))
dFR2(r2)

(ε+ rα)(ε+ rα2 )

]
drdθ, (34)

and

G(r, θ) =

{
1 if | arccos( r−z cos(θ)

R )| ≤ w
2

Gs/Gm otherwise.
(35)

Proof: See Appendix C.

It is observed that increasing M reduces both κo and κz and
thus increases the ECC under the NDET policy. When Np = 1,
the NDET policy also reduces to the omni-directional energy
transfer case, and the ECC has exactly the same expression as
in the RDET policy under the assumption that all RF power
sources are active. Next, we investigate what happens to the
energy correlation in the NDET case when Np →∞.

Corollary 3. Letting Np →∞, we have

χN(d)→ ξ̃zo − ηoη̃z√
(κo − η2

o)(κ̃z − η̃2
z)
, (36)

where

η̃z =

π∫
0

∞∫
0

R∫
ψ(r)

2λpre
−πλpr

2 (1−$(r, θ))dFR2
(r2)

ε+ rα2
drdθ,
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Fig. 1. The ECCs versus the inter-point distance for the RDET and
NDET with different ε.

Fig. 2. The comparison of ECCs between the omni-directional and
directional energy transfer policies.

κ̃z =
2λp(M+1)

M

π∫
0

∞∫
0

R∫
ψ(r)

re−πλpr
2

(1−$(r, θ))dFR2(r2)

(ε+ rα2 )2
drdθ,

ξ̃zo =

π∫
0

∞∫
0

R∫
ψ(r)

2λpre
−πλpr

2 (1−$(r, θ))dFR2(r2)

(ε+ rα)(ε+ rα2 )
drdθ.

Proof: When Np → ∞, we have w → 0 and Gs

Gm
→ 0.

Remark 3. This corollary implies that the correlation of the
measured energy at two locations does not disappear when
Np → ∞, which means that the EPP under NDET cannot
be simply approximated by independently thinning the point
process of RF-powered devices.

Fig. 1 plots the ECC as a function of the distance d with
different ε for RDET and NDET. To verify the approximation
results in the NDET policy, we provide simulation results
corresponding to the case where all RF power sources are
considered rather than merely the nearest one. It can be seen
that the approximate analytical results of the NDET policy
match the simulation results well, which confirms the accuracy
and effectiveness of the proposed approximation. From the
overall trend, the ECCs for both policies are positive and
mostly decrease with the increase of d, finally tending to zero
for all parameter settings. The difference is that NDET yields
a larger ECC that decreases to zero at a lower rate than RDET.
This is because the random directed policy reduces the energy
correlation. Moreover, it is observed that a smaller ε leads to
a weaker energy correlation. The reason is that the nearby RF
power sources usually contribute more energy to RF-powered
nodes than the others, and as ε decreases, their contributions
become more dominant to the total measured energy when
α = 4.

Fig. 2 compares the ECCs between the omni-directional
(Np = 1) and directional (Np = 64) energy transfer policies
as a function of d. It is observed that the ECC in the omni-
directional case is always higher than in the RDET case.

The reason is that the omni-directional policy provides the
same antenna gain to the two different locations while the
RDET policy provides the antenna gains in a more random
way. When compared with the NDET, the omni-directional
policy yields a larger ECC for d < 0.75 but a smaller ECC
for d > 0.75. For a smaller d in the NDET policy, the two
RF-powered nodes are more likely to be located in the same
Voronoi cell but have different antenna gains, which leads to
the ECC curve lying in between the omni and RDET cases.
Comparatively, for a larger d, the two RF-powered nodes are
likely to be located in different Voronoi cells, and each of
them is powered by an energy transfer beam directing to it.
In this case, the energy correlation comes from the geometric
correlation between the nearest RF power sources of the two
RF-powered nodes. When d is moderate, say around d = 0.6,
the ECC depends on the probability of each of the above
cases occurring. However, due to the difference in the energy
beamforming policy, the geometric correlation does not yield
a comparable energy correlation in the omni-directional policy
as in the NDET policy.

Fig. 3 illustrates the ECC versus the antenna array size
Np for different d under the RDET and NDET policies.
For the RDET policy, it is shown that the ECC decreases
with the increase of Np. This is because the amount of the
measured energy highly depends on the main lobe of the
RF power source, and a narrower beam formed by a larger
antenna array decreases the probability that two RF-powered
nodes are covered by the main lobe of the same RF power
source. In other words, narrowing the beamwidth decreases
the energy correlation. Compared with the RDET, NDET is
more complicated and its ECC curves are more interesting
and distinctive: 1) for different d, the ECC does not always
change monotonically with Np; 2) the ECC of d = 0.1 is
higher than that of d = 0.5 when Np < 150, and vice versa
when Np > 150. In the NDET policy, there are two possible
cases: one is that the two RF-powered nodes have the same
RF power source, with the probability of 0.96 and 0.81 for
d = 0.1 and d = 0.5, respectively; and the other is that the two
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Fig. 3. The ECCs versus the antenna array size for the RDET and
NDET.

Fig. 4. The ECCs versus the path loss exponent for the RDET and
NDET with d = 0.1.

RF-powered nodes have different nearest RF power sources.
Thus, the reason behind the above observations is that the
energy correlation is dominated by the former or the latter
case, which depends on d and Np.

Fig. 4 shows how the path loss exponent α affects the ECC
under different energy transfer policies for d = 0.1. It can
be seen that for all three policies, i.e., the omni (Np = 1),
RDET and NDET policies, the ECC grows slightly with the
increase of α but with significant vertical gaps. This indicates
that energy beamforming is a more crucial factor than the path
loss in affecting the energy correlation in wirelessly powered
networks, and a larger path loss exponent makes the nearby
RF-power sources contribute a larger fraction of the total
measured energy, which leads to a stronger energy correlation.

IV. ANALYSIS OF THE INFORMATION TRANSMISSION
PERFORMANCE

In this section, we provide analytical results for the directed
WET-enabled information transmission performance, incorpo-
rating the energy correlation induced by the RDET and NDET
policies into the spatial configuration of the active transmitters
(i.e., the energized RF-powered nodes). Since the probability
generating functional (PGFL) of the EPP is unknown, it seems
impossible to obtain an exact result on the success probability.
Instead, due to the positive energy correlation, we resort
to using the Matérn cluster process (MCP)5 to approximate
the EPP with the same first- and second-order statistics and
obtaining an accurate approximation to the success probability.
To that end, we first give the density of the EPP for the
two directional energy transfer policies and then introduce
the energy correlation distance, originated from the ECC, to
determine the parameters of the MCP.

5Note that other cluster processes, such as the Thomas cluster process, may
be equally suitable to approximate the EPP. However, the MCP is preferable
due to its simplicity.

A. The Density of the EPP
For the RDET policy, the energies harvested at different

RF-powered devices are identically distributed but not inde-
pendent. Thus, denoting by λe the density of the EPP, we have
λe = Peλd, where Pe , P(ER(o) > Eth) is the probability
of harvesting enough energy at the device at the origin. The
following theorem gives the density of the EPP under the
RDET policy.

Theorem 3. Let

LR(s),
∏

k∈{s,m}

exp

(
− πλpqk

∞∫
0

1− 1(
1 + sGk

M(rα/2+ε)

)M dr

)
.

(37)
The density of the EPP under the RDET policy is λe = Peλd,
where

Pe = 1− 1

2πj

∫ γ+j∞

γ−j∞

exp(sEth)

s
LR(s)ds, (38)

where j =
√
−1 and γ > 0.

Proof: See Appendix D.

For the NDET policy, there are two types of RF-powered de-
vices: those chosen to be directionally powered by their nearest
RF power sources and those not chosen, which essentially
harvest energy from the RF power sources with the RDET
policy. The density of the EPP in the NDET policy depends
on the energy harvesting success probabilities for both types
of devices, which involve an approximation to the probability
density function (PDF) of the area of the typical Voronoi cell.
On this basis, we give an approximation to the density of the
EPP under the NDET policy in the following theorem.

Theorem 4. Let % , 1− (1 + λd/(3.5λp))−3.5,

LN1(s) ,

∞∫
0

πλpe
−λpπr(

1 + sGm

M(rα/2+ε)

)M
×
∏

k∈{s,m}

exp
(
− πλp%qk

∞∫
r

1− 1(
1 + sGk

M(tα/2+ε)

)M dt
)

dr,
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LN2(s) ,
∏

k∈{s,m}

exp
(
− πλp%qk

∞∫
0

1− 1(
1 + sGk

M(rα/2+ε)

)M dr
)
.

The density of the EPP under the NDET policy is approximated
as λe ≈ λp%Pe1 + (λd − λp%)Pe2, where

Pei = 1− 1

2πj

∫ γ+j∞

γ−j∞

exp(sEth)

s
LNi(s)ds, i = 1, 2.

(39)
Proof: See Appendix E.

When M → ∞, i.e., without fading in the energy transfer
links, the Laplace transform of the measured energy can be
further simplified as follows.

Corollary 4. Letting M →∞, we have

LR(s) =
∏

k∈{s,m}

exp
(
− πλpqk

∫ ∞
0

1− e−sGk/(r
α/2+ε)dr

)
,

(40)

LN1(s) =

∫ ∞
0

πλpe
−λpπr−sGm/(r

α/2+ε)

×
∏

k∈{s,m}

exp
(
− πλp%qk

∫ ∞
r

1− e−sGk/(t
α/2+ε)dt

)
dr,(41)

LN2(s) =
∏

k∈{s,m}

exp
(
−πλp%qk

∫ ∞
0

1−e−sGk/(r
α/2+ε)dr

)
.

(42)

Proof: The results are obtained by applying lim
M→∞

(1 +
x
M )M = ex to Thms. 3 and 4.

Remark 4. Although both the RDET and NDET policies
reduce to the omni-directional energy transfer case when
Np = 1, the EPP densities for the two policies are different.
In the RDET policy, all RF power sources are active, while in
the NDET policy, an RF power source is active only if there is
at least one RF-powered node in its Voronoi cell. As a result,
if λd � λp such that there exists at least one RF-powered
node in almost all Voronoi cells, the EPP density is identical

under the two policies; otherwise, the density of the EPP in
the NDET policy is smaller than in the RDET policy.

Fig. 5 plots the density of the EPP as a function of the
energy threshold for the RDET policy with different antenna
array sizes Np. We observe that the density of the EPP
decreases with increasing Np for energy thresholds Eth < 20
dB and the trend changes for Eth > 20 dB where the case
of Np = 16 surprisingly yields the highest EPP density for
Eth > 23 dB. The EPP density is an important indicator
that represents the number of concurrently energized RF-
powered nodes, which directly reflects the energy transfer per-
formance. There are two competing aspects worth mentioning:
1) the omni-directional energy transfer policy provides smaller
antenna gains than the RDET policy using beamforming
technique; 2) more devices can be powered by the RF power
sources thanks to the isotropic feature. Therefore, when the
energy threshold is relatively low, the RF-powered nodes under
the omni-directional energy transfer policy are easy to be
energized, leading to a high EPP density. In constrast, when
the energy threshold is relatively high, the RF-powered nodes
harvest enough energy only through the energy beamforming
technique. The reason why the EPP density for Np = 256 is
smaller than for Np = 16 is that the randomly directed policy
renders the main lobe of a narrower beam less likely to point
in the right direction for the RF-powered nodes, which, in turn,
stymies energization.

Fig. 6 plots the density of the EPP as a function of the
energy threshold for the NDET policy with different antenna
array sizes Np. It can be seen that the approximate results
match the simulations well, which shows the accuracy of the
proposed approximation in Thm. 4, especially for high energy
thresholds, i.e., Eth > 10 dB. Besides, we observe that the
EPP density increases with the decrease of Np for about Eth <
10 dB and vice versa when Eth > 10 dB. For the former, the
wider beam of a smaller antenna array supplies power to more
RF-powered nodes which are easy to be energized for the low
energy threshold, while for the latter, as the energy threshold
increases, the demand for energy is getting higher, and the
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energy beamforming is becoming more important. There is
an interesting observation in the case of Np = 256 that as
Eth increases, the EPP density first decreases, then keeps
almost unchanged for 10 dB < Eth < 15 dB and continues
to decrease to zero after that. In the early stage of increasing
Eth, the aggregate signal strength from the side lobes also
plays a part in energizing the RF-powered nodes, and when
it comes to the range of [10, 15] dB, the RF-powered nodes
covered by the main lobes of the power sources are almost
surely energized due to the high antenna gain of Gm = 256.
As Eth continues to increase, only the RF-powered nodes
covered by the main lobes and close to the power sources
can be energized, reducing the EPP density.

Fig. 7 compares the two directional energy transfer policies
in terms of the EPP density. For different energy thresholds,
the RDET policy energizes more RF-powered nodes than the
NDET policy for large densities of RF power sources, for
instance λp > 1.2 for Eth = 5 dB and λp > 11 for
Eth = 20 dB. This observation comes from the difference in
the objectives of the two policies: the RDET policy is to supply
power without the location information of RF-powered node.
Oppositely, the NDET policy just focuses on the precision of
power supply to certain nodes. Thus, for a sparse deployment
of RF power sources, the fraction of energized nodes under
the RDET policy is lower than that under the NDET policy
due to the high possibility of misalignment beam direction in
the RDET case, while for a dense deployment of RF power
sources, a part of RF power sources in the NDET case keep
silent because of a lack of RF-powered nodes in their Voronoi
cell, which does not occur in the RDET case. Conversely, a
dense deployment helps compensate for the energy transfer
loss caused by the randomness of the beam direction.

B. Success Probability

The information transmission success probability is de-
fined as the complementary cumulative distribution function
(CCDF) of the SIR, i.e., P (θ) , P(SIR > θ), where θ

is the SIR threshold. Letting I !
EPP =

∑
x∈Φ!o

e

`I(x − zI)hxzI ,

the success probability can be derived through the Laplace
transform LI!EPP

(s) = E(exp(−sI !
EPP)) of the interference

via P (θ) = LI!EPP
(θdαI ). Due to the lack of a closed-form

expression for the PGFL of the EPP, an exact characterization
of LI!EPP

(s) seems infeasible. Alternatively, we can find a
point process with a similar spatial structure and a known
conditional PGFL to approximate the EPP and characterize
the success probability.

Motivated by the fact that an RF-powered device closer
to RF-power sources is more likely to be energized and the
measured energy at nearby devices is positively correlated,
points in the EPP are distributed around the RF power sources
and exhibit clustering behavior. Therefore, intuitively, the EPP
can be well approximated by an MCP ΦM, where the RF
power sources are the parent point process, following a PPP
with density λp and the points in each cluster are RF-powered
nodes, placed uniformly at random in a disk of radius D
around their parent points with the number of points in each
cluster following a Poisson distribution with mean c̄.

We determine the parameters D and c̄ of the approximate
MCP by matching first- and second-order statistics. To be
specific, we first match the density λe = λpc̄. Then, motivated
by the feature that the pair correlation function of the MCP
is 1 (indicating no correlation) when the distance is larger
than 2D, we establish a relationship between the parameter
D and the distance corresponding to the ECC smaller than a
sufficiently small value. To this end, we introduce the notion
of the ε-energy correlation distance, defined as follows.

Definition 1. For any 0 < ε < 1, the ε-energy correlation
distance Dε is

Dε , inf{dc > 0: ∀d > dc, χ(d) < ε}. (43)

Here we set ε = 0.001 and D = Dε/2 by assuming that
the energy correlation vanishes if the distance is larger than
the energy correlation distance. To sum up, the parameters
of the approximated MCP follow: the density of the parent
point process is λp, c̄ = λe/λp, and D = Dε/2, where λe is
obtained by Thms. 3 and 4.

Then, the Laplace transform of the interference in the EPP-
based network can be approximated by that in the matched
MCP-based network, i.e., LI!EPP

(s) ≈ LI!MCP
(s). According

to [24, Eq. (34)], the Laplace transform of the interference is

LI!MCP
(s) = exp

(
− λ

∫
R2

1− e−c̄ν(s,y,z)dy
)

×
∫
b(o,D)

e−c̄ν(s,y,z)

πD2
dy, (44)

where ν(s, y, z) = 1
πD2

∫
b(o,D)

1
1+(s`I(x−y−z))−1 dx. Thus,

the success probability can be approximated as P (θ) ≈
LI!MCP

(θdαI ), and we further obtain the area spectral efficiency
(ASE) as

S(θ) = λeP (θ) log2(1 + θ). (45)

Since the density of the EPP λe decreases with the energy
threshold while the information transmission success probabil-
ity P (θ) increases with the decrease of λe, the ASE captures
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TABLE II. The ε-energy correlation distance of different cases

RDET NDET
Case D0.001 Case D0.001

Omnidirectional, λp = 1 2.58 Omnidirectional, λp = 1 2.58
Np = 64, λp = 1 0.78 Np = 64, λp = 1 1.66
Np = 256, λp = 1 0.48 Np = 256, λp = 1 1.66
Np = 64, λp = 0.1 0.78 Np = 64, λp = 0.1 3.88
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Fig. 8. The success probability in MH for the RDET policy with Eth =
10 dB.

Fig. 9. The success probability in MH for the NDET policy with Eth =
15 dB.

the trade-off between the performance in the energy transfer
and information transmission phases.

Table II gives the ε-energy correlation distance for different
cases with ε = 0.001, which is used to determine the
parameters in the MCP-based approximation in calculating the
success probability shown in Fig. 8 and Fig. 9. From Thm. 1,
the ECC of the RDET policy is independent of the density of
RF power sources, and thus it holds for the corresponding ε-
energy correlation distance. Since the SIR threshold in linear
unit is θ ∈ R+ (or θ ∈ R in dB form), a plot showing the
success probability as a function of θ or θ in dB cannot reveal
the complete information. Hence, we plot it in Möbius home-
omorphic units, abbreviated to MH, via the transformation
θ (MH) = θ/(1 + θ), resulting in θ (MH) ∈ [0, 1] [25] in
Fig. 8 and Fig. 9. Interpreted differently, the figures show
the CCDF of the signal fraction in a linear scale. The two
figures compare the EPP-based simulations with the MCP-
based analytical results under the RDET and NDET policies,
respectively, for different λp and Np. It is observed that for
different parameter sets, the MCP-based approximations match
the simulated results quite well. This validates the accuracy of
the proposed ECC-based approximation where the parameters
of the MCP are determined with the aid of the ε-energy
correlation distance. Furthermore, for a given RF power source
density, the omni-directional case in the RDET policy yields
the worst performance since it energizes the most concurrent
communication links. However, for the NDET policy, the
antenna array size does not have a significant effect on the
success probability, e.g., the cases of Np = 64, 256 have
almost the same performance which is slightly worse than for

Np = 1. These observations imply that the success probability
in the communication phase is closely related to the EPP
density, which, in turn, is closely related to the performance
in the energy transfer phase.

Fig. 10 and Fig. 11 compare the two energy transfer policies
in terms of the success probability and the ASE, respectively.
It is observed that for both performance indicators, the MCP-
based approximations match the simulation results well for a
large range of the energy threshold, which again demonstrates
the accuracy and effectiveness of the proposed approximation
method. Furthermore, for a given energy threshold, the RDET
policy always provides a better success probability than the
NDET policy due to the smaller density of the EPP in the
former case for Np = 64 and λp = 0.1. The success
probability in the communication phase is closely related to the
EPP density since fewer energized RF-powered nodes cause
less interference which leads to higher success probability. For
the ASE performance, different SIR thresholds lead to entirely
different trends of the ASE curve. For θ = −10 dB, the ASEs
for both policies decrease with the energy threshold Eth and
the performance of the NDET is always better than that of the
RDET, but there is a practical limit such that Eth cannot go to
zero, i.e., there should be a lower bound for Eth in practice.
For θ = 15 dB, for the given parameter setting, there is an
optimal energy threshold6 that leads to the maximum ASE, and
the optimal one in the RDET policy is smaller than that in the
NDET policy. The reason behind these observations lies in the

6We are not assuming that there is a fixed type of hardware being used here.
Hence if an optimum energy threshold is found, then the hardware could be
engineered accordingly.
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Fig. 10. The success probability versus the energy threshold for different
policies with Np = 64.

Fig. 11. The ASE versus the energy threshold for different policies with
Np = 64.

trade-off between the performance in the energy transfer and
information transmission phases. In the energy transfer phase,
it is sensible to try to energize as many RF-powered nodes
as possible, i.e., to try to increase the EPP density, while in
the communication phase, a larger density of the EPP will in
turn cause a lower success probability. The ASE reflects this
trade-off.

V. CONCLUSIONS

In this paper, we introduced the ECC, which is the corre-
lation coefficient of the harvested energies at two locations,
to investigate the energy correlation in a wirelessly powered
network with energy beamforming. We fully characterized the
ECC for a Poisson field of RF power sources that transfer the
energy directionally through two energy beamforming policies,
i.e., the RDET and NDET policies. The key insight is that the
energy harvested from directed RF beams are spatially corre-
lated and the energized RF-powered nodes exhibit attraction,
which should be taken into account when analyzing the WET-
enabled communication performance. Besides, we found that
the introduction of the energy beamforming technique weakens
the energy correlation relative to the omni-directional case,
and when Np → ∞, the energy correlation vanishes for the
RDET but approaches a non-zero constant for the NDET. The
NDET policy requires prior information (the positions of the
RF-powered nodes) in order to precisely point the beam to
the target powered node and the RDET policy does not but
instead it may waste much energy due to the misaligned beam
direction.

To show the key role of the ECC in the wirelessly powered
communication phase, we proposed the application of the
ECC in characterizing the second-order statistic of the EPP
and provided an MCP approximation to the EPP where the
parameters of the MCP can be directly obtained through the
energy correlation distance. The results demonstrate that the
proposed MCP-based approximations match the actual success
probability and ASE extremely accurately. Although the ECC
is an average quantity and does not provide the complete

distribution of the joint energy harvesting performance at two
locations, it neatly circumvents both the complex analysis
of the pcf and the classic point process fitting. Hence it
enables the handling of the spatial correlation issue in more
general and complicated networks. Moreover, since the energy
correlation equals the interference correlation under the same
path loss and fading models, the results of the ECC also apply
to the interference correlation with directional beamforming.

APPENDIX A
PROOF OF LEMMA 1

Proof: As shown in the left figure of Fig. 12, ν denotes
the angle between the directions from x to o and z = (d, 0),
and according to the cosine law, we have

ν = arccos

(
r − d cos θ√

r2 + d2 − 2rd cos θ

)
. (46)

The value of G̃(x, z) depends on the relative angle relationship
between ν and the beam direction. We first consider the case of
ν ≥ w and G̃(x, z) can be either G2

s or GmGs. Since the beam
direction is uniformly distributed in [0, 2π], the probability of
merely one direction (either x → z or x → o) lying in the
beam is 2w

2π . Thus, we have

G̃(x, z) =

{
GmGs w.p. w

π

G2
s w.p. 1− w

π .
(47)

For the case of ν < w, the probability of the two directions
(both x → z and x → o) lying in the beam is w−ν

2π , and
then the probability of merely one direction (either x→ z or
x→ o) lying in the beam is 2ν

2π . Hence, we have

G̃(x, z) =


G2

m w.p. w−ν
2π

GmGs w.p. ν
π

G2
s w.p. 1− w+ν

2π .

(48)

Combining the above two cases, the final result is obtained.
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Fig. 12. Illustrations for the proofs of Lemma 1 (left) and Lemma 2 (right).

APPENDIX B
PROOF OF LEMMA 2

Proof: As shown in the right figure of Fig. 12, x1 is the
nearest RF power source to the origin o and R denotes the
distance from x1 to z. We first derive the probability of o
and z having the same nearest RF power source x1, which is
equivalent to the case that no RF power source is in the shadow
region. Then the corresponding probability of this event is
given by

$(r, θ) = e−λp(πR2−A(R,r,d)), (49)

where πR2 − A(R, r, d) is the area of the shadow region.
The unconditional probability is obtained by using the contact
distance distribution of the PPP f‖x1‖(r) = 2πλpre

−πλpr
2

[26] and the angle θ of x1 randomly uniformly distributed in
[0, 2π), and we have

psame =

∫ 2π

0

∫ ∞
0

1

2π
f‖x1‖(r)$(r, θ)drdθ

(a)
=

∫ π

0

∫ ∞
0

2λpre
−πλpr

2

$(r, θ)drdθ, (50)

where step (a) follows from the symmetry of $(r, θ) over
θ ∈ [0, π] and [π, 2π].

Secondly, conditioned on z having a different nearest RF
power source x2, the cumulative distribution function of the
distance from x2 to z, denoted by R2, is given by

FR2
(r2) = P(R2 < r2 | x2 6= x1)

=
P(X )

1− e−λp(πR2−A(R,r,d))
, (51)

where X denotes the event that there is no RF power source
in the region b(z, r2) \ b(z, r2) ∩ b(o, r), whose probability is

P(X ) = 1− e−λp(πr22−A(r2,r,d)). (52)

According to the geometrical relationship, we further obtain
R2 ∈ [max(0, r − d), R].

APPENDIX C
PROOF OF THEOREM 2

Proof: Using the contact distance distribution of the PPP
f‖x1‖(r) = 2πλpre

−πλpr
2

[26], it is easy to derive the
first- and second-order moments of the approximate measured

energy at the origin EN(o). For EN(z), its expectation is
approximated as

EEN(z) ≈ E[G(ϕx1
(z))hx1z`(x1 − z)1x2=x1

+Gmhx2z`(x2 − z)1x2 6=x1
]

=

∫ 2π

0

∫ ∞
0

f‖x1‖(r)

2π

($(r, θ)Ĝ(r, θ)

ε+ ‖x1 − z‖α

+ER2

(1−$(r, θ))Gm

ε+Rα2

)
drdθ

= 2λp

∫ π

0

∫ ∞
0

re−πλpr
2
($(r, θ)Ĝ(r, θ)

ε+Rα

+

∫ R

ψ(r)

Gm(1−$(r, θ))dFR2(r2)

ε+ rα2

)
drdθ, (53)

where $(r, θ) is the conditional probability of the two loca-
tions z and o having the same nearest RF power source x1,
Ĝ(r, θ) is the array gain from x1 to z when the beam of x1

is pointed to o, and R2 = ‖x2 − z‖. As shown in the left
figure of Fig. 12, Ĝ(r, θ) depends on the angle ν between the
directions from x to o and z, and Ĝ(r, θ) = Gm if ν is in
the range of the beam from x1 to o, otherwise Ĝ(r, θ) = Gs.
Similarly, we obtain the second moment of EN(z). For the
mean of EN(o)EN(z), we have

E[EN(o)EN(z)]

= E[Gmhx1o`(x1)G(ϕx1
(z))hx1z`(x1 − z)1x2=x1

+G2
mhx1o`(x1)hx2z`(x2 − z)1x2 6=x1

]

= 2λpGm

∫ π

0

∫ ∞
0

re−πλpr
2
( $(r, θ)Ĝ(r, θ)

(ε+ rα)(ε+Rα)

+ER2

(1−$(r, θ))Gm

(ε+ rα)(ε+Rα2 )

)
drdθ

= 2λpGm

∫ π

0

∫ ∞
0

re−πλpr
2
($(r, θ)Ĝ(r, θ)

ε+Rα

+

∫ R

ψ(r)

Gm(1−$(r, θ))dFR2
(r2)

ε+ rα2

)
drdθ. (54)

Substituting the above results into (3), the final result is
obtained.

APPENDIX D
PROOF OF THEOREM 3

Proof: Under the RDET policy, the measured energy of
the typical device at the origin is ε(x,Φp) = ER(o), and the
Laplace transform of ER(o) is given by

LR(s) = E
[ ∏
x∈Φp

1

(1 + sG(ϕx(o))`(x)
M )M

]
= E

[ ∏
x∈Φp

( qm

(1 + sGm`(x)
M )M

+
qs

(1 + sGs`(x)
M )M

)]

=
∏

k∈{s,m}

exp
(
− πλpqk

∞∫
0

1− 1(
1 + sGk

M(rα/2+ε)

)M dr
)
.

(55)



14

Through the inverse Laplace transform, we have

P(ER(o) > Eth) = 1− 1

2πj

∫ γ+j∞

γ−j∞

exp(sEth)

s
LR(s)ds,

(56)
where j =

√
−1 and γ is a real number so that the path of

integration is in the region of convergence (ROC) of LR(s).
Since ER(o) is non-negative, the ROC is Re{s} > Re{P0},
where P0 is the singularity of LR(s), s ∈ C, with the
maximum real part, and it contains the region of Re{s} > 0,
because there is no singularity when Re{s} > 0. Thus, γ can
be chosen as any positive number.

APPENDIX E
PROOF OF THEOREM 4

Proof: Let Φd1, λd1, Pe1 be the devices which are chosen
to be powered directionally by their nearest RF power sources,
the corresponding density and the success probability of en-
ergy harvesting, Φd2, λd2, Pe2 be the remaining devices, the
corresponding density and the success probability of energy
harvesting, respectively, and we have Φd = Φd1 ∪ Φd2

and λd = λd1 + λd2. Thus, the density of the EPP is
λe = Pe1λd1 + Pe2λd2.

For Φd1, its density is equal to that of the RF power sources
which have devices to be powered in their Voronoi cells, i.e.,
λd1 = λp%, where % is the probability that there is at least
one device in a Voronoi cell. Using the total probability law,
we have

% =

∫ ∞
0

(1− e−λdx)fS(x)dx

≈ 1− (1 + λd/(3.5λp))−3.5, (57)

where fS(x) is the PDF of the area S of the typical Voronoi
cell for a PPP, approximated by [27, 28],

fS(x) ≈ 343

15

√
3.5

π
(xλp)2.5e−3.5xλpλp. (58)

For the devices in Φd1, the measured energy of the typical
device at the origin is

ε(x,Φp) = EN1(o)

= Gmhx1o`(x1) +
∑

x∈Φ̃p\{x1}

G(ϕx(o))hxo`(x), (59)

where x1 denotes the nearest RF power source in Φp and Φ̃p

denotes all the active RF power sources in Φp. The Laplace
transform of EN1(o) is given by

LN1(s)=E
[ 1

(1 + sGm`(x1)
M )M

×
∏

x∈Φ̃p\{x1}

1

(1 + sG(ϕx(o))`(x)
M )M

]
(a)
≈
∞∫

0

f‖x1‖(r)(
1 + sGm

M(rα+ε)

)M
× exp

(
− πλp%

∞∫
r

(
1−
∑

k∈{s,m}

qk(
1 + sGk

M(tα/2+ε)

)M )tdt)dr

=

∞∫
0

πλpe
−λpπr(

1 + sGm

M(rα/2+ε)

)M
×
∏

k∈{s,m}

exp
(
− πλp%qk

∞∫
r

1− 1(
1+ sGk

M(tα/2+ε)

)M dt
)

dr,(60)

where step (a) follows from the contact distance distribution
of the PPP f‖x1‖(r) = 2πλpre

−πλpr
2

[26] and Φ̃p is approx-
imated as an independent thinning of Φp with probability %.
Through the inverse Laplace transform, we obtain the success
probability Pe1.

The density of Φd2 is λd2 = λd − λp%, and the Laplace
transform LN2(s) of the measured energy EN2(o) at the
devices in Φd2 can be derived similarly to that in the RDET
case, i.e., modifying the density of RF power sources as λp%.
Then the energy harvesting success probability Pe2 follows
from the inverse Laplace transform.
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