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X vectorfield on M

X Crm c cm
s.tl Cfg fXCg igxff

derivation

Lie bracket XYT XqY YonX new vector

asoperators on my
field

A vectorbundlee Emp is the data of a manifold E totalspace
amanifold M base
projection pi E 7 M smoothsurjective

nap 3Suchthat Ux p 4 7 is a m din vectorspacein
M

VxEM thereis a abhd U and a dalto du p U 3 UxRm

ah Kumar p g intoy3xRm E Iff b
KyEU loc

trivialization
as a linear isomorphism f Ushe nearx

me is onlyrequiredto
exist it is not

fixedla partofdata
of thebundle



def the Lce bracket of che fields X Y is the vectorfield X Y

E M IR X Eddy y get EX 17 ffg gf d

Oneparametergroupsofdilfeomeophis

intuition yiegd.ve fidtu moves a particle at x to a newpoint 9Cx
g 1 aftertime t aftertisanes it is at

UsCee Cx Eset xD
flowsdef A one parametergroup of diffeomorphismTof a manifold M

is a smooth map 9 IRxM M sit
t x 4 61

eCetMsm is a diffeomorphism

E id
estt Rs ft
i a vectorfield givesrise to a l harem grpofdiffee undercertain assumptions

Given a l para grp ofdiffee ft we can produce a vectorfieldoutof it
dfor Ee cm set XaCf DII f Etta

dthis Xa satisfies Leibnitz property Xacfg It foetalgutta
d d

usee.caajfGdIltoSKtkDtgCadIIt.ofceecaD
fca7Xag tgca7 HalfXa is.atagut vector

at a

Locally 4Ex xn y Ct x ynCt x
d
F It G it ftp ly dY cx It ccxIf cx X

d

with X c x Cian
DX

vectorfield

Wewant to reverse thisprocess andgo from a nectarfield to take diffeomorphism
First we want to track the trajectory of asagleparticle



def An integral of a vectorfield X is a smooth map
ee
gg M such that D

f
Xect

R

Mvelocityvectorofthecurve at t.net
Exampley 14 1122 with coordinates ex y

and X The derivative Dce of a smoothfan Ect Gct yet
is Det t IT t So theequation isd d d
dx

DTI
L

4 Ct tea ae particle at Ca ar

1 one
is id

t

theorem Given a vectorfield X on a manifold M and a c M there
existsautinaximat integral curve of X with eco a

i e theinterval Cdp is maximal

fortheproof we need

i in einiiiiiiiiii
iiixixiixi

If A sup l fCt 1 and h man Ca then the differentialequation

fct x Xcto Xe has a unique solution for It to 15h



PraofofTHM Consider Ur 4r chartaround a Then if X Cian g

theeg Det Idf Xec can be written as a Sys of ODES

dx
Idf Ci Cx K By Picard Lindelof F Sol on some interval

with init and XCo Co 4ha
Suppose EE 2 p Manytwo integralcurveswith
9674401 a Ix e G p i level Eo 23 is compact canbe coveredby a fumember
of cord charts in eachof which we paly P L to intervals o 2 14,23 Ed
Uniqueness 4 9 on o LD 4 6 everywhere

on 4,21 1 wi on Fo XT

then we take themaximal interval onwhich we can define 9
a

Tofind the l param group ofdiffee we now let a EM vary In Ex above
theintegral curve through Ca and was ti 7 Atan are This defiesathe

groupof dilfer Et xz htt Xi Xe

rimLetXbeavecbrfedonanhdMandferCt.x E 112 14 let

99 7 4 6 be the maximal integral curve of X through x then
themap Ct 1 2 RtCx is smooth

Eto Es Et s wherever the maps are defined

theentire
if M is compact then et x is defined on'TR M andgives a oneparameter

group of diffeomorphisms

we needthe followg result on smooth dependence ofsolutions on the initialconditions

THEM 10.7 in Hitchin If f to a toeaTxBCx IR isCK K I and

Idf act xi fCt
d a openmindcase k as if cCos L dependssmoothly t and

of toy by
rn

ft ByTHM Va EM we have an interal da plaD onwhich
maximalintegral curve is defined P LTHM 6cal existence continuous also impliesthat

dependenceon i it and
thereis a solution for netconditions in anbhdof a Khor 10.5 Hater



So theset J L
V Ct x c lRxM t c Caan pix is ope Ee

This the set on which 4th is maximally defined

Smooth dependence than says that it 4th M

ofX
consider EtoesCx fix s vary t this is theunguent wine through Cx1

but9µs x is also an integral curvepressing thregl 9,61 at t o GoesG Hes
Also 9 09 t I'd we have a daffee wherever it is defined

Consider thecastle'Mcompact possibly non max.ieewelVx EM wehave an openinterval EG fcxD containing o and ai Bhd U C M
sit 9Cg is defied on 271,717 x Ux Cover M by Ux em and
take a fnite subcovering Ux Ux set I Ica pYx ope ahrat

containing 0
Thus fort c I we have Ceti Ix M M

defray possibly non maximal it.cuv.ve througheach x c M with 4 x X

Weneed to extendto all realvalues t
multiplication composition

define 9t where n is large enough sothat In C I
this is welldefied if we choose ms.tn In C I the

Hat 5 4 55 9 5

YET
compatiblewith coupes ton

let 09 s IT E tens EtesA
choose ns.t ten ten I

4th04sq E aces ocey
commute


