



































































































































LAST TIME in
chart Gaal trivialization
L

TM U Tx M UxlRnt5UTxM iVuj u.lOuifeui.d045XEM XEU
tangent bundle

Y 7 EY chart on Thy

transitionmap 10 0 Cx x y yDi
ai ix gie y

T M U TIM UxRn uTxM Wu Chiu.IQ Ceu.id7oIi
x c M chart on 1 M

cotangent bundle
Z H EZ dx

transitionmap Cfp x Xi Zi F

ace Fi 79 2



The derivative of f eCoxae is a map If i M 1 M

satisfying podf idm but not every sectionof T M is a derivative

TM and 1 M are examples of vectorbundles

def A real vectorbundlee of rank in on amanifold M s a manifold E
with a smooth projectionmap p E M s t localtrivialization
each fiber p x hasthe structure of an m dimensional real vectorspace

trivializingneighborhoods

M is coveredby opensets XD equippedwith diffeomorphisms 4L p UL 6 42
fors t projs04 p and projectais a 1near isomorphism from the vsp P CHYIU42 pca 13 1124 to the v space Rm

consequence of theprevious
on the intersection UIUp
4 45 Unu xRn Unu Rs p i p
is of the form G v 1 7 Cx gapCx V
where Cx is a smooth Suction on Grupwithvalues in netminderchef

transitionfunction

fer TM Guv is the Jacobean matrix 8
for Tim guvis its inverse transpose

E E Mx IR trivial vectorbundle

Morphism of vector bundles p
m

Fgp is a pair of maps FIM N F E E's t

E E

p f IP ie F p CH p fad and the M F gives a l

mapM1 N ftp.icx p ha P fad
f



Vectorfieldsas dariations

X vectorfield is a mapping Xi Chae Kae
XxCTI's them f Gets X f

X XCf

locally X f Go y f EY x 8 Cx

smothi Leibnitzproperty XCfgj f X g.X.CH
Linear transformations X 9M Calm satisfying 1 1 are calledderivations
of the ring CCM
Derivations of GCM vectorfields on M

Proposition Lef X Car CFM be a l map whichsatisfies

Then X is a vector field

Prod Hae M XaCf X f Ca satisfies the conditions of a tangentvectorat a

So X defines a map X M TM with poX idm So locally itcanbe

written as X I y Cx Weneedto check that yids are smooth

X Xiyu L Cx near a Shee X is C T y Cx is C
T around a
bumpfunction in LT
theword nbhd

Lie bracket of vectorfields

Let X Y two vectorfields on M we can composethem as operator CHC

XY Cfg X f Yg 1g YCf X f 4cg f XYg Kg Hf tg XY f
YX Eg Y fNg g Xff YAXCgtfYXCg t Yg X gYXCf
EXD XY TX satisfies

X Y Cfg f IXY g
t g IX Y Cf

X Y is a vectorfield



def the Lce bracket of herfields X Y is the vectorfield X Y

E M IR X Eddy y get EX 17 ffg gf d

Oneparametergroupsofdilfeomeophis

intuition yigd.ve fidtu moves a particle at to a newpoint 9Cx
g 1 aftertime t aftertisanes it is at

EsCECx Eset xD
flowsdef A one parametergroup of diffeomorphismsf a manifold M

is a smooth map 9 IRxM M sit
t x 4 61

eCetMsm is a diffeomorphism

E id
estt Rs ft
i a vectorfield givesrise to a l harem grpofdiffee undercertain assumptions

Given a 1 para grp ofdiffee ft we can produce a vectorfieldoutof it
dfor Ee CM set XaCf DII f Etta

this Xa satisfies Leibnitz property Xacfg l fCetCaDgutta
d dfCa effetcalltgcadlt.ofkei.ca

fca Xag t ga XaCfXa is.atagut vector
at a

Locally 4Ex xn y Ct x ynCt x
d
dth G it ftp ly df cx It ccxIf cx X

d

with X c x Cian
DX

vectorfield

Wewant to reverse thisprocess andgo from a nectarfield to take diffeomorphism
First we want to track the trajectory of asagleparticle



def An Ie e of a vectorfield X is a smooth map

le d g M such that D t X x

I
M

Examples 14 1122 with coordinates ex y
and X The derivative Dce of a smoothfan Ect Gct yet

is Det t t So theequation isd d d
dx

DTI
L

4 Ct tea ae particle at Ca ar

E one
is id II't

theorem Given a vectorfield X on a manifold M and a E M there
exists a maximal integral curve of X with EG a

i e theinterval Cdp is maximal

fortheproof we need

i in i iiiiiiiiiiiiiiixixiixii
If A sup l fCt 1 and h man Ca then the differentialequation

fct x Xcto Xe has a unique solution for It to1 Eh



PraofofTHM Consider Ur 4r chartaround a Then if X Cian g

theeg Det Idf Xec can be written as a Sys of ODES

DX
def Ci Cx K By Picard Lindelof F Sol on some interval

with init and XCo Co 4ha
Suppose EG p M is any integralcurvewith
460 a VoceG p i level Eo 23 is compact canbe coveredby a fumember
of cord charts in eachof which we paly P L to intervals o 2 14,43 Ed
Uniqueness these localsolutions agree with 9 on any subinterval catering 0

then we take themaximal interval onwhich we can define 9


