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Proposition

et pi I.E CX xD be a coveringmap Then

i The induced hommephis p etCR Io 1 IT X co is injective

ii A basedloop 8 n CX xD represents an elementoftheimage ofp iff
its que left J I I with867 5 is a loopy i.e Fci To

Rem for a covering pix X one doesnot have to include surjectivityofp
as a axiom For X path connected it blew from existenceofpath lifting

V x cX take some path 8 hen x 6 X i it lift to IT pCJCD x

inCp X

was

FoxxXo

for p I X X coveringmap introducethe map

W basedLoops in X x I p Exod
r Fci where J is theliftingof rwith

Fco To



W generalizesthe idea of a undingnumber W Lloops S TL
in the case of p IR S

Preposition Let IT be path connected and let piCK E CX xd be
a coveringmap Let C TiCX Xo and H p Citi I xT C C

Subgroup
Let HIG Hg IgEGS hg
the set of left H sets TEG HEH

Then the map 4 H G p Xo is a well defined bijection

is was

In particular the number ofsheets of I X the cardinality of p Exa
is equal to theindex G H of the subgroup HCG
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4Proof

well defnedness
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liftstoaloofTt.ffsfp.gg starts at E ends at was

Surjectivity usethatIT ispath connected For K E p Xo chooseanypath
F fron to te I Then 4Epof Fc I

Loop in X

Injectivity letgo.grc IT X xo with 4cg 4Cgz I
rig Em W Cri w m

y re basedloop inTXT
p j g g Ifo to IT hun to to a
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4k 11 Given a covering
E and a map yo X xo
IP

we are interested in a hffng
Cx xd

G y
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E Lp
CXXof

necessaryconditionfor existenceof T f I Cyyo CPI I xD since wehave

It a T CIFot P inclusion
Th is also a sufficient cadeton ifI Yyo I LXXo

f Y is not too wild

def A topspace Y is locally path connected il try c Y andany nbhdU.LY
there is an opennGdd VCU which ispathconnected

More generally if P is re property of a topspaceCEE'pact onennected the

Y is locally P if VyEY HUg nad F V it V hasproperty P

Y Y 142 is locallypath connected

T t but not pathconnected
pathconnected
manifolds

connectedbut
topologist's sne curare 04MW not locallypath connected

These
goatsdo t have corrected nbhds

the Warsaw circle

flMh
I s on xeco.ae

circle arc connecting 6,0 and Casafe
pathcorrected but not

ally path connected

PrepositionCeffingcriterion Let p F Fo Xoxo be a covering nap
and f Y y CX a basepontpreserving map whosedomain Y is

pathconnected and locallypath connected Then a lift I n CK exists
f IT CYgo C p IT XNIo There is at most one such lift



then Thehypothesis that 4 is LPC cannotbedropped

Ex Y Warsaw circle it Y O

f Y 7 S this map doesnothave a left F Y 1112
wrapping Y areands once

Proof of lifting criterion lift 3 f Y chick already provedi

u quenesse letF It two lifts yet and apathfromyo to y
y

then I 08 For twopaths inX startingat Io and projecting to for X

byuniqueness ofliftedpaths Force f og C l This is soforany y CY

Ily Eicy I I V

Constructionofthe lift I X I
I y 1 7 foT CiT.e.es ofwhere r nahhhasgotoy NY for to apath in I startngatTo

xq.PE
fTy7 E is welldefined if gf y

twopaths

Fite 1 I is s iI x
LfoCr J'D T
e ix go based ne

byuniqueness ofliftedpathsi

8 fast foot tea'drents of Tor and Tor anode
A
basedloop

Gnt.nu iofI checkin a abled of yEY UseLPC take gyuCY ope
Pcsnbbhd

of f U
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Fyffe K 8147 p fly eveigovered all

p J y deadgytimously
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containsIcy
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Lenya Let p I.E CXxD be acovering map and I Cp ko
0

Egg
Let be apath he To te I n XI and b pop C TIX

0 Let H P IT CI E The
0

P T.CI E b Hb att Xix
conjugatesubgroup

Prod Ip T.CI E IT Xix
JT p yp
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Classificationof coverings
def A coveng p I E X X is called a universalavering
if T is simplyconnected In thatcase IT is called the universe of X

PCand
If X is LPC a univ covering I satisfies the un u property
Xiao F E CI I f anyway X d X a

a
p p g byLiftingCriterion withY X
X seok I simplycan ftp.cyzocp cyy Criterion

U applies
even coveredb pandp s X LPC I Lpcf IT p opf is itself a coverng normally one wouldalso assume It is PC

Univ Goering of a LPC space X is unique up to isomorphism by C
on speak of the univ covering of X

i p IR S mu ove ng of S since R simplyconnected

t eatit

2 pi S IRP S univ covering of IRP since S
n 32 Simply connected



SSC

def Aspace X is semilocally simply connected if theEX has a ibhd U sit
theinduced homomorphism IT U IT X x is the trivialmap
SSC is a necessary condition for theexistenceof a univ covering I X for
X path connected Indeed for u cX let U CX be an euaky overeatenBhd

I U I preinageof in UT T
U

Let ki U X E I IT inclusions 0

we have ii T T EXE L U
n x

Px f 1Pa
IT Us x IT X x

homomorphism mustbe trivial
i An example of a space whichis not SSC Hawaiian earring
X E

a D

c
and

locallysimply connected is astrongerpropertythan
Sen locally simply connected

E9 Warsaw circle in not LPC but has it o SSC
not Lsc

Cone HawaiianEarring has it but not everyplant has a simply ons
Ssc subnbhdofanyprescribedabhd

theorem

A path connected space X hes a univ covering iff X is semilocally simply connected

proof saw above in Hatcher or Munkres


