
 SSC

def Aspace X is semilocally simply connected if theEX has a Ihd U sit
theinduced homomorphism IT U IT X x is the trivialmap
SSC is a necessary condition for theexistenceof a univ covering I X for
X path connected Indeed for u cX let U CX be an euaky overeatenBhd

I U I preinageof in UT T
U

Let ki U X E I IT inclusions 0

we have ii T T EXE L U
n x

Px f 1Pa
IT lls x IT X x

homomorphism mustbe trivial
i An example of a space whichis not SSC Hawaiian earring
x E

a

locallysimply connected is astrongerpropertythan
Sen locally simply connected

E9 Warsaw circle in net LPC but has it o SSC
not Lsc

Cone HawaiianEarring has it but not everyplant has a simply ons
Ssc subnbhdofanyprescribedabhd

def A topSpace X is reasonable if it is locallypath connected and
senilecally simplyconnected CIPCcs.sc

Theorem
x

A equable path connected space X hes a univ covering LP
x

Munkres Than 82.1 Hatcher pp 64 65



Construction of the univ covering for a path connected reasonable X
f x EX I paths in X starting at adf.no

qy ofpathsP 8m2cm

I simply am F uniquehonefepy class ofpaths for To to anyY
liftingof apathCuptohomotopy in X starting at X

1oology on IT

7 i
are meterc n X byset I u IT X

is trivial
use sets Very as a basis for topology on I Hatcher p 64

allpath a nU's with it cu Milk try Lanahan L topology on X
U is evenly coveredby fiber I is path cornB toryclassesofpaths x x and Ti X L

I path conf Er I path II e frets X c

y
T Er To Cx

8 So T is apath from Cx to RTXo a
arbitrarypitof I

it X l s p IT I I e Ti X

Let 8 basedloop in X X lifting t a loop in Cx
path t Tt is the lift of r te X starting at c

op
Tc

it is a G T 2To whichproves Vh

Is Eai

Classification theorem for coveringspaces
ILet X be pathconnected reasonable Thenthereis a bijection betweenthesetof
basepent preservingisomorphismelasses ofpath con coverings pi X Fo X Xe and
theset of subgroups H CT X Xo obtainedas H p TICK Io
B if basements are ignored thiscorespondencegives a bijection
pix 1

conjugacy classes of
subgroups i Ti XXo



pathcornbased

Proof CA serjectety of coverings subgroups

of G UnivCoveringFor HCG construct
covering

XH
subgup YP where XH X

yy yl if
ra CDand y Ji EH
it is anequiv rel since H

tr'T c 8 8 y f is a subgroup

thus if twopoints in basicnbhds VeryVery are identified in Xuthenthe whole neighborhoods are identified

p Xm X is a covering space
r arc I

Xuchoose thebasepoint To EC E Xu Pun

ME p Ti XuTx iff lifttoXyot r is a Gop X
left of r to I startsat Cx endsat r
lift of r teXu is a loop sign4 1 on equivalentlyA 587EH

p I Xm Io H c G
f

c.in iIiI e E e tou
tuna ovens at

26

then in in of Ew

in butwe do www.ouffjisoofgrourfinCpDxp
I I XIE then by liftingentries we can lift p t TFu
p Ip Sit pzopT P likewise we lift pieto The

X Xo ft peopT Pz
idPITT idf by uniqueness Xi

and
Kopi idea 07 p LP

X

b we already knew that changing above a basement To to abasepeut EEP Xo
conjugates H

conversely if we have I withpx.tnXxoH and we want to get H g Hog
fersone

X Xo
GET XXo stetTx Jc the PxTick Hi
11 EdLRT lift'starting at E



Groupactions
2

def Let C be a topologicalgroup
i A G action on a space X is a cont map G XX 4 X

g X I 5 g x
satisfying g h x gh x for g h E G x E X
If G is a d group continuity if p is equiv to continuityof

pig X X Vg c Gx g x
ii The action is free if the EX gx X g Ipunit in C
iii A of is transitive if t x y cX FgEG s t g x y
iv For x c X the subset Ex Lgx Ige G c X as the orbit through a

GLX orbits is theorbit space of the G action on X

Topology on the quotient topology determined by p X
K 1 7 Gx

Examplesof groupactions

1 TL acts on IR via Ca t net Orbit space 2 S
Et eatitThus theprog map TR K 7 S is our standcovering

t eat t of S

l Tiz acts on S via I 13 x S S Orbitspace
His I Ix RIP

in theseexamples P X 1 are the vi v coverings forthequotient S or RIP
G is it of the quotient

Lenny Let p X bethe univ coreng of apath corn reasonable paceX

They X x acts feeds I so thatGorbits are the fibers of p



defLet G be agroup and X a space A G covering of X is a

coverng pix X togetherwith an action of G on set
i P gk PCI VgcG EX in particular theaction restricts taxactor on each f se p x CX
2 Theaction on eachfiber is
transitive V 5,5 Ep Cx F gc G set I gX

G Theaction is free if g 5 5 forsome5 then g I

E St P S n e is a G over.mg with C In
Z 1 2 Z Left 6 0 n i

groupaction T
zu g 2 e z satisfies Ci ez G above n th rootsfunity
T
entity

theorem Let CX X be a reasonable path connectedspace Then
thereis a bijection

grouphomomorphisms
based G coverings p I E X Xo g it CX G

It is givenby p 1 7 e ED gcGs.t.JCD g.tot n yw IT CXxD lift.fr starting atXo

proofthat E is a homomorphism ceCEr7

x f tooter J Itakura to to
g fikadtsfrom E to h't

celeb
ECETEST 66 83 gh V

8 F gC8
from XT te gh I

construction XG G x X
cg as Cg Er CgEchl h 43

1 T

I I P path or X ax foranyhETiCXx
ra I



for piX X a covering isomorphisms I are

p Ifp
called deckhansfarmations or g X

trains
theyform a group Deck I undercomposition

fullybyunique lifting property adecktask is deform edby where it sends a singlepoint
assuming IT is PC

only theidentitytransf can fix apout n Tf
A covering p X X is normal for regular if Deck I acts
transitively in thefibers of p
PC
AVG covering of X a normal covering with Deck G

Proposition
Hatcher t.se P71

Let p I E X X be a PCcovering of a PC regular X
let H in p Then
a Thiscovering is normal elf H is a p of IT CXXo
b Deck Xn it X x H if the covering isnormal forIronnormalDede WHY

n PC thismapif I ne
i e forX normal one has a Shortexactsequence ofgroups is not surjective

Tick IT X x Deck I 71
I I Fa

ID X Ip
p X x

Ex au C a
b a

normal a o.ch b
non normal

p 1 cover b a
cover

P t
a b DedeIa Dede L acting

actingtransitively
a b nontransitively

n p fibers


