
 

Groupactions
2

def Let C be a topologicalgroup
i A G action on a space X is a ant map G XX 4 X

g X I 5 g x
satisfying g h x gh x for g h E G x E X
If G is a d group continuity if p is equiv to continuityof

pig X X Vg c Gx g x
ii The action is free if the EX gx X g Ipunit in C
iii Action is transitivef ta y cX FgEG s t g x y
IV For x c X the subset Ex Lgx Ige G c X as the orba.tt e

GX orbits is theorbit space of the G action on X

Topology on the quotient topology determined by p X
K 1 7 Gx

Examplesof groupactions

1 TL acts on IR via Ca t net Orbit space 2 S

Thus theprog map TR R E s i u ya d ng
Et He

t

t eat't of S

l Tiz acts on S via I 13 x S S Orbitspace
His I Ix RIP

in the examples P X 1 are the vi v coverings forthequotient S or RIP
G is it of the quotient

Lenny Let p X bethe univ core ing of apath corn reasonable paceX

They X x acts feeds I so that bits are the fibers of p
Eb Ep t Ev pt
loop path



defLet G be agroup and X a space A G covering of X is a

coverng pix X togetherwith an action of G on set
i P gk PCI VgcG EX in particular theaction restricts taxactor on eachfiber p x CX
2 Theaction on eachfiber is
transitive V 5,5 Ep Cx F gc G set I gX

G Theaction is free if g 5 5 forsome5 then g I

E S t s h 31 is a G overng with G In
Z 1 2 Z Left 6 0 n i

groupaction T
zu g 2 e z satisfies Ci ez G above n th rootsofunity
7
entity

theorem Let CX X be a reasonable path connectedspace Then
thereis a bijection

grouphomomorphisms
based G coverings p I E X Xo E it CX G

T

It is givenby p 1 7 E ED geG et Jc gyo
hdonomjhe mrrt.in

I n yw IT CXxD lift.fr starting at to

proofthat E is a homomorphism ceCEr7

x f tooter J titties togtx
g fikadtsfrom E to h't

defEASIEST 64 83 gh
8 F gC8
from Fo te gh I wa u 22T ecesis Tex

construction XG G x X
cg as Cg Er CgEchl h 43

1 T

L P path or X ax foranyhETiCXXo
looprat X 2 X



iRenard E if G covering 4 X thenone hasarestroi.gkdyawag XIY.ly't

Thebijectionof THMC isfunctorialart restrictions Y X

ITCYxo it X Xo T G

ly
path

2 n TUM x cees surjective iff th covering IT is connected
t's

for pix X a covering isomorphism I I are

p Ifp
called deckhansfarmations or g X

trains
theyform a group Deck I undercomposition

fullybyunique lifting property adecktask is deform edby where it sends a singlepoint
assuming IT is PC

only theidentitytransf can fix apout n Tf
A covering p X X is normal for regular if Deck I acts
transitively in thefibers of p
PC
AVG covering of X a normal covering with Deck G

Proposition
Hatcher1.3g P71

Let p I E X X be a PCcovering of a PC regular X
let H in p Then
a Thiscovering is normal elf H is a f of IT CX xo
b Deck Xn it X x H if the covering isnormal forIronnormalDede NHK

n PC thismapif I ne
i e forX normal one has a Shortexactsequence ofgroups is not surjective

I 1 Tick IT X x Deck I 71
I I Fa

ID X Ip
p X x

Ex au C a
b a

normal a o.ch b
non normal

p 1 cover b a
cover

P t
a b DedeIn Dede L acting

actingtransitively
a b nontransitively

n p fibers



Seifert vankampen for reasonablespaces
Let Xbe top space assume X X Xz YX X Uk X.nl z Y

p p o
are patted andreasonable

open Ko

Then ii Yao Tick Xo

j 6 is a pusbutdia

grum.ITXz X X Xo Here ja Xa
ke t Ie ya X

inclusions
sketcho 2

Proof Needto showthat gives a group G and mars fi fi I Xia o G
agreeing on IT CY Xe we can construct I mmap fi it CX o G
IT Y no IT Xo

St L t µ commutes

T.cl z Xo Ti X xo fal a u

y
GFz
IrfByThinCH f f giveGcoverings p k

2
whichrestrict to isomorphic

C ouerngsp.fi 7xEpEicys.xi1Rly
7 x Using4 we engine

XT
yUXI

iX E

P

this is a G avery
X Ko

byTHMCH it induces a homomorphismf.ITCX G
making commute

Uniqueness follows from uniqueness of the construction head step


