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integrable systems Lagrangianfoliations Lagr tori Arnold Liouvilletha
examples Kepler system
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LASTTIME
For Mio syrup mfd HEC's m

X EHCM is a Hamiltonian afield with Hamiltonian H if

ixo



E For N a mfd notsymplectic U E f N a vectorfield
TCNTN

J E C TN functionlinear
fibers give by 842.324106

Thenthehamiltonian v f
I Xp EJECT'N is a atagentliff of u from N to TN

Flott tangent lift of Flout o

zedo.gs asynp.mfe.cmesaiatbea
symplectic v field if Lxw
This again implies that Flout X is a family of symplectonophisms
a team v field Xu is symplectic but a syrup v f is notnecessarily Hamiltonian

0 Hualmal AsympCM o 7 Hahm e shortexact
sequence

X yo ofheated

Lie algebra structure on Itsy p is theEdbracketof vectorfields
FEEsymptLexy off 1470 0 Tx 73 Etsy p

me lex.yjwILx.LJO
dixlewtlxdjg.jo 440

ferxysymplectuitxidiskanittatththoffyoppositeconventionto CannasdaSilva

ÉgcÉ ÉÉ f g w Xp Xg Passo bracket

stympmfd
th Xp Xg Xpgy

Xf'd



Lemme CCM 3 is a Liealgebra love R i e

is IR liar in bothslots

f g g f
f g433 9,14133 14,1193 0 Jacob identity

def A PE fIwePaisec.algeb aP with
a Liebracket E 3 satisfying f gh fg3htg f h Leibnitzrule

ForCM e symplectic Ca M is a Passonalgebra

on Ra CCM Iha m o SES of Gealgebras
o E The

É É tqi ist rimed mid
and a Hamiltonian function HECRM

a faction f sit If 43 0 is called an

ntegalofn.tlf is an it of motion 2 3 f is constant along integralcurves ofXu see

ext sheet

Functions fi flygare saidto be independent

if Cdf p Cdfup are lander almosteverywhere an M
in an opendensesubset

def A Hamiltoniansystem M o H is integrable if it possesses n dinM

independent integrals of motion felt fr if satisfying

fi f so for all j
Integrals ofmotion involution



E if di M 2 and die to almosteverywhere

then M W H is an integrable system

E g IF R edgadp 11 931
harmonicoscillator

E M THR've o van H g if qxp
p g gpl p

Kepler system is an it system

Lemay Let M o H be an int sys with integrals ofmotion felt fz fn
Let CER be a negvalue of f f f M IR

Then a f c em is a Lagrangian submanifold
Exercisehe
lastFriday

b If Han v fields Xp Xp are complete on f c

then the connected on parents of f c are long spacesfor R i e

are of form IR x Tk for some asks n where Its isthekter
differ to

followXp to obtain cords

Thus any Exact component of f c is a torus I
These components are called Liouvillete
E.g if one of fi's is prod then all f c are o pact

Theory Arnold Liouville Let M G H be an it sys with
integralsof motion fill fr fu Let celR be a rag valueof
F fi f M IR Thecorresponding levelset f c is a Lago submanifoldof
a If the flow of Xp Xf starting at a pent pef ca are o plate then

the conn component of f c containing p is a homogeneousspacefo IR
Withrespect to this affinestructure that component has cords 9 en deeds
in which theflows of vectfield Xf Xf are linear



b There are cords 4 4 action words complementary to anglewords s t

4 s are integrals of motion and Qi seniti in form a Darboux chart

Thus dynamics of an at sys is very simple andthe system has an explicitsolution
in action angle coordinates

n n a neigborhood of a reg value celR f M R is

Ift
g gym
and fibers a Lagrsubmanifolds

a F cords E on fibers

in whichflows of Xf are near

b I card 4 an IR s t 4 4,3 0 E4,3 8g
Note E en fi f is generally not a Darboux chart



IS 22 inCana daSilva

i a mannn
WI G x M M a smooth action of G on M at Ig M M is Emett g e G
Let 4 g M bethe corresponding infurternalactor
i e
Up4 III eggP or 4,17 d4

p
2,0

Tpm gxTpM

symp actionsof IR on 143 I couplete symplectic rectfields on M
É

g

Xp dÉhe
Flout X X

The actionUI is Hamiltonian if the coresp v f X is Hamiltonian ie Lo dH

É m IR actio I am
with

S actor is calledHanittatifthe correct IR action is Hamilton


