CFT EXERCISES 2, 9/5/2022

1. CONFORMAL MAPS: GENERALITIES

(a) Let (M,g), (M',¢"), (M",g") be three (pseudo-)Riemannian manifolds and
let ¢1: (M,9) - (M',q"), ¢p2: (M',¢") — (M",¢") be two conformal maps
with /', Q" the respective conformal factors. Show that the composition ¢, o
¢1: (M, g) — (M",g") is a conformal map. Find its conformal factor.

(b) Let ¢: (M, g) — (M’,g’) be a conformal diffeomorphism with conformal factor.
Show that the inverse ¢=1: (M’ ¢’) — (M, g) is also a conformal diffeomor-
phism, find its conformal factor.

(c¢) Let ¢: (M,g) — (M,g) be a conformal map with conformal factor 2. Show
that the same map ¢ regarded as a map ¢: (M,A-g) — (M,A-g) is also a
conformal map; find its conformal factor. Here A is a positive function on M.

2. EXAMPLES OF CONFORMAL MAPS

(a) Stereographic projection. Let S™ = {(z",...,2")| Y 1 (z%)* = 1} be the
unit sphere in R"*! with N = (1,0,...,0) the North pole. Consider the map

¢ SN\N & R"

(2°...,2") = ol 2"

(1)

(the stereographic projection). Consider S™ with standard round metric gg1 =
S o(dz?)? (the pullback of the standard metric on R™*! along the inclu-
sion S < R"*1) and R™ (the codomain of (1)) with standard metric ggn =
Z?:1($1)2~

(i) Show that ¢ is a conformal map.

(ii) Find the corresponding conformal factor €2.

(b) Inversion. Show that the inversion map
¢: R™{0} —  R"\{0}

oo
is an involutive orientation-reversing conformal diffeomorphism. Find the con-
formal factor €.

(¢) Holomorphic and antiholomorphic maps. Let ¢: D — D’ be a smooth
map between two open sets in R? = C (equipped with standard metric g =
dz? 4+ dy? = dzdz on the source and g = u? + dv? = dwdw, where z = x + iy,
w = u + v is the complex coordinate on the source and target copy of C).

(i) Show that ¢ is a conformal map if and only if ¢ is either a holomorphic
or an antiholomorphic map (do it in real and in complex coordinates, as
two independent computations).
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(ii) Show that the corresponding conformal factor § is {‘?9—”"2‘,’ ’2 is ¢ is holomor-

. 2, . . .
phic and ‘%—“2" is ¢ is anti-holomorphic.
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(d) Mobius transformations. Show that the group

PSLg((C)z{( ‘ Z)

(where the quotient identifies a matrix with its negative) acts on the Riemann
sphere C = CP! by “fractional-linear transformations” (or “M&bius transfor-
mations”)

a b az+b
2 :
@) < c d ) AR +d
(i) Check that the Mobius transformations (2) are conformal maps. Find the
corresponding conformal factor €.

(ii) Check that the map PSL2(C) — Conf(CP!) is a group homomorphism:
product in the group is mapped to composition of M&bius transformations.
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