
CFT EXERCISES 3, 9/12/2022

1. Witt algebra

Show that the generators ln = −zn+1 ∂
∂z of the Lie algebra W of holomorphic

vector fields on C∗ (or equivalently meromorphic vector fields on CP1 with poles at
0 and ∞ allowed) satisfy the commutation relation

[ln, lm] = (n−m)ln+m

Show that written in the complex coordinate w = 1/z on CP1{0}, ln takes the
form w−n+1 ∂

∂w .
Find the pushforward of the vector field ln under the inversion map C∗ → C∗,

z 7→ 1
z̄ .

Consider the map ψ : W → Γ(S1, TC|S1) given by taking the real part of a
meromorphic vector field and restricting it to S1. Show that the preimage by ψ of
vector fields on S1 which are tangent to S1 is given by elements of W of the form∑
n cnln with c−n = −c̄n.

2. Conformal symmetry of R1,1

Consider Minkowski plane R1,1 equipped with the metric g = (dx)2 − (dy)2.
Introduce the “light-cone coordinates” x± on R1,1 given by

x+ = x+ y, x− = x− y.
Express the metric g in the light-cone coordinates.

Show that a vector field v on R1,1 is conformal iff it has the form

v = v+(x+)∂+ + v−(x−)∂−

where v± are two smooth functions of a single real variable; ∂± : = ∂
∂x± = 1

2 (∂x ±
∂y). Compute the infinitesimal conformal factor of v.

Show that a diffeomorphism φ : R1,1 → R1,1 is conformal if and only if it is of
the form

(x+, x−) 7→ (φ+(x+), φ−(x−)) or (x+, x−) 7→ (φ+(x−), φ−(x+))

when expressed in light-cone coordinates (on both source and target copies of R1,1).
Compute the conformal factor in both cases.

3. Liouville theorem, step-by-step

(i) Write the equation Lεg = ωg of a conformal vector field v = vi∂i on Rp,q
(equipped with the standard metric g = ηijdx

idxj , with ηij = diag(1, . . . , 1︸ ︷︷ ︸
p

,−1, . . . ,−1︸ ︷︷ ︸
q

))

in components:1

(1) ∂ivj + ∂jvi = ωηij

1For simplicity, do this exercise first for the positive signature case, p = n, q = 0. In particular,
then one can forget about the distinction between upper and lower indices.
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(ii) Prove:

∂iv
i =

n

2
ω(2)

∆vi = (1− n

2
)∂iω(3)

where n = p+ q the total dimension and ∆ = ∂i∂
i = ηij∂i∂j the Laplacian.

(iii) From (3) obtain:

1

2
ηij∆ω = (1− n

2
)∂i∂jω(4)

(n− 1)∆ω = 0(5)

(iv) From (4), (5) show that, for n 6∈ {1, 2},
(6) ∂i∂jω = 0

I.e., ω is at most linear in coordinates xi.
(v) Taking derivatives of (1), show that

(7) ∂i∂jvk =
1

2
(∂iω ηjk + ∂jω ηik − ∂kω ηij)

(vi) From (6), (7) deduce that, for n 6∈ {1, 2}, we have

(8) ∂i∂j∂kvl = 0

I.e., v is at most quadratic in coordinates xi.
(vii) Assume the most general quadratic ansatz for v and linear ansatz for ω,

vi(x) = ai + bijx
j + cijkx

jxk(9)

ω(x) = 2µ+ 4νix
i(10)

with ai, bij , cijk, µ, νi some coefficients, and see what constraints does one have
on these coefficients from (1).


