Section 4.3 Numerical Integration



Numerical quadrature: fff(x)dx ~ Yo f(x)a;.
The interpolation points are given as:

(X0, f(x0))
(x1, f(xq1))
(X2, f(x2))
(xn, f(xn))

Here a = x,; b = xy. By Lagrange Interpolation Theorem (Thm 3.3):
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Quadrature formula: f;f(x)dx ~ Yitoa;f(x;)
with a; = f: Ly;(x)dx.
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The Trapezoidal Quadrature Rule (obtained by first degree Lagrange
Interpolating polynomial)

A
/ Let xo =a; x; = b;andh = b — a. (see Figure 1)
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Figure 1 Trapezoidal Rule
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Error term
Trapezoidal rule: f:f(x)dx ~ g[f(xo) + f(x4)] withh=b —a.



The Simpson’s (1/3) Quadrature Rule (Deriving formula by third
Taylor polynomial)
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Figure 2 Simpson's Rule

Let xo =a; x; = ﬂ; X, = b, andh—— (see Figure 2)
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Now approximate £ (x,) = = [f (xo) — 2f () + f(x)] — = F P (&)
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Error term

Simpson’s rule: f:f(x)dx = g(f(xo) +4f(xy) + f(x3))
with i = =2
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Remark: When the second degree Lagrange interpolating polynomial is
used to derive the Simpson’s (1/3) quadrature rule, we do not reveal the
most accurate information about error of approximation.

Example 1. Compare the Trapezoidal rule and Simpson’s rule
approximations to fOZ f(x)dx when f(x) is:

(@) x?; (b) (x + 1)~1; and (c) sin(x).



Precision

Definition: The degree of accuracy or precision of a quadrature formula
is the largest positive integer n such that the formula is exact for x*, for
eachk =0,1,---,n

Trapezoidal rule has degree of accuracy one.
f:xodx =b— a;f:xodx = b;—a[l +1]=b — a.

—Trapezoidal rule is exact for 1 (or xY).

b . x2 b_bz_az. b _ b b2_a2
Ja xXdx =7 la=—; ' Jq xdx = [a+b] 2
—Trapezoidal rule is exact for x.

b 3 b3-a3 b b— b>-a’
foxtdx =518 = 258 [Txtdx = 250 [a? 4 b7] #
a 3 3 a 3

—Trapezoidal rule is NOT exact for x?2.



Remark:

(1) Simpson’s rule has degree of accuracy three.

(2) The degree of precision of a quadrature formula is n if and only if
the error Is zero for all polynomials of degree k = 0,1, ---,n, but Is
NOT zero for some polynomial of degree n + 1.

Exercise 20. Let h = b_Ta,xO =a, x; =a+ h, x, =b. Find degree of

precision of quadrature formula f;f(x)dx = zhf(xl) + zhf(xz).



Closed Newton-Cotes Formulas
b—a

Leta = x5; b= x,;and h = —

xX; = xo +ih,fori =0,1,---,n.

Figure 3 Closed Newton-Cotes Formulas

The formula: fff(x)dx ~ Yo aif (x;)

with a; = f: L, ;(x)dx is called Closed Newton-Cotes Formula. Here
L, ;(x) is the ith Lagrange base polynomial of degree n.
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Theorem 4.2 Suppose that Y./_,a;f(x;) is the (n+1)-point closed
Newton-Cotes formula witha = xy; b = x,;;and h = b%a. There exists
¢ € (a,b) for which

n (n+2)
b F)dx = Ty aif () + L@ (M2 1y (£ — n)dt,
a =0 n .

(n+2)! 0
if nisevenand f € C"*%[q, b],
and
b n pnt2 (n+1) n
[f@ar=Y e+ LB [ -1 - mae
a i=0 ' 0

if nisoddand f e C™"*1la, b].

Remark: Number of nodes n is even, degree of precision isn + 1; n is
odd, degree of precision is n.
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Examples. degree of precision n=1 for Trapezoidal rule;
degree of precision n=3 for Simpson’s rule.

degree of precision n=3 for Simpson’s Three-Eighths rule:

[ fO0dx = 2 (Fxo) +3F () +3f () + (1)) — 2 f O ()

where x, < & < x3;h:x3;x°.
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Open Newton-Cotes Formula
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Figure 4 Open Newton-Cotes Formula

24 and Xo=a+h. x; =x5+ih, fori=

See Figure 4. Let h = —
0,1,---,n. Thisimpliesx_; =a; and x, = b — h.
b
The formula: [ f(x)dx ~ Yil,a;f (x;)
witha; = f;_"lﬂ L, ;(x)dx is called open Newton-Cotes Formula. L, ; (x)

IS the ith Lagrange basis polynomial using nodes x,, ..., x,,.
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Theorem 4.3 Suppose that ).i*, a; f (x;) is the (n+1)-point open Newton-

Cotes formula witha = x_{; b = x,,.1;and h = %. There exists & €

. b hn+3f(n+2)($;) n+1
(a,b) for which [ f(x)dx = ¥l oa;f(x;) + ey Jo, Tt -
1) .- (t — n)dt,
if nisevenand f € C"*4[a, b], and

b n hn+2 (n+1) n+1
[(rooax = apon +

i (n+1)!

if nisoddand f € C"*1[q, b].

t2(t— 1) (t — n)dt
-1
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Examples of open Newton-Cotes formulas
n=0: Midpoint rule (Figure 5)

I r2i = ) + 70

b_
where x_; < & < x;. hzTa

|
|
|
|
|
|
|
b

=X
1

Figure 5 Midpoint rule

n=1: [* f( )dx = 2 [f(xO)+f(x1)]+—f(2)(€) where x_; < & <

n=2: [ f@)dx = L2 (xo) — fxr) +2f ()] + 2 FOE); where
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n=3: [ fdx = () + f0e) + () + 11 ()] + i O ()

b_
where x_; < & < x,. h=Ta.

Example 2. Use closed and open Newton-Cotes with n = 3 respectively

to approximate fOZ sin(x) dx respectively, and compare abs. errors.
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