5.3 High-Order Taylor Methods



Consider the IVP
{3” =f(ty), a <t <b

y(a) =P

Definition 5.11: The difference method

{Wo =p

W1 = W + hqb(tl,wl) foreach i =0,1,2,-:-,N — 1
with step size h = —— has Local Truncation Error

 Yie1— (yl + ho(t;,y1))
Tiy1(h) = )
yl+1

h o ¢(tuyl) foreach i = O, 1, 2,---,N — 1.

Note: y; == y(t;) and y;41 = y(ti+1).



Geometric view of local truncation error
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Euler Approximation to I2|'_-,-'.-"I2|’[='_-,f—t2+1 ,h=0.5
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Example. Analyze the local truncation error of Euler’s method for

solving
y' ' =f(ty), a <t <b, y(a) = B. Assume |y" (t)| < M with

M > (0 constant.

Consider the IVP
vy =f(ty), a<t<b y(a)=p.

Compute y", y® ... using f(t, y) and its derivatives.



Derivation of higher-order Taylor methods
Consider the IVP
y' =f(ty), a<t<b yla)=p, with step size
b—a

h = N tivq = a+ih.

Expand y(t) in the nth Taylor polynomial about t;, evaluate at t;,
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y(tien) = (&) + hy'(t) + = y" (&) + -+

y(n+1) (1)

n n+1
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y(tien) = y(t) + hf (6, y(t) + = f'(t0 () + -

n+1

CESIARGEL)

hn
T ﬁf(n_l)(ti»ﬂti)) +



for some ¢; € (t;, t;11). Delete remainder term to obtain the nth Taylor
method of order n.

Denote

n—1

h
T (t;, w;) = f(t,wy) + Ef,(ti;Wi) paliiie f(n_l) (t;, w;)

n!
Taylor method of order n

wo = f
Wirq = w; + RT™ (¢, w;) foreach i =0,1,2,--,N — 1.

Remark: Euler’s method is the Taylor method of order one.



Example 1. Use Taylor method of orders (a) two and (b) four with N =10
to the IVP

y =y—t*+1, 0<t<2 v(0)=05.
Solution (b):
h _ 2—0 _ 2—0 — 072
N 10

S0 t; =0+ 0.2i = 0.2i foreach i =0,1,2,---,10.
flly®) =g 0—t2+ D=y —2t=y—t?+1-2
d
frey@) =— () =0-t*+1-20 =y —2t~2
=y—t°+1-2t—-2=y—t*—-2t—1
d
FOCyO) == (=@ -t?=2t-1) =y -2t -2
=y—t:+1-2t—-2=y—t*-2t—1



h 2 h3
T (t, wy) = £, wy) + Ef,(ti;Wi) + gf”(ti»wi) + Ef(g) (ti, w;)

h
:(Wi_ti2+1)+§(wi_ti2+1_2ti)+

h? h?
E{quf—zg—1)+zﬂwr4f—2g—1)
h h? B3 ,
:<1+§+6'ﬂm)w“_“)_

1+h+h2(M)+1+h R
3 12 i 2 6 24



The 4™ order Taylor method is

wo = 0.5
Wit1 = Wi
h h% R , h  h?
+h[(1+§+z+ﬁ)(wi—ti)—(1+§+E>(hti)
h h? h3
+1+E_6_24]

foreach i =0,1,2,:--,9.

Now compute approximate solutions at each time step:
Wl — 05

02 022 023
+02[(1+=+"+ (0.5 — 0)

2 6 24

1+o.2+0.22 (0)+1+0.2 0.2 0.23%) 08993
3 12 2 6 24 |




abs. eror of 4th order Taylor att;: |w; —y;| = 0.000001
w, = 0.8293

+0.2 1+0'2+0'22+0'23 (0.8293 — 0.22)
' 2 6 24 )N '

3 12 2 6 24

= 1.214091
abs. eror 4th order Taylor att,: |w, —y,| = 0.000003

0.2 0.22 02 022 0.23
—[1+=4+=-)002002) +1+————
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Finding approximations at time other than t;

Example. (Table 5.4 on Page 259). Assume the IVPy =y —t?+
1, 0 <t <2, y(0)=0.5 is solved by the 4" order Taylors method
with time step size h = 0. wg = 3.1799640 (t;, = 1.2), w, = 3.7324321
(t; = 1.4). Find y(1.25).

Solution:
Method 1: use linear Lagrange interpolation.
y(1.25) ~ =222y, 4 222712 — 33180810
1.2-1.4 1.4-1.2

Method 2: use Hermite polynomial interpolation (more accurate than

the result by linear Lagrange interpolation).

Firstuse y' = y — t% + 1 to approximate y'(1.2) and y'(1.4).

y'(1.2) = y(1.2) — (1.2)2 + 1 = 3.1799640 — (1.2)> + 1 =
2.7399640

y'(1.4) = y(1.4) — (1.4)?> + 1 = 3.7324321 — (1.4)*> + 1 =
2.7724321

Then use Theorem 3.9 to construct Hermite polynomial H;(x).
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y(1.25) ~ H5(1.25).
Error analysis

Theorem 5.12 If Taylor method of order n is used to approximate the
solution to the IVP

y' =fty), a<t<b yla)=4p
with step size h and if y € C™*1[q, b], then the local truncation error is
O(h™).

Remark: y(tiy1) = y(t) + hf(tu (ti)) T+ h?zf’(ti,y(ti)) + e+
D (g, y(8) + (n+1),f AERH)
T (h) = T = T, y) = s f (6 Y(E0),

Assume y @t (6) = FM (¢, y(t)) is bounded by |yt ()| < M.
Thus [2;41 (h)] < —=

— (n+1)!
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So the local truncation error in Euler’s method is O (h™).
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