5.4 Runge-Kutta Methods



Motivation: Obtain high-order accuracy of Taylor method without
knowledge of derivatives of f (t,y).

Theorem 5.13(Taylor’s Theorem in Two Variables) Suppose
f (t,y) and partial derivative up to order n 4+ 1 continuous on
D={(ty)la <t<bc <y<d} let(ty,yy) €D. For (t,y) €
D, thereis ¢ € [t, ty] and u € |y, yo] with

f(&,y) =Bt y) + Ry(t,y).

Here
P.(t,y) = f(to, yo) + [(t —to) - < - (o, yo) + (¥ — )’0) (to»)’o)]
[(t ;0)2 az (to, o) + (t — te) (¥ — ¥o) a;];( 0, Vo)
+¥ ;O)Z "/ > (Lo, o) + -+
2 ;;0(?)(1:—1:0)"‘1 v = yo) tnnf;y, (to, y0)|



n+1

1 n+1 1 : 0"+1f
Rat) = o 2 (1)) € 0™ 0= 90 gy ).

j=0

P, (t,y) is the nth Taylor polynomial in two variables. R, (t,y) is
the remainder term associated with B, (t, y).

fE(t,tO), ,uE(y,yO)



Derivation of Runge-Kutta method of order two
Determine a4, a4, f; such that

h
a,f(t+ay,y+B1) =~ f(&,y) +5f'(t,y) with O(h®) error.
. , df (t, 9 9 ,
Notice /(1) = 22 = 2 (6,y(0) + 2 (£,¥() ¥ (©) =

L (t,y®) + L (t,y(®) - f (£, y(D)).
ot ady

Define:
T (t,y) = f(t,y) + (t y(t)) + (t,y(t)) - f(t,y(@®))
(1)



1.Expand a,f(t + a4,y + B;) in 1t degree Taylor polynomial:
a;f(t+ay,y+ p1)
daf

d
= a,f(t,y) + a1, a—’: (6.y) +a1p1 50 (6.)
+ a R (t + a, vy + By) (2)

2.Match coefficients of equation (1) and (2) gives
h
a,p = Ef(t’y(t))

a, = 1, aixq =

with unique solution
h

) :81 — Zf(t!y(t))

a]_:]., a1 =



T@(t,y) = f (t +o,y %f(t»y(t)))
Ry (e 42,y + 2 (),

with R, (t 2y y(t))) — 0(h?)

3.This gives:

since y(ti+1) = y(t) + hT® (8, y (&) + = & (&, ¥ (&),
y(tis1)

h h
=y(t;) + hf <ti T2yt Ef(%Y(Q))) + hO(h?)

h3
+ 57 P&y (),

h h
y(tiv1) = y(t;) + hf (ti + Vi + Ef(ti»Y(ti))> + 0(h%).



Midpoint Method (one of Runge-Kutta methods of order two)

Consider to solve the IVVP
y'=fty), ast<b y@a=§
—-Qa

with step size h = —

wo =p
h h
Wiy =w; +hf | ¢ + 5 Wi +Ef(ti;Wi) :

foreach i =0,1,2,:--, N — 1.

Remark: Local truncation error of Midpoint method is O (h?).



Two stage formula of Runge-Kutta method of order two:
wo = f8
( ki = f(t;,w;)

4 h h
Kkz :f(tl +§,Wi +§k1)

Wit1 = W; + hk;
foreach i =0,1,2,:--, N — 1.

Example 2. Use the Midpoint method with N = 10, h = 0.2,
t; = 0.2i and wy = 0.5 to solve the IVP
y ' =y—t?+1, 0<t<2 y(0)=0.5.



Modified Euler Method (Another Runge-Kutta method of

order two)
Consider to solve the IVP
a

y'=f(ty), a <t <b, y(a) = B.withstepsize h = %.
wo =p
h
Wit = Wi + > [f(ti»Wi) + f(ti+1»Wi + hf(ti»Wi))]

foreach i =0,1,2,:--, N — 1.

Local truncation error is O (h?).
Two stage formula of the Modified Euler Method:

Wy =
kl — f(ti'wi)
ky = f(tiy1, w; + hkyq)

h
Wip1 = W; + > k1 + k;]
foreach i =0,1,2,---,N — 1.




Example. Use the Modified Euler method with N = 10,h = 0.2,
t; = 0.2i and wy = 0.5 to solve the IVP
y =y—t?+1, 0<t<2 y(0)=0.5.

Heun’s Method (Runge-Kutta Method of order three)

Idea: Approximate T®)(t,y) with 0(h3) error by f(t + a,y +
61f(t +az,y+ 6,1 (t,y)))

Wy =

h 2h
Wiva = w; + 2 [f(t,wi) + 3f (i + o, wi +

2h h h
?f t; + 3 Wi + §f(ti,Wi) )]
foreach i =0,1,2,:--, N — 1.
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Runge-Kutta Method of order four

wo =
ky = hf (t;, w;)

h 1
kz = hf(ti +—,Wl' +—k1)

2 2
h 1
k3 — hf(tl +§,Wi +Ek2)

ko = hf(tiz1, w; + k3)

1
Wiy1 = Wi + g(kl + Zkz + 2k3 + k4),
foreach i =0,1,2,---,N — 1.

Example 3. Use the Runge-Kutta method of order 4 with N =
10,h = 0.2, t; = 0.2i and wy = 0.5 to solve the IVP
y =y—t*+1, 0<t<2 y(0)=0.5.
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