3.3 Divided Differences



Representing nth Lagrange Polynomial

o If P,(x) is the nth degree Lagrange interpolating
polynomial that agrees with f(x) at the points
{Xg, X1, -, Xn}, P,(x) can be expressed in the form:
P.(x) = ag+ a;(x — xp) +

ay(x — x0)(x — x1) +
az(x —xo)(x —x1)(x — x3) +
wta,(x —x9)(x —x)(x —x5) o (X — Xp—1)

* ? How to find constants ay,..., a,?



Finding constants ay,..., a,
Given interpolating polynomial P,(x) = ag + a;(x — xo) +
az(x — x0)(x — xq1) +

az(x —xp)(x —x1)(x —x3) +

wta,(x —xg)(x —x)(x —x5) .. (x — x5—1)
> At xg: ag = Py(xo) = f(x0)
» At xq: f(x) +a1(x; — xo) = P(xq) = f (1)
_ f0qg) — fxo)
X1 — X0
> At () + BRI (o, — x0) 4 0, (3 = x0) (2 = 21) =
Pn(xz) = f(x2)

aq

fxz) = f(x) B f(x1) = f(xo)

Xy, — X1 X1 — Xg
X2 — Xg

ﬁazz




Newton’s Divided Difference

+» Zeroth divided difference:
flxi] = f(x;).

** First divided difference:

*¢* Second divided difference:
f Xt Xiv2] — f1x0 Xi44]

Xi+2 — Xj

f[xi' Xi+1 xi+2] —

*¢* Third divided difference:
fXiv1 Xiv2 Xiv3] — f1%0 X1, Xi42]

Xi+3 — Xj

[l g1, Xig 2 Xi43] =

** Kth divided difference:
flXis1 Xt o Xivre] — f1X0 Xit1s ooos Xigie—1]

Xi, Xi e, Xi =
f[ U Ai+1r l+k] Xi11 — X;



Finding constants ay,..., a,,-revisited
Given interpolating polynomial P,(x) = ay + a;(x — xy) +
a(x —xo)(x —xq) +
az(x —xp)(x —x1)(x — x3) +
et a(x —xg)(x —x)(x —x5) . (X — x5p—1)
> ag = f(x0) = flxo]
> a, = f(x1)—f(xp) _ flxa]=Flxol _ I

X1—X0 X1—X0

Xo, X1].

fx)—f(x1) flx)—f(xp)

_ X=X x1-xo _ flxux2]=flxox1] _
> a; = o = _ = flx, x4, x2].
2—X0 Xo2—Xo

> a3 — f[x11x21x3]_f[x01x11x2] — f[

Xa, X1, X2, X2].
X3—Xg 0r*1,» 42 3]

> A = f[x(),xl, ...,.Xk].



Interpolating Polynomial Using Newton’s Divided
Difference Formula

2 (%)
flxol + flxo, x1](x — x0)
T ; X0, X1, X2 ] (X — x0) (X — x1) + -

X0y s X ] (X — x0) (X — 1) .. (x Xn—1)

Il 3T

Or
P.(x)

= flxol + ) [P0, 2] ¢ = X0) o (% = i)

k=1
Remark: a; = f|xg, x4, ..., x| fork =0, ...,n



Example 3.3.1 Use the data in the table to construct
interpolating polynomial.

Xi

f(x:)

f [xi—1; xi]

Flxi-2, %i—1, %]

f[xi—3; Xi—2,Xi—1, xi]

f[xi—4; Xi—3,Xi-2,Xi—1, xi]

H W N B O~

1.0
1.3
1.6
1.9
2.2

0.7651977
0.6200860
0.4554022
0.2818186
0.1103623




Table for Computing

1st Div. Diff. 2nd Div. Diff.

f[X[jﬁxl] =
fx1 %] —f[x0,%1]

f[x0, X1, x2] = —

__ flxa]—f[x]

f[xl, XE] — _
X2 —X1 X xa]—f[x1,x0]
fx1,x2,x3] = X3—Xq
flxa, x3] = Lbal=tlel
X3 —X2 . _ fx3.xq]—f[x2,x3]
[XlZe X3, Xq_] T Xq—X2
f[xEr'.- }'(’4] — f[xxj:ig[,xal

f[xg,x5]—F[x3,x4]

flxs, x4, x5] = pra—

f[xa,x5] = f[xi :}T‘L]




Theorem 3.6 Suppose that f € C"[a, b] and
Xg, X1, -+, Xy are distinct numbers in [a, b]. Then

(n)
3¢ € (a, b) with f[xg, ..., x| = Q)

n!

Remark: Whenn = 1, it’s just the Mean Value
Theorem.



lllustration. 1) Complete the following divided difference
table. 2) Find the interpolating polynomial.

f[xi—dl-: '":xi]

Xi flx] fleiux] | flxi-2,%-0,%] | FlXi-s, .., %]
0 [1.0 [0.7651977 [ 52837057
1 | 1.3 |0.6200860
2 |16 0455400 | 82400 -0.0494433
3 |19
4 |22 01103623




Forward difference formula for equally spaced nodes

e Letthe points {x,, x4, ..., X,,} be equally spaced. h = x;,; —
x;, foreachi =0,..,n—1;

and x = xq + sh.
e Then
P, (x)
= flxol + flxo, x1](x — x¢) + flxo, x1, x2](x — x0) (x — x1)
+ o+ flxg, oo X0 ] (6 — x0) (x — x1) .. (X — X53—1)
= flxo] + shf[xo, x1] + s(s — D)h*f[xq, X1, x3] + -
+s(s—1)..(s—n+ DA f[xy, ..., X, ]
Or

P,(x) = P,(xy + sh) = k' he flxg, X1, o) X ]

IIM3

Where (Ii) s(s—1). k(ls k+1)
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