Lecture 9: Numerical Partial
Differential Equations(Part 2)



Finite Difference Method to Solve Poisson’s Equation

. Poisson’s equation in 1D:

dxz ~ = f(x), x € (0, 1)
u(0) =u(1) =0
* Spatial Discretization: 0 = xp < - < xpy = 1.
Define Ax = % Then x; = iAx.
du(x;) N u(xi—q)—2ulx))+u(xiyq)
dx? Ax?

. StenC|I of finite difference approximation
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* Finite difference equations: fori =1,..., M — 1
—Ui_1 + 2U; — Ui = AxPf
Uy = 0
Uy = 0
with f; = f(x;)
e Put into matrix equation format:
Let u = (uq, Uy, ---»UM—1)T; f = U112 ""fM—l)T

Au = Ax?f
2 -1
-1 2 -1
-1 2 -1
A= "
-1 2 -1
-1 2 -1
-1 2




2D Poisson’s Equation

Consider to solve
0%u

49 (x,y) €
(axz ayz T f x’y ) (x’y)
u(x,y) =0 on 00

with () is rectangle (0,1) X (0,1) and 9Q is its
boundary.

e Define h = i.
M

* Spatial Discretization: 0 = xy < --- < X = a with
x; =thand 0 =y, < <yy = 1withy; = jh.



Finite difference equation at grid point (i, j):

Uj_q,j=2U; jF U5 Upjoq—2U; jF UG G4
_( h2 T n2 = f(xi'yj ) or

—Ujjq —UWqjH AU — Uy U = hzf(xi»)’j )
* Five-point stencil of the finite difference
approximation
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Natural Row-Wise Ordering
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This is completely sequential.
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Red-Black Ordering

* Color the alternate grid points in each
dimension red or black




R/B SOR

First iterates on red points by

ug.‘“) =(1- W)ug.‘) +w/4 (hzfij + ul(ﬂ] + ul(’;)_l + ul(ﬂ] + uf’ﬁrl)
Then iterates on black points by

0 = =l (12 4L D ) D

R/B SOR can be implemented in parallel on the
same color grid points.

The renumbering of the matrix A changes the
iteration formula.
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For the example just shown:
A — ’ D, —C]
- [-cT D,

Diagonal matrices D, = Dy, = 41g.
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* Using GS:

- (k+1)] - (k)7
[Dr 0]u§+):[0 C u’(")+h2f
_CT Db _ul(gk+1)_ 0 O _ulgk)_

_ T
Here u, = (uUq, Uy, U3, Uy, ..., Ug)
_ T
U, = (Ug, Uqg, Upq, Upp, -r s Ugp)



Parallel R/B SOR
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Algorithm
While error > TOL, do:

— Compute all red-points

— Send/Recv values of the red-points at the boarder of
the subdomain to neighboring processes

— Compute all black-points

— Send/Recv values of the black-points at the boarder of
the subdomain to neighboring processes

Compute residual error
Endwhile
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