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12 Cyclotomic units
(12.3) Cyclotomic units of KT (continued).

Theorem 1. The group Cy+ of cyclotomic units of KT is a finite index subgroup of Ofﬁ and
[OI><(+ . CK‘F} = hK+

18 the class number.

Proof. Recall the map logos : K+ — RP™ ' (P=1)/2 with kernel £1, the roots of unity in K+. Also recall that
log L(’)IX<+ C A =Xker ) lies in a hyperplane and is a lattice of full rank with volume equal to the regulator

Rg+. Thus we have logCx+ C logtOj, is a sublattice.
To show that Ci+ has finite index in the unit group it suffices to show that the volume of Ck+, equal
to the regulator R of the elements log (£,, is nonzero in which case

[Ops : Cx+] = R/R+

since log ¢ eliminates only 41 from both groups.

To compute this regulator recall that G+ ,q = Gg/o/{£1} where Gk, q = (Z/p™Z)*. Thus writing o,
for the element corresponding to a € (Z/p™Z)*, G+ /g = {0a|l < a < p™/2,(a,p) = 1}, which is exactly
one more that the number of ,. Therefore we compute (we eliminate the trivial element from Gg+ /g to
obtain a square-matrix)

R = | det(log t&,)|
= | det(log |7(£a)l)r21

as 7 varies in G+ /q.
Let 0, € G+ /g = Gk o/{£1} correspond to a € (Z/p™Z)* in which case

Ua(c_l/Q(l - ()
2(1-¢)

and if we write f(o) = log|o(¢™1/2(1 — ¢))| = log|o(1 — ¢)| then

log |T(£a)| = f(TUa) - f(T)

ga:




Thus

R = | det(log |7(£4)|)a,r21]
= [det(f(ro0) = f(7))ar1]
=[det(f(r0™") = f(7))or1l

=11 >_ x(o)f(0)

x#1oeG

=T D_ x(o)logla(¢™/2(1 = Q)|
=1] > x(a)log |1 - ¢*|

XA1 1<a<pm/2 (a,p)=1

\H > x(a)log |1 — ]

X;él 1<a<p™

where the last line comes from the fact that log |1 — (| = log|l — (79|
Let x # 1 with conductor f, = p*. Then

p™ p*
> x(a)log|t— ¢ =>" x(a)log|1 — ¢
a=1 b=1a=b (mod p*)
pk
=> xb) D loglt - ¢
b=1 a=b (mod p*)
pl«
=> x)log] J[ (1-¢Y
b=1 a=b  (mod p*)
pk
x(0)log | T(x = ¢t+#")]

k

pk
= x(b)log |1 — ¢

since x is even as KT is totally real.



Finally (write n =p™ t(p—1)/2=[K*t:Q])

Ok Cucel = 5 -
a2 (0L(x, 1)
R+
9 Tl )
N R+
2 lime o (G (9)/(5))
Ry+
B 21777.\/@2n(2£1);:¢\1;§}(+
N R+
= hK+

using the analytic class number formula.



