
Math 80220 Algebraic Number Theory

Problem Set 3

Andrei Jorza

due Friday, February 16

1. Show that the ideal I = (x2, y) of C[x, y] divides the product of prime ideals (x)(x, y) but I is not a
product of prime ideals.

2. Show that ∫
. . .

∫
x1,...,xa,y1,...,yb≥0∑

xi+
∑

yj≤t

∏
yj

∏
dxi

∏
dyj =

ta+2b

(a+ 2b)!
,

and deduce that the volume of the region

{(x1, . . . , xr, y1, z1, . . . , ys, zs) ∈ Rn | |x1|+ · · ·+ |xr|+ 2
√
y21 + z21 + · · ·+ 2

√
y2s + z2s ≤ t}

with respect to the usual volume form on Rn is
2r−sπstn

n!
.

3. Compute the discriminant of the number field Q(ζp).

4. Let K be a number field. Show that µ∞(K) = {z ∈ K | zn = 1 for some n ≥ 1} is a finite set of the
form µm for some even m ≥ 2.

5. Let K be a number field. Show that O×K = {α ∈ K | |NK/Q(α)| = 1}.
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