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1. Let S be a finite set of finite places of a number field K and OS = {x ∈ K | v(x) ≥ 0,∀v /∈ S} be the
subring of S-integers. Show that O×S is a finitely generated abelian group of rank rkO×K + |S|.

2. Let v be any place of a number field K. For w 6= v fix constants δw > 0 such that δw = 1 for almost
all w. Show that there exists x ∈ K× such that |x|w ≤ δw for all w 6= v. [Hint: Use adelic Minkowski.]

3. Let v be any place of a number field K. Write Av
K =

∏′
w 6=v,{Ow}Kw for the topological subring of∏

w 6=vKw consisting of tuples (xw)w 6=v such that xw ∈ Ow for almost all w. Show that while K ⊂ AK

is discrete, K ⊂ Av
K is dense.

4. Find an element x ∈ Q such that |x− 1|7, |x− 2|11, |x+ 2004|∞ < 1/10.

5. Let K be a number field.

(a) Show that if I is an ideal there exists a number field L/K such that IOL is principal. [Hint: some
power of I must be principal.]

(b) Show that there exists a number field L/K such that every ideal of OK becomes principal in OL.
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