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1. Let m be a square-free integer 6= 1. Let K = Q(
√
m) and OK be the ring of integers. Show that the

following are prime factorizations of (p)OK in OK :

(a) if p | m then (p)OK = (p,
√
m)2.

(b) if m is odd then

(2)OK =


(2, 1 +

√
m)2 m ≡ 3 (mod 4)

(2, 1+
√
m

2 )(2, 1−
√
m

2 ) m ≡ 1 (mod 8)

(2) m ≡ 5 (mod 8)

[Careful how you apply the decomposition theorem from class.]

(c) if p > 2 and p - m then

(p)OK =

{
(p, a+

√
m)(p, a−

√
m) m ≡ a2 (mod p)

(p) m not a square mod p

2. Let p > 2 be a prime. You may suppose that the ring of integers of K = Q(ζpn) is OK = Z[ζpn ]. Show
that:

(a) (p)OK = (p, 1− ζpn)p
n−1(p−1) and

(b) if q 6= p is a prime and r is the smallest positive integer such that qr ≡ 1 (mod pn) then (q)OK =
q1 · · · qd where d = pn−1(p − 1)/r is the prime factorization of the ideal (p)OK and K/Q is
unramified at qi/q with fqi/q = r.

3. Let K = Q( 3
√

7) with ring of integers OK = Z[ 3
√

7].

(a) Determine which integral primes p ramify in K and how.

(b) Find examples of unramified primes p with decomposition (p)OK = q1 . . . qr in the following cases:

i. r = 3, fqi/p = 1;

ii. r = 2, fq1/p = 1 and fq2/p = 2;

iii. r = 1, fq1/p = 3.

4. Let m < 0 be square-free and consider K = Q(
√
m).

(a) Show that there is a multiplication map

Φ :
⊕

ep/p>1

(Z/2Z)[p]→ Cl(K)[2]

where Cl(K)[2] = {I ∈ Cl(K)|I2 = 1} and the map is

Φ : ⊕ei[pi] 7→
∏

peii

1



(b) Show that the kernel of the map Φ is isomorphic to Z/2Z with generator ⊕p where the sum is
over p | p | m. [Hint: Use that m < 0 to show that (n,

√
m) is not principal for n | m unless

n = m. You will have to treat the cases m ≡ 1, 2 (mod 4) and m ≡ 3 (mod 4) separately.]

(c) (Original version of this part was wrong, fixed now) Suppose [I] ∈ Cl(K)[2]. Show that there

exists a fractional ideal J ∈ [I] such that J = J . [Hint: Show that the principal ideal II
−1

is
generated by some αα−1 using Hilbert 90.]

(d) Deduce that Φ is surjective and therefore

|Cl(K)[2]| = 2M−1

where M is the number of primes p which ramify in K.
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