Math 40520 Theory of Number
Homework 8

Due Wednesday 10/21

Do 4.

1. Let a be a nonzero integer.

(a) Show that there exists at least one prime p such that (2) = 1. [Hint: You seek a prime p such
p

that a = b (mod p) for some integer b.]

(b) Show that there are infinitely many primes p such that (2) = 1. [Hint: We did this in class for
p

a=-1and a=-3]
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2. Compute, using quadratic reciprocity, the Legendre symbol (—2017>-

3. Let p > 5 be a prime number and write P = {1,2,...,(p — 1)/2}. Show that # € P is such that

5z € 5PN (—P)

p+1 p—1 3p+1 2p—1
— | <zx< <zx<
[10}-”3—{5J0r{10 =T=175

and conclude that for p > 5,

if and only if

P —1 ifp=+43,47 (mod 20)

(5) B {1 if p=£1,49 (mod 20)

and remark that this is equivalent to the simpler statement
5 1 if p=+4+1 (mod 5)
p) |-1 ifp=42 (mod5)
4. Let p be an odd prime. Suppose that a # 0 is a square mod p. Show that a is a square mod p™ for
every n > 1.

5. Let p > 3 be a prime. What is the sum modulo p of all the quadratic residues mod p?

6. Show that (2% — 13)(2? — 17)(2® — 13 - 17) = 0 has no rational solutions but has solutions modulo n
for every positive integer n.

7. Determine all the rational solutions to the equation % + 2y? = 11. [Hint: Parametrize these rational
points with rational points along a line, as we did in class with Pythagorean triples.]



