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Bonds

A bond is an instrument which pays periodic coupon
payments plus a final lump sum redemption amount
at the end of the term.

0 1 2 n− 1 n

F · r F · r . . . F · r F · r + C

Terminology:

F is the coupon face amount/face value/par value

r is the coupon rate r is NOT “the interest rate”

C is the redemption amount, typically the same as the
face value

n is the term of the bond



Bonds

A bond is an instrument which pays periodic coupon
payments plus a final lump sum redemption amount
at the end of the term.

0 1 2 n− 1 n

F · r F · r . . . F · r F · r + C

Questions:
What should you pay for such a bond?
Suppose a bond is valued at price P at the moment the
bond is issued. What is the implied yield rate?

Bonds typically pay semiannually, but sometimes quar-
terly. If a bond pays m times a year, it is customary to
quote the coupon rate as r(m) and the (implied) yield rate
as i(m).



Treasury Auction



Treasury Results



Pricing bonds

0 1 2 n− 1 n

F · r F · r . . . F · r F · r + C

P

j j j j j

P = Fr · an j + Cνnj

P = price at issue

j = implied per period yield rate.

A zero coupon bond is a bond where r = 0, i.e., you
receive only the redemption.

P = Cνnj .
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Pricing bonds

0 1 2 n− 1 n

F · r F · r . . . F · r F · r + C

P

j j j j j

P = Fr · an j + Cνnj

P = price at issue

j = implied per period yield rate.

High yield price for 3/27/23 auction of 2-year T-Notes.

r(2) = 3.875% r = 1.9375%

i(2) = 3.954% j = 1.977%

n = 4 F = C = 100

P = Fra4 j + Cν4j P = 99.8495107308373



Yield rate from price
4.1.6

(i(4) = 12.64%)



Relation between price and yield rate

The results of the auction of 3/27/23 with F = 100 and
r(2) = 3.875%.

Yield rate Price
High yield i(2) = 3.954% 99.894511
Par yield i(2) = r(2) = 3.875% 100
Median yield i(2) = 3.87% 100.009534
Low yield i(2) = 3.8% 100.143137

Price vs Yield

As the yield rate goes down the price goes up and vice-
versa.

Remark
In a bond sale auction the low yield is the first to occur.



Pricing bonds: The typical case F = C.

P = Fran j + Fνnj P = Fran j + F (1− jan j)

= Fr

(
1− νnj
j

)
+ Fνnj = F + F (r − j)an j

Price vs Yield

As the yield rate j goes down the price P goes up and
vice-versa.

Price Yield rate
Discount P < F j > r
At par P = F j = r
Premium P > F j < r



Pricing bonds: The general case F 6= C.

Algebra trick: use the modified coupon rate g = r · F
C

with F · r = C · g.

0 1 2 n− 1 n

F · r F · r . . . F · r F · r + C

P C · g C · g . . . C · g C · g + C

j j j j j

P = Fran j + Cνnj P = Fran j + C(1− jan j)

= Cg

(
1− νnj
j

)
+ Cνnj = C + C(g − j)an j

From now on we will always assume that F = C unless
otherwise specified.



Pricing bonds: The general case F 6= C.
Algebra trick: use the modified coupon rate g = r · F

C

with F · r = C · g.

P = Fran j + Cνnj P = Fran j + C(1− jan j)

= Cg

(
1− νnj
j

)
+ Cνnj = C + C(g − j)an j

Price vs Yield

As the yield rate j goes down the price P goes up and
vice-versa.

Price Yield rate
Discount P < C j > g
At par P = C j = g
Premium P > C j < g
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0 1 2 n− 1 n

F · r F · r . . . F · r F · r + C

P

j j j j j

P = Fr · an j + Cνnj

F is par or face value

r is coupon rate

F · r is coupon payment

C is the redemption, typically C = F



Recall from last lecture
Price Yield rate

Discount P < F j > r
At par P = F j = r
Premium P > F j < r



Why would anybody pay more??
The treasury offers 100 10-year bonds of $100 each, with
r(2) = 2% semiannual nominal coupon rate. In the auction,
the only prices offered are $90, $100, and $110.

Price Nominal yield i(2)

$90 3.17%
$100 2.00%
$110 0.95%

The real choices are

Scenario Yield
Low yield bond (first to bid) 0.95%
Medium yield bond (middle to bid) 2%
High yield bond (last to bid) 3.17%
No more bonds to bid on 0%
Risky assets high yield



Why would anybody pay more??
The treasury offers 100 10-year bonds of $100 each, with
r(2) = 2% semiannual nominal coupon rate. In the auction,
the only prices offered are $90, $100, and $110.

Price Nominal yield i(2)

$90 3.17%
$100 2.00%
$110 0.95%

The real choices are

Scenario Yield
Low yield bond (first to bid) 0.95%
Medium yield bond (middle to bid) 2%
High yield bond (last to bid) 3.17%
No more bonds to bid on 0%
Risky assets high yield



Exercise
4.1.24

(P = 2000)



Makeham’s formula

P =
r

j
F +

(
1− r

j

)
K = K +

r

j
(F −K)

where K is the PV of the redemption amount.



Pricing bonds with Makeham’s formula

r(2) = 3.625% r = 1.8125%

i(2) = 3.686% j = 1.843%

K = Fν60j = 33.42943 P = K +
r

j
(F −K) = 98.898317.



The book value of a bond

Book Value

The book value of a bond at time t is the present value
of all future coupon and redemption payments using the
original purchase yield rate as interest rate.

Immediately after a coupon payment:

0 1 2 t t+ 1 n

F · r F · r . . . F · r F · r F · r F · r + C

P BVt F · r F · r F · r + F

BVt is the price of a bond with the same coupon and yield
rate but with term n− t:

BVt =
r

j
F +

(
1− r

j

)
K =

r

j
F +

(
1− r

j

)
Fνn−tj ,

except BVn = 0.
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The book value of a bond

Book Value

The book value of a bond at time t is the present value
of all future coupon and redemption payments using the
original purchase yield rate as interest rate.

Between coupon payments:

0 1 2 n

F · r F · r . . . F · r F · r F · r F · r + C

P BVtlast

BVt

F · r F · r F · r + F

Use time value of money from previous coupon payment! If
the previous coupon payment occurred at time tlast then

BVt = BVtlast(1 + j)t−tlast .



The book value of a bond

Book Value

The book value of a bond at time t is the present value
of all future coupon and redemption payments using the
original purchase yield rate as interest rate.

Between coupon payments:

0 1 2 n

F · r F · r . . . F · r F · r F · r F · r + C

P BVtlast

BVt

F · r F · r F · r + F

Use time value of money from previous coupon payment! If
the previous coupon payment occurred at time tlast then

BVt = BVtlast(1 + j)t−tlast .



Book value for at par bonds
r = 10%, j = 10%, n = 10

Green graph is called market price

MPt = BVt−Fr(t− tlast).
Market price stays constant for at par bonds.



Book value for discount bonds
r = 10%, j = 20%, n = 10

Green graph is called market price

MPt = BVt−Fr(t− tlast).
Market price stays increases for discount bonds.



Book value for premium bonds
r = 20%, j = 5%, n = 10

Green graph is called market price

MPt = BVt−Fr(t− tlast).
Market price stays decreases for premium bonds.



Amortization for bonds
In dealing with bonds the interest rate is the yield rate j,
BV = OB, and PR is called amount for amortization of
principal.

BVt = Price of bond with r, n− t, F
= Fran−t j + Fνn−tj

= F + F (r − j)an−t j

=
r

j
F +

(
1− r

j

)
Fνn−tj ,

except BVn = 0.

The first formula is easiest to explain.

The second formula is used in amortization tables.

The third formula is most effective for understanding the
behavior of book value.
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Formulas for bonds:

P = Fran j + Fνnj BVt = Fran−t j + Fνn−tj

= F + F (r − j)an j = F + F (r − j)an−t j
= K +

r

j
(F −K)

=
r

j
F +

(
1− r

j

)
K =

r

j
F +

(
1− r

j

)
Fνn−tj



Amortization tables for bonds (with F = C)

t I K PR OB/BV
0 F (1 + (r − j)anj)
1 F (j + (r − j)(1− νnj )) Fr F (r − j)νnj F (1 + (r − j)an−1 j)

2 F (j + (r − j)(1− νn−1
j )) Fr F (r − j)νn−1

j F (1 + (r − j)an−2 j)

...

k F (j + (r − j)(1− νn−k+1
j )) Fr F (r − j)νn−k+1

j F (1 + (r − j)an−k j)

...
n− 1 F (j + (r − j)(1− ν2j )) Fr F (r − j)ν2j F (1 + (r − j)an−1 j)

n F (j + (r − j)(1− νj)) Fr+F F (r − j)νj+F 0

BVt = F + F (r − j)an−t j.

PR

The principal repaid is positive for premium bonds, but
negative for discount bonds.



Amortization tables for bonds (with F = C)

t I K PR OB/BV
0 F (1 + (r − j)anj)
1 F (j + (r − j)(1− νnj )) Fr F (r − j)νnj F (1 + (r − j)an−1 j)

2 F (j + (r − j)(1− νn−1
j )) Fr F (r − j)νn−1

j F (1 + (r − j)an−2 j)

...

k F (j + (r − j)(1− νn−k+1
j )) Fr F (r − j)νn−k+1

j F (1 + (r − j)an−k j)

...
n− 1 F (j + (r − j)(1− ν2j )) Fr F (r − j)ν2j F (1 + (r − j)an−1 j)

n F (j + (r − j)(1− νj)) Fr+F F (r − j)νj+F 0

BVt = F + F (r − j)an−t j.

PR

The principal repaid is positive for premium bonds, but
negative for discount bonds.



Exercise
4.2.7

(j = 3.5%, 48739.29. Here premium means P −F , i.e., what
is paid above the par value.)



Callable Bonds

Callable Bond

A callable bond is a bond with par value F and coupon
rate r for which the term n is not fixed, and can be
decided (“called”) by the bond issuer. Typically, the term
is chosen in an interval specified contractually.

For example, British perpetuities (consols) that we discussed
earlier were callable by an act of Parliament.

Example
A bond with r(2) = 5% callable between 10 and 20 years
means

0 1 2 n− 1 n

F · r F · r . . . F · r F · r + F

P

j j j j j

with 20 ≤ n ≤ 40.



Callable Bonds

Big Question: How do you compute the price of a callable
bond

P = F + F (r − j)an j
if you, the buyer, don’t have a say in the choice of n?

Correct Question 1

What price should you pay for a callable bond if you want
to guarantee a certain yield rate? (If you pay too much,
the yield rate might be too low.)

Correct Question 2

What yield rate are you guaranteed to get if you pay a
certain price for a callable bond?
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P = F + F (r − j)an j
if you, the buyer, don’t have a say in the choice of n?

Correct Question 1

What price should you pay for a callable bond if you want
to guarantee a certain yield rate? (If you pay too much,
the yield rate might be too low.)

Correct Question 2

What yield rate are you guaranteed to get if you pay a
certain price for a callable bond?



Yield rate vs term for callable bonds

A callable bond pays semiannually with r(2) = 10%, and can
be called any time between years 15 and 20.

P = 80 P = 100 P = 120
n j n j n j
31 6.518% 31 5% 31 3.880%
32 6.500% 32 5% 32 3.896%
33 6.483% 33 5% 33 3.911%
34 6.468% 34 5% 34 3.925%
35 6.454% 35 5% 35 3.938%
36 6.440% 36 5% 36 3.950%
37 6.428% 37 5% 37 3.961%
38 6.417% 38 5% 38 3.972%
39 6.406% 39 5% 39 3.982%
40 6.396% 40 5% 40 3.991%



Yield rate vs term for callable bonds

Theorem

Suppose a callable bond has face value F , coupon rate
r, callable at any time a ≤ n ≤ b.

1 If the bond sells at a discount then the yield rate j
is largest early n = a and lowest late when n = b.

2 If the bond sells at a premium then the yield rate j
is lowest early n = a and largest late when n = b.

Type of bond Term to use for calculating price
Discount Latest possible call date
Premium Earliest possible call date
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A callable bond pays semiannually with r(2) = 10%, and can
be called any time between years 15 and 20.

P = 80 P = 100 P = 120
n j n j n j
31 6.518% 31 5% 31 3.880%
32 6.500% 32 5% 32 3.896%
33 6.483% 33 5% 33 3.911%
34 6.468% 34 5% 34 3.925%
35 6.454% 35 5% 35 3.938%
36 6.440% 36 5% 36 3.950%
37 6.428% 37 5% 37 3.961%
38 6.417% 38 5% 38 3.972%
39 6.406% 39 5% 39 3.982%
40 6.396% 40 5% 40 3.991%

5% 5% 5%



Exercise
4.3.1

((a) 84.9537, 117.5885 (b) 12.79%, 7.76%)


