Homework 2

Due Tuesday, January 24

Because I missed class last Friday and Monday was off, this homework is due in on Tuesday, January 24,
at 4 PM (I will have office hours the day before).

Since the lowest homework grade will be dropped, no late homework is accepted. You are encouraged to
work together with others, but you must write up the solutions on your own. (In particular, you may not
simply say that some problem is the content of Proposition X from book Y.)

For problems 3, 4, 5 and 6 please do not consult Serre’s Local Fields.

1. Let L/K be a finite extension of local fields, let w; be a uniformizer for L and let 8 such that

kr = ki (B). Let w: kf — OF be the Teichmiiller lift (with the convention that w(0) = 0). Show that

{wrw(B) Yo<i<er, x.0<i<fr/x
are linearly independent over K.

2. (Krasner’s Lemma) Let K be a field of characteristic 0 which is complete with respect to the valuation
v.

(a) Let L/K be a finite Galois extension and «, 8 € L. If
v(B—oa) <v(f —a)

for all 0 € Gal(L/K) — Gal(L/K («)) show that o € K(f5).

(b) If f € K[z] has degree d show that there exist real numbers a, b such that if g € K[z] has degree
d and vo(f — g) > a then any root 3 of g satisfies v(8) > b.

(c) If f € Klx] is irreducible of degree d show that there exists a constant ¢ such that if g € K[z] has
degree d and vo(f — ¢g) > c then g is irreducible and K[x]/(g) = K[z]/(f).

(d) Find the Galois group of the splitting field of 2* — 1022 + 272 + 1 over Q3. [Hint: v/2 4+ /3 is a
root of % — 1022 + 1]

3. Let K = Qy[v—1, v/—2.
(a) Find a uniformizer for K.
(b) Compute Gal(K/Qsz).

4. Let p be a prime number.

(a) Show that f(x) = 2P —x — 1/p is irreducible over Q,.

(b) Let a be a root. For 0 <i < p show that there exists a unique 3; € Og, (a) such that a + f; is a
root of f(z) and B; =i (mod pg,(a)). [Hint: Hensel’s Lemma. But beware that Hensel’s lemma
only applies to monic polynomials with integral coefficients.]

(c) Deduce that Qp(a)/Q, is Galois.
5. Let p > 2 be a prime number and let ¢ be a primitive p”-th root of unity. Let K = Q,(().

(a) Find a uniformizer for K.



(b) Show that K/Q, is Galois and find the Galois group.

6. Let p > 2 be a prime number. Let K/Q, be a totally ramified Galois extension of degree p. Let vg
be a valuation on K such that Imvg = Z (necessarily then vk t v,!). Let wk be a uniformizer and
let f(z) = 2P + ap_12P~' 4 -+ + ag € Zplx] be its minimal polynomial. Show that vk (Dg/q,) =
vr (f'(wk)) is equal to the minimum of 2p — 1 and vk (a;) +i— 1 for 1 <i < p.



