
MATH 162B

PROBLEM SET 5

ANDREI JORZA

Exercise 1. This exercise will give an example1 of an element in Fil0 Bcris−B+
cris.

(1) Let y =
[ε1/p]− 1

[ε1/p2 ]− 1
. Show that y ∈ Bcris and

1

y
∈ B+

dR.

(2) Show that

1

y
=
ϕ(y)([ε1/p

2

]− 1)

[ε]− 1
∈ Bcris

(3) Show that
1

ϕ(y)
/∈ B+

dR and deduce that
1

y
∈ Fil0 Bcris−B+

cris.

Exercise 2. Let p ≡ 3 (mod 4) be a prime and let Fil−1D = D = Qpe1⊕Qpe2 ⊃ Fil0D = Qpe1 ⊃ Fil1D =
0 be a filtered ϕ-module with ϕ(e1) = −p−1e2 and ϕ(e2) = e1.

(1) Show that D is irreducible.
(2) Show that K = Qp(

√
−1) is unramified over Qp, of degree 2.

(3) Show that D̃ := D ⊗Qp
(K ⊗Qp

K) is reducible.

(4) If D = Dcris(V ) for a crystalline representation V show that D̃ = Dcris,K(V ⊗Qp
K).

Exercise 3. Let2 xn =
ωpn−1

(pn − 1)!
.

(1) Show that lim
n→∞

ωxn = 0 in B+
cris but (xn) does not converge in B+

cris.

(2) Show that lim
n→∞

xn = 0 in Bcris, and thus that the topology on B+
cris is not the subspace topology

from Bcris.

Exercise 4. Let K/Qp be a finite extension and let $K be a uniformizer. Let $ = ($K , $
1/p
K , . . .) and let

g($) = $εc(g). Let E(u) be the minimal polynomial of$K overK0. Let S = lim←−
m

(
W(kK)

[
u,
E(u)n

n!

]
n≥1

)
/(pm).

Define:

• ϕ(
∑
anu

n) =
∑
σK0

(an)upn,

• N = −u d

du
,

• Fili S =

{∑
n≥i an

E(u)n

n!
|an ∈W(kK), an → 0

}
.

(1) Show that Nϕ = pϕN .

(2) Show that ϕ(Fili S) ⊂ piS for 0 ≤ i ≤ p− 1.
(3) Show that p−1ϕ(E(u)) ∈ S×.

Exercise 5. Recall the notation from Exercise 4. Let Âst = lim←−
m

(
Acris

[
Xn

n!

]
n≥1

)
/(pm). Define:

• ϕ(
∑
anX

n) =
∑
ϕ(an)((1 +X)p − 1)n,
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1I learned about this example from Laurent Berger.
2example due to Pierre Colmez
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• N = (1 +X)
d

dX
,

• for g ∈ GK let g(
∑
anX

n) =
∑
g(an)g(X)n where g(X) = [ε]c(g)(1 +X)− 1,

• Fili Âst =

∑
n≥0

an
Xn

n!
∈ Âst|an ∈ Fili−n Acris, an → 0

.

(1) Show that the above formula gives an action of GK on Âst.
(2) Show that Nϕ = pϕN .

(3) Show that
[$]

1 +X
∈ Âst and u 7→ [$]

1 +X
gives a map S → Âst.

(4) Show that this map S → Âst respects ϕ, N and filtrations.

(5) Show that the image of S in Âst is contained in Âst

GK

. (Remark: one can show S ∼= Âst

GK

).
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