MATH 162B
PROBLEM SET 5

ANDREI JORZA

Exercise 1. This exercise will give an example® of an element in Fil® Baris — B

[e1/P] — 1 n
(1) Let y = m. Show that y € Bis and ; € Bjg-

(2) Show that
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(3) Show that —— ¢ Bl and deduce that — € Fil’ Beys — B/,
¢(y) y
Exercise 2. Let p =3 (mod 4) be a prime and let Fil™' D = D = Que; ®Qpez D Fil" D = Que; D Fil' D =
0 be a filtered p-module with p(e;) = —p~les and ¢(e2) = e;.
(1) Show that D is irreducible.
(2) Show that K = Q,(v/—1) is unramified over Qp, of degree 2.
(3) Show that D := D ®q, (K ®q, K) is reducible.
(4) If D = D¢,is(V) for a crystalline representation V' show that D= Deis, x (V ®q, K).
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(pr =D
(1) Show that lim wz, = 0in Bl but (z,) does not converge in B
n—oo

Exercise 3. Let? z,, =

+
cris”
+

cris

cris
(2) Show that lim z, = 0 in Bg;s, and thus that the topology on B .. is not the subspace topology
n—oo

from Bepis.

Exercise 4. Let K/Q, be a finite extension and let wy be a uniformizer. Let w = (wg, w%p, ...) and let

E n
g(m) = we®W). Let E(u) be the minimal polynomial of @y over K. Let S = lim (W(kK) [u, () } ) /(™).
m n>1

n!
Define:
e o(>° anu’;) =2 0k, (an)ul",
N =—u—
¢ Y

o FiI'S = {an an%\an e W(kk), an — 0}.
(1) Show that Ny = ppN.
(2) Show that p(Fil'S) C p'S for 0 <i <p—1.
(3) Show that p~lp(E(u)) € S*.
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Exercise 5. Recall the notation from Exercise 4. Let Ay = @ (Acris [] ) /(™). Define:
n>1

n!
* (X anX") =3 p(an)((1+ X)P = 1)",

Date: due Wednesday, March 14, 2012.
1 learned about this example from Laurent Berger.
2example due to Pierre Colmez



. N:(lJrX)i

dx’

for g € G let g(3 a, X™) = 3 g(an)g(X)" where g(X) = [e]“9) (1 + X) — 1,

o Xn )
Fil' Aq = ¢ > an—r € Aglan € Fil'" Agyig, a — 0
n!
n>0
Show that the above formula gives an action of G on Xs\t
Show that Ny = ppN.
(=]

[Q] —~
h h A,
Show t atlJr S btaundu|—>1Jr

Show that this map S — zg\st respects ¢, IV and filtrations.

_— G _—
Show that the image of S in Ag; is contained in Ag “ (Remark: one can show S = Ay

—_ gives a map S — K\bt

Gk

).



