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HOMEWORK 7
SOLUTIONS

Problem 1 [14.6.35] Prove that the discriminant D of the polynomial 2™ + px + ¢ is given by
( )n(n 1)/2 nqn 1 + (_1)(n—1)(n—2)/2(n_ 1)n—1pn.

Proof. Let aq,...,ay be the roots of f(x) = z™ + px + ¢. Recall the following identity (obtained
by taking the derivative of log f(z) = Y_I_, log(z — a;))

This implies that
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Problem 2 [14.6.43] Express each of the following in terms of the elementary symmetric functions:
(a) A:= Zi# ziw;.
(b) B:= Zi,j,k distinct xij:ck.

(c) C:= Zi,qu distinct 952255?55%

Solution. (a) Note that

5189 = (Z xl)(z Tjxy) = ZZwixjxk
i=1

j<k j<ki=1

= Z(m?xk + x7% + Z TiTjT)

J<k 1#],k

= Zm?wk +3 Z z;xjx) = A+ 3s3.
j#k i<j<k

Hence A = 5185 — 3s3.

(b) Similarly,

n n
8183 = (Z CUt)( Z $i$j.%'k) = Z vatxixjxk
t=1

i<j<k i<j<kt=1

2 2 2
E ((xixjxk—l—xixjxk—}—xixjxk)—i— E xt;vi:rjxk)

i<j<k t#1,5,k
B
= — + 484.
2
Thus B = 28183 — 884.
(¢) We have,
2 _ e 2
2= (Y wwm)
1<j<k
— 2,22 + 1 2,2 + 1 2,.. + i o
= Ty 5 T LT 1 T;TjTRTI T, 36 TiTjTR T T Ty
i<j<k i,5,k,0 i,4,k,l,m i,4,k,L,m,n
distinct distinct distinct
c 1 1
2.2 2
= 5 + B E TriTRT + 1 E T;T;TRT 1T + 2086.
,4,k,1 1,4,k l,m
distinct distinct
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In addition,

n

n
8185 = (Z xi)( Z TR T Ty) = Z inxjxkxlxmxn
i=1

j<k<l<m<n j<k<l<m<n i=1
1
4!

2
E Ty ;TRTI T, + 6 5 TiTjTRTL T Ty

i,7,k,l,m 1<j<k<l<m<n
distinct

1
2
= 21 E T TjTRT T, + 656
i,9,k,l,m
distinct

and thus

8284:(inmj)( Z TRT1TnTn)

1<j k<l<m<n

1 1
= 1 E x?m?wkxl + 5 E x?:rjxkxlxm + 15 E TiTjTRTITm T
iy5,k,l i,5,k,0,m i<j<k<l<m<n
distinct distinct

1
2 2
=1 E T T TRT) + 4(s185 — 6s6) + 1556
%,5,k,l
distinct
1
= 1 E x?x?xkxl + 45155 — 9sg.
%,7,k,1

distinct

Consequently,
s% = — 4 (25254 — 85155 + 18s¢) + (65155 — 3656) + 2056

+ 25984 — 28185 + 256

Qe Q

showing that C' = 6(s% — 2s954 + 25155 — 256).
O

Problem 3 [14.6.50] Suppose K is a field and f(x) = 23 + ax? + bx + ¢ € K|[z] is irreducible, so
the Galois group of f(z) over K is either S5 or As.

(a) Show that the Galois group of f(z) is As if and only if the resultant quadratic polynomial
g(z) = 2% + (ab — 3c)x + (b3 + a®c — 6abc + 9¢?) has a root in K.

(b) If ch(k) # 2 show that the Galois group is As iff the discriminant of f(z) is a square in K.

(¢) If ch(k) = 2 show that the discriminant of f(x) is always a square. Show that f(x) can be
taken to be of the form 3 + px + ¢ and that the Galois group of f(z) is Az iff the quadratic
22 + gz + (p® + ¢2) has a root in K.
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Proof. (a) Let G be the Galois group of f over K.
(=) Assume that G = Az. Then G is composed of the following elements

ara a—f Q=
o1:{B—= B o02:{B—=vy 03:8F—a
el Y Y= B

Let 6 = af8%2 + 72 +va? and 6, = o2+ 2y +~2a. Since a+ B+ = —a, af+ By +ya=1b
and afy = —c¢, some straightforward computations show that 6, + 62 = 3c — ab and 6,60, =
b3 4 a3c — 6abc + 9¢?, so 0, and 6 are the roots of g.

Now it is easy to check that o; (1 < i < 3) fixes §; (1 < j < 2). In particular, this implies that
g has a root in K.

(«<=) Conversely, assume that g has a root in K, say ¢; € K. If G = S3 then G contains the
element

a— g
o8B
y .
This means that o(6;) = 63, and since o fixes K we must have 6; = 65. However, 0, — 0, =
(a—B)(B—7)(y—a)#0, since a, B, are all distinct (f is irreducible). This is a contraction, so
G = As.

Finally, in view of the usual discriminant formula for a quadratic and (14.18’) we see that

D(g) = a?b? — 4b® — 4a®c — 27¢* + 18abe = D(f).

(b) Let A be the discriminant of g. By (a) we infer that G = Aj iff 1[(3c — ab) £ VA] € K,
which is equivalent to saying that A is a square in K. Since A is also the discriminant of f, the
conclusion follows.

(c) If char(K) = 2 then D = (ab — ¢)? is always a square in K. As shown on page 611, f can
be written in the form 3 + px + ¢, where p = b — %2 and q = 21—7(2a3 —9ab+ 27¢). In characteristic
2, it is not hard to see that the resultant polynomial becomes g(x) = 22 + gz + (p® + ¢*) and by
(a) we are done.

O

Problem 4. Determine the Galois groups of the following polynomials in Q[z]: x* — 25, 2* + 4,
2+ 222+ +3, 25 +2 —1, 2° + 202 + 16.

Solution.

o Let f(z) = 2* —25. Then F = Q(v/5,1) is a splitting field of the separable polynomial f and
[F': Q] = 4. Thus, Gal(F/Q) = Z/AZ or Z/27 x Z/27Z. Note that Gal(F/Q) contains the
following distinct elements of order two:

¢{\/5}—>\/5 amdzb:{\/g}—}\/5

1= —1 1> 1.

Therefore, Gal(F/Q) is the Klein four-group.
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o Let f(z) = a* +4 = (22 — 22 + 2)(2® + 22 + 2). The roots of f are +1 + i, so the splitting
field is Q(¢), which has degree 2 over Q. Therefore, the Galois group of f is cyclic of order 2.

o Let f(r) = 2* 4222 + 2 +3. Note that f is irreducible over Q and the discriminant D = 3877
is not a square. From the discussion on page 615 we infer that the Galois group of f is Sy.

o Let f()=a+2—1= (22 —2+1)(x3+ 2% — 1) = fifo. Clearly, the splitting field of f; is
K1 = Q(v/-3) and Gal(K;/Q) = Z/27Z. Now, since the discriminant of f, is -23 the remarks
on page 613 imply that the splitting field of fo is Ko = Q(60,v/—23) and Gal(K5/Q) = S5 (for
any one of the roots 6 of f3). By [13.4.6] we know that K K is the splitting field of f. It is easy
to see that K1 N Ky = Q so by Proposition 21 we conclude that Gal(K1 K2/Q) = Z/27 x Ss.

e Let f(x) = 2% 4+ 20z + 16. Note that f has discriminant 2'65% (by Problem 1), which implies
that its Galois group is a subgroup of As (by Prop 34, Sec. 14.6). It is straightforward to
check that f is irreducible modulo 3, so it is also irreducible over @Q and thus the Galois group
contains a 5-cycle. Modulo 7, f(z) factors as

2° + 20z + 16 = (x — 4)(x — 5)(2® 4+ 222 + 52 + 5) (mod 7),

showing that the Galois group also contains a 3-cycle. Since a 3-cycle and a 5-cycle generate
all of As, it follows that the Galois group of f(z) is As.

O

Problem 5. Let p be a prime. A finite extension of fields K/F is said to be a p-extension if
[K : F] is a power of p.

(a) Suppose K/F is a Galois p-extension and L/K is another Galois p-extension. Let E/L be any
extension such that E/F is Galois. Show that there exists a Galois p-subextension E,/K of
E/K which is maximal among the Galois p-subextensions of E/K.

(b) Show that E,/F' is Galois and deduce that the Galois closure of L/F is a p-extension of F.

(¢) Give an example of a p-extension K/F and a Galois p-extension L/K such that the Galois
closure of L/F is not a p-extension of F'.

Proof. (a) Since E/F is a Galois extension it follows that E/K is Galois (so finite) and thus there
are only finitely many subfields of E that contain K. Let S be the set of all Galois p-subextensions
E/K (clearly S # 0 because L € S). By the above § is finite, so we can write S = {F1,..., F,}.
Take E, to be the the composite E, := E1Esy ... E,.

By Prop.21 (Sec.14.4) E, is Galois over K. Moreover, since [E; : K| = p* for some a; € N,
we obtain that [E, : K] | p=i=1% (by Cor. 20, Sec. 14.4) and therefore E,/K is a Galois p-
subextension of E/K. By construction, any Galois p-subextension of E/K is a subextension of
E,/K, thus E,/K is maximal among the Galois p-subexntesions of E/K.

(b) Let 0 € Gal(E/F), it is enough to show that ¢ fixes E,. Indeed, since K/F is Galois we have
that o(K) = K and hence o(E),) contains K. Moreover E, and o(E),) are naturally isomorphic,
implying that o(E,)/K is a Galois p-extension. Consider the composite M = o(E,)E,, then (as
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above) [M : K] | [E, : K|[o(E,) : K] so M/K is a Galois p-extension. By maximality, we infer that
M = E, and thus o(E,) = E,.

Finally, note that L € S so the Galois closure of L/F is a subextension of E,/F, and hence a
p-extension of F' (by degree considerations).

(c) Take F = Q, K = L = Q(¥/2). Then K/F is a 3-extension and L/K is trivially a Galois
3-extension. However, the Galois closure (@(\3/§7 (3) of L is of degree 6 over F', which is not a power
of 3.

O



