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Introduction

Let M be a C*-manifold. If one wants to classify all differentiable fibre bundles
over a given manifold which have M as fibres, then one must study the topology
of the corresponding structure group Diff M, the group of all diffeomorphisms
of M equipped with the C® topology. It is easy to see that the connected
component Diff, M of the identity of Diff M is an open subgroup. Therefore
the natural topology on the quotient group 2(M)=Diff M/Diff, M, the diffeo-
topy group of M, is the discrete topology. Hence we have a fibration

B Diff, M - B Diff M - K(2(M), 1).

We may call cohomology classes of B Diff M characteristic classes of differenti-
able M-bundles. The above fibration shows that the cohomology H*(B Diff M)
can be approximated by that of the group 2 (M) with coefficients in the 2(M)-
module H*(B Diff, M).

Recently some information has been discovered about the homotopy groups
of Diff, M for spheres and aspherical manifolds (see [FH]) and also there is
a general result about 2 (M) for simply connected manifolds due to Sullivan
[S]. However the problem to determine the topology of B Diff M, in particular
the problem to compute characteristic classes of differentiable M-bundles should
be considered to be completely open.

The purpose of the present paper is to attack the above problem in the
case where M is a closed orientable surface X, of genus g=2. In this case
Earle and Eells [EE] proved that Diff, X, is contractible. Hence B Diff, X,
is a K(.#,, 1) where Diff, Z, is the subgroup of Diff X, consisting of all orienta-
tion preserving diffeomorphisms and #,=n,(Diff, Z,) is the mapping class
group of Z,. Therefore characteristic classes of surface bundles can be naturally
identified with the cohomology classes of the mapping class group. On the
other hand .#, acts on the Teichmiiller space of genus g properly discontinuously
and the quotient space M, is the moduli space for compact Riemann surfaces
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of genus g. Hence the rational cohomology of .#, is naturally isomorphic to
that of M,. In this way characteristic classes of surface bundles are related
to various branches of mathematics so that they should find many applications.

Now the contents of this paper are roughly as follows. Definitions of charac-
teristic classes of surface bundles are given in § 1 and in §2 we give known
relations among them. § 3 is devoted to a study of the interplay between three
types of mapping class groups. In §4 we construct various surface bundles ex-
plicitly and in §§ 5, 6 we compute the characteristic classes of them. In § 7 we
extend these results to the case of surface bundles with cross-sections. As a
consequence it turns out that our characteristic classes are highly non-trivial
(see Theorem 7.5). Finally as an application we give in § 8 a negative solution
to the generalized Nielsen realization problem. More precisely we prove that
the natural surjective homomorphism

Diff, %, — /4,

does not have a right inverse for all g=18. In fact our characteristic classes
can be considered as obstructions for the existence of it. This should be compared
with Kerckhoff’s affirmative solution [Ke] to the original Nielsen realization
problem that the homomorphism splits over finite subgroups.

We have defined characteristic classes of surface bundles as in § 1 inspired
by Atiyah’s paper [A]. After we had finished the main work, Mumford’s paper
[Mu] and Miller’s paper [Mi] were published. In [Mu] Mumford initiated
a new theory of the moduli space M, and in [Mi] Miller obtained many of
the results of §§ 1, 4 and 5 of this paper. It turns out that our theory corresponds
to Mumford’s one reduced to the rational cohomology via the natural isomor-
phism H*(4,; Q)=H*(M,; Q). This can be easily proved by passing to a tor-
sion-free subgroup of .4, of finite index (cf. [Hav]). However we prefer to develop
our theory in the framework of topology as far as possible.

The main part of the results of this paper have been announced in [Mo 1].

1. Definitions of characteristic classes of surface bundles

Let Z, be a closed orientable surface of genus g. In this paper we always assume
that g=2. A differentiable fibre bundle n: E — X with fibre X, is called a surface
bundle or a X -bundle. Let ¢ be the “tangent bundle” of n. Namely it is the
subbundle of the tangent bundle of E consisting of those vectors which are
tangent to the fibres of the bundle. It is a 2-plane bundie over E. If £ is orientable
and an orientation is given on it, we say that the surface bundle n: E—» X
is oriented. Henceforth we always assume this condition. Then we have the
Euler class

e=e({)eH*(E; Z)
which will be called the Euler class of the bundle. We define
e=mn,(e"YeH(X;Z)
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where m,: H2¢*W(E; Z) » H*'(X; Z) is the Gysin homomorphism (of course
eo=2—2g).

Next we define a g-dimensional complex vector bundle  on X as follows.
For each fibre E,=n"1(x) (xeX), we consider the real cohomology H!(E_; R).

It is easy to see that the natural projection | ) H'(E,; R) - X admits a canonical
xeX

structure of a 2g-dimensional real vector bundle over X which we denote by
- Now choose a fibre metric on ¢ so that each fibre E, inherits a Riemannian
metric. Since E, is a two-dimensional manifold, any Riemannian metric on it
induces a complex structure and hence a hyperbolic structure by the Uniformiza-
tion Theorem of Riemann surfaces. Hence we have another fibre metric on
¢ such that the induced Riemannian metric on each fibre has constant negative
curvature — 1. For simplicity we assume henceforth that the fibre metric on
& is such a metric. Now if we identify H!(E,; R) with the space of harmonic
1-forms on E_, then the s-operator on H!(E,;R) satisfies *>= —1. Hence it
induces a structure of g-dimensional complex vector bundle on ng. We define
 to be this bundle. It is easy to see that the isomorphism class of # does
not depend on the choice of the metric on &. Also the spaces of holomorphic
differentials on E, (xeX) define another g-dimensional complex vector bundle
over X. However it is easy to see that this bundle is naturally isomorphic
to the conjugate bundle 77 of #. Now we define

Cizci(ﬂ)EHZi(X; 7)

where ¢;(#) is the i-th Chern class of #.

It is clear from the above definitions that the cohomology classes ee H*(E; Z)
and e;, c;e H*!(X ; Z) are functorial in the obvious sense. In fact we can define
them at the classifying space level as follows.

The structure group of oriented X -bundles is the group Diff, Z, of all orien-
tation preserving diffeomorphisms of X, equipped with the C* topology. Hence
if we denote B Diff . X, for the classifying space of it, there is a Z,-bundle

¥, - E Diff, %, - B Diff, %,

called the universal X,-bundle such that any X -bundle n: E — X can be obtained
as a pull back bundle of it by a certain continuous map f: X - B Diff, Z,,
which is then called the classifying map of the bundle. Now, as already mentioned
in the introduction, the result of Earle and Eells [EE] implies that B Diff, 2,
is an Eilenberg-MacLane space K(.#,, 1) where #,=n,(Diff, Z,) is the map-
ping class group. It follows that the isomorphism class of a surface bundle
n: E — X is completely determined by a homomorphism

h:m (X)—> A,

which is induced from the classifying map. We call it the holonomy homomorphism
and Im h the holonomy group of the bundle. The total space E Diff, X, of the
universal X -bundle is also an Eilenberg-MacLane space whose fundamental
group is naturally isomorphic to the mapping class group .,
=1,(Diff, (Z,, *)) where Diff, (2, #) is the subgroup of Diff, X, consisting
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of all base point preserving diffeomorphisms. It is easy to see that E Diff, X,
can be considered as the -classifying space for 2 -bundles with cross sections.
We identify cohomology classes of B Diff, X, and E Diff, X, with those of .#,
and .4, , as abstract groups.

Now if we apply the former constructions to the tangent bundle of the
universal X -bundle, we obtain certain cohomology classes

ecH*(EDIff, 2,; Z)=H* (M, ,; Z)
e, ;e H¥ (B Diff, ,; Z)= H*(M,; Z).

We use the same letters e;, ¢; for the elements n*(e)), n*(c)e H* (M, ,; Z) where
n: My~ My is the natural homomorphism. The cohomology class
c;€ H*'(#,; Z) can also be introduced in a different way as follows. The natural
action of .#, on the cohomology H'(Z,; Z) preserves the symplectic form on
it given by the cup product. Hence if we choose a symplectic basis for H*(Z,; Z),
we obtain a homomorphism

My —Sp(2g;Z)

where Sp(2g; Z) is the group of all 2g x 2g symplectic matrices with integral
entries. This induces a homomorphism .#, - Sp(2g; R). Now the maximal com-
pact subgroup of Sp(2g; R) is isomorphic to U(g). Hence passing to the classify-
ing spaces we obtain a continuous map

B Diff, £,=K(A#,, 1) BU(g).

Now it can be checked that the cohomology class c¢;e H*!(#,; Z) coincides
with the pull back of the universal Chern class c;e H*¥(BU (g); Z) under the
above map.

Next we consider one more type of surface bundle. Let

s' - £ Diff, ,—»EDiff , Z,

be the S'-bundle defined by the cohomology class e H*(E Diff, Z,; Z). Then
EDiff, ¥, is again an Eilenberg-MacLane space and its fundamental group
is naturally isomorphic to the mapping class group ., ,=mny(Diff (27, 0X7))
where ZJ=2 —Int D? and Diff(£2, 0Z7) is the group of all diffeomorphisms
of 22 which restrict to the identity on the boundary. E Diff, X, is the classifying
space for surface bundles with cross sections whose normal bundles are trivial
and have a specific trivialization. As before we use the same letters e, c; for
the elements #*(e;), #*(c)e H*'(E Diff, 2,; Z)=H* (4, ,; Z).

2. Relations between characteristic classes

In this section we investigate relations among various cohomology classes of
the mapping class groups defined in § 1.

To deduce the first relation, we follow Atiyah’s argument in [A]. Thus let
n: E— X be an oriented Z,-bundle, ¢ the tangent bundie of it and let n be
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the g-dimensional complex vector bundle defined in §1. Then as in [A] the
index theorem for families of elliptic operators [AS] applied to the signature
operators on E, (xe X) gives

ch (n* —n) =, (L)

where ch is the Chern character and for any real vector bundle { of dimension
2n, L(0) is defined to be

n

-~ X
LO= E tanh x,/2’

where the Pontrjagin classes p;({) of { are expressed as the elementary symmetric
functions in x%, ..., x2 as usual so that the right hand side is a polynomial

x
f p; e i .
of p;({) because tanhx/2 is an even function of x. We have

chig*—m=g-+ X~ ¥ P (g+3 27)
) Z Si(’?)

il

i:odd

where s5;(n) is the characteristic class of n corresponding to the formal sum
Y xi (it is a polynomial in the Chern classes of #, see [MS]). On the other

n*(Z(f))=7T*{ (14‘2( 1~ 1(2:' BZ‘( )Zl)}

.. B,;
222(_1)'_1(23! €3i—1

J
hand

where ¢ is the Euler class of & and B,; is the 2i-th Bernoulli number. Hence
we obtain

€zi-1=(— 1) B, ) (R-1)

Since the above argument holds for any surface bundle, we conclude that (R-1)
gives a relation in H*~2(#,; Q). This remark also applies to the arguments
below.

Secondly it is clear from the definition that the bundle 7y is a flat bundle
with structure group Sp(2g; Z). In fact it is defined by the homomorphism
7, (X)— Sp (2g; Z) which is the composition of the holonomy homomorphism
with the natural homomorphism .#,— Sp(2g; Z). Hence all the Pontrjagin
classes of # vanish. Equivalently we have

;=0 in H*(A4;Q) (i=1,2,..). (R-2)
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Now it can be derived from a result of [BH] that if we impose the relation
(R-2) to the universal Chern classes ¢, ..., ¢,, we obtain exactly characteristic
classes of flat Sp (2g; R)-bundles which correspond to elements of the relative
Lie algebra cohomology H*(sp(2g; R), u(g)). Therefore we can conclude that
there exist natural isomorphisms

Qley, €3, ... ]/relations= H*(sp(2g; R), u(g); Q)
®-1)(R-2)

= H*(S?x $*x ... x §2%; Q)

where the second isomorphism is only additive and is again due to [BH]. Also
it is clear from the above that the Chern classes of #, c;(y#), are polynomials
in e; (j: odd). In short then we can say that the characteristic classes ey, e, ...
are precisely those of 5 as a flat Sp (2g; R)-bundle.

Next we describe the third relation which the author learned from Mumford
[Mu]. Let n: E— X be an oriented surface bundle and suppose a fibre metric
is given on the tangent bundle ¢ of it as in §1. Let n*(y) be the conjugate
bundle of the pull back bundle n*(n). We define a map

b:w*(n) - &*

as follows. Let xe X and let @ be a harmonic 1-form on E, with the correspond-
ing real cohomology class [w]e H! (E,; R). Then we define

b[o)@=0@)+)/~1+o@) (veTE,),

where * denotes the Hodge’s *-operator. It can be checked that b is complex
linear so that it is a bundle map. Moreover it is easy to see that b is surjective.
Hence we have a short exact sequence of complex vector bundles over E:

0—-Kerb—n*(n)—E&*—0.
Therefore

c(Kerb)=n*(1—c,(n)+c(m)—... + (= 1Dfc )1 +e+e2+...).
Since ¢;(Ker b)=0 for all k=g, we have the following relation in H* (.4, ,; Z):
—et e 4o+ (—1)FFTE,=0 (k2g) (R-3)

(recall that we write simply c; for n*(c)e H*!(#, ,; Z)). Since c, is divisible
by e in H*#(.#, ,; Z), Proposition 3.3 below implies

cg=0 in H*®(A, ;Z). (R-4)
Applying the Gysin homomorphism =, to (R-3), we obtain

€1 —€—2C +...+(—1Pe_g_y1c,=0 in H**"V(4,;Z)
forall k=g (R-5)
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here we understand e_; =0. Then the argument of Mumford ([Mu], Corollary
6.2) shows that the relations (R-1) and (R-5) imply the fact that e,e H**(.#,; Q)
can be expressed as a polynomial in e, ..., e,_, for all kzg—1. In our recent
papers [Mo 2, 3], we have obtained more relations. For example we have

g+1
22 ey pik—1—{Ck eh—l+( 1 )eg+k—1 ept...

g+1 . -
+( g )ekeh+g—l+ek-1 ehsgy=0 in HX*E*" 5 V(g Q)

for all h, k=0. (R-6)
{2g(2—2g)e—e}** =0 in H*®*V(A4,; Q). (R-7)

See [Mo 2, 3] for more relations and proofs (see also [Harr] in which Harris
proved (R-7) by a method of algebraic geometry). Finally [Har 3] determined
the virtual cohomological dimensions of the mapping class groups. In particular
ved(4,)=4g—5 and ved(4, ,)=4g—3. Hence we have

(i) any polynomial in e, e,, ... of degree>4g—5 vanishes

R-8
(i) any polynomial in e, e, e,, ... of degree >4 g—3 vanishes. R-8)

We sum up the above as
Theorem 2.1. We have homomorphisms

Qfey, ..., e,_;]/relations - H* (4, ; Q)

Qley, ..., e, ,]/relations » H* (A4, ,; Q)

Qle, ey, ..., e, ,]/relations —» H* (A4, ,; Q).

Observe that the first known relation between e,, ..., e,_, occurs in degree

2g—2. As Mumford says in [Mu] for the first homomorphism, it seems to
be reasonable to conjecture that the above homomorphisms are all isomor-
phisms up to small degree. Harer’s result [Har 1] shows that they are actually
isomorphisms in degree 2 for all g=2. We prove in § 6, 7 that the above homo-
morphisms are all injective up to any given degree if the genus is accordingly
sufficiently large. However in higher degrees there seem to be still more relations
than the above. A certain study of the natural action of .#, , on the lower
central series of m,(Z,), along the lines of [Mo 2, 3], would probably provide
new relations. We would like to pursue this in a near future.

3. Relations among .4, .#, , and .4, ,

In this section we collect certain relations between the cohomology groups of
the three types of mapping class groups considered in § 1. We have the following
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commutative diagram:
0 0
VA y/

| — (T, 2) — My, —M—1

1

1 — () —— M, , ——M—1

.

where T, X, is the unit tangent bundle of Z,. The central extension 0 —>Z
— My — M, ,— 1 is defined by the element ee H*(#, ,; Z) (see §1) and the
center Z of .4, , is generated by the Dehn twist along a simple closed curve
on X which is parallel to the boundary.

Proposition 3.1. Let n: E— X be an oriented X -bundle and let k=Q or Z/p where
p is a prime not dividing (2g—2). Then the spectral sequence {EI"% d,} for the
cohomology H*(E; k) collapses so that the homomorphism n*: H*(X;k)
— H*(E; k) is injective and we have

HP(E; k)= H?(X; )@ H* "1 (X; H'(Z,; k) @ eH? "% (X; k)
where ec H*(E; k) is the Euler class of the bundle.

Proof. The Ej-term is given by E5?=HP(X; H4(X,; k)). Since the bundle is
orientable, we have

EZ°=H’(X;k) and ER*=H"(X;k).

Now consider the following commutative diagram:

H2(E; k) — H(Z,; k)

|

0,2 0,2
EZ c...c Ej

where i: Z, — E is the inclusion. Since i*(e) is the generator of H?*(Z,; k) by
the assumption, we conclude that

EQ2=E$?=.. =E%’xk.
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Hence d,=0 on E2'? and d;=0 on E$'2 Now the cup product defines an
isomorphism

, 0 0,2~ ,2
E2° @ EQ-2—=» ER2.

Hence any element of E5'2 can be written as uuUv for some ueE3° (veEY?
is the generator). Then

dy(uvv)y=d,(w)yuv+(—1)’uud,(v)
=0
because d,(u)eE2*! "' =0 and d,(v)=0. Therefore we have E%2=E% 2, It fol-
lows that the surjective homomorphism E% °®— E%° is actually an isomorphism

because otherwise let u+0 be in the kernel. Then uuv=+0 in E5 2 while [u]u
[v]=0 in E% 2, a contradiction. Therefore the differentials

dy: Ef*—>E3*%1 4, E5 ' E2°
are zero. Next consider dy: E52— E5>° Since the cup product defines an
isomorphism
Ep 0®E0 2 Ep 2

the same argument as before shows d;=0. It follows that all the differentials
d, vanish by the dimension reasons. Hence

HY(E; )=EL°@®EL, V1 @EPR 22
=H/(X; k)@ H? " (X; H' (Z,; k) ®eH""2(X; k).
This completes the proof.

If we appiy the above Proposition to the universal Z,-bundle, we obtain
Corollary 3.2. The homomorphism n*: H*(M,; k) > H* (M, ,; k) is injective and
we have

H (M, o3 )2 HP (My; K)® HP ™ (M H (Zy; K) @ eHP ™2 (M K).

From this follows that the homomorphism n,: H, (A4, ,; Z)—H, (#,;Z) is
surjective modulo (2g—2)-torsions. It is actually a surjection for *=2 as proved
first by Harer [Har 1].

Next we consider the Gysin exact sequence of the central extension 0 —Z
oMy =My — 1

__)H( *)-—-—-)Hk+2(.//{g*) Hk+2(u/f )__)Hk+1(.//{ )_’

From this we conclude

Proposition 3.3. Let #*: H* (4, ,) > H*(#, ) be the natural homomorphism (co-
efficients are in Z or Q). Then for an element ueH*(A, ,), £*(w)=0 if and
only if u is divisible by e.
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Finally let g, g;, ..., g; be natural numbers such that Xg;<g. Choose an

k
embedding of the disjoint union H Zgj of compact surfaces Zg, each with one
ji=1
boundary component, into Z7. This induces a homomorphism

UMy XXMy My .

k
Proposition 34. 1*(e)= ) p¥e) for all i21, where p;: My, | X ...X My, ,
i=1

— My, 1 iS the j-th projection.

Proof. Let n;: E;— X; be a X, -bundie with holonomy group G; lying in .4, ,
(j=1, ..., k). Namely there is given a cross section s;: X;— E; and an identifica-
tion N(s;(X;))=X;xD? where N(s;(X)) is a tubular neighborhood of s;(X;
in E;. Let X=X, x...x X, and let 7;: E;— X be the pull back of the X, -bundle
n;: E;— X; by the j-th projection X —X;. We have a cross section 5;: X - E;
and an identification N(5;(X))=X x D? (henceforth we identify them). Now let

k

£=23,~ 1] Int X2, and also we write E; for E;—X x Int D*. We attach the mani-
ji=1

k
fold X x £ to the disjoint union 11 E; along their boundaries by identifying
Jj=1

X x 62,‘;], with 6E,-=X x §'. We denote the resulting manifold by E. Then it
is easy to see that the canonical projection n: E » X admits a natural structure
of a Z,-bundle whose holonomy group is 1(G; x ... x Gy). Now let & (resp. &)
be the tangent bundle of w: E - X (resp. 7;: E;— X)). Choose a canonical framing
of the tangent bundle of Z, restricted to the subset U 8231. This induces framings
of £|UJE; and of £;| X; x S*. Therefore we have the corresponding relative Euler
cdasses f;€H*(E;, 0E;;Z), f,eH*(Xx %, X x0%;2Z) and y;eH*(E;—Int D,
X;xS';Z), x;0e H*(X;x D?, X;x S*; Z). Of course we have

el)=f0+24; and e(l)=yx; o0+

(here we omit symbols for the homomorphisms induced from inclusions and
excisions). Now clearly 7 and x} o vanish for all i22 because £, (resp. x;,o)
is a pull back of an element of H?(£, 62; Z) (resp. H*(D?, S'; Z)). Also if we
denote p;: (E;, 0E) »(E;— X;x Int D X;x S') for the natural projection, we
have §,=p¥(y;). Hence for all i=2 we have

@' =21
=Yrr )
= pF((e))-
The required assertion follows from this, completing the proof.

Remark 3.5. It might be interesting to compare the above result to Wolpert’s
result that the Weil-Petersson form of the moduli spaces restricts to subsurfaces
in a similar fashion.



Characteristic classes of surface bundles 561
4. A method of constructing surface bundles

In this section we give a method of constructing a new surface bundle from
a given one which is a generalization of the constructions of [A] and [Ko].
By this method we can construct surface bundles whose characteristic classes
are highly non-trivial. First we prepare a few facts.

Lemma 4.1. Let n: E— X be an orientable Z,-bundle with g=2. Then for each
natural number m, there exists a finite covering map X, — X such that the pull
back Z,-bundle E, — X, over X ; admits a fibre-wise m-fold covering space. More
precisely there is a finite covering map E'| — E, of degree m such that the composed
map E\| - X, is a surface bundle with fibre X, which is an m-fold covering space
of X, (hence g =m(g—1)+1).

Proof. First we recall two well-known results about the mapping class group
M,. One is the classical result that .#, is naturally isomorphic to the proper
outer automorphism group Aut™ n,(Z)/Inn=n,(Z,) of n,(Z,) (see [Bi] for the
terminology as well as more informations). Second is the fact that .4, is virtually
torsion-free, namely it has a torsion-free subgroup of finite index (see [Hav]).
Now fix an m-fold regular covering map X, — Z,. In other words choose a
normal subgroup n,(X,) of n,(Z,) of index m. There exist only a finite number
of subgroups of ,(X,) of index m so that it is easy to choose a normal subgroup
I of Aut* ,(Z,) of finite index such that the action of I preserves =, (Z,.).
Consider the natural homomorphism

ri - Autt 7, (Z,) > A,

where Aut® n,(X,)— .#, is the natural projection. It is easy to see that for
any element yelnn ,(X,) N1}, r(y) is a torsion element. Now choose a torsion-
free normal subgroup I, of .#, of finite index. Then we have
r"‘([})mlnnn,(Zg)CKer r. Let n: Aut* n,(Z,) — #, be the projection. Then
n(r~!(I3)) has finite index in .#,, let I3 be the intersection of its conjugates
so that it is a normal subgroup of .#, of finite index. Now let h: 7, (X) - #,
be the holonomy homomorphism of the given surface bundle n: E— X. We
define the finite covering map X, - X to be the one defined by the kernel
of the homomorphism n,(X)— .#,— .#,/I;. Then the X -bundle E;—X,
defined by the homomorphism n,(X,)— I3 — #,. satisfies the required condi-
tion.

Definition 4.2. We define a class 6, of C® 2n-manifolds recursively as follows.
%, is the class {one point}, €, is the class consisting of X,’s with g22 and in
general €, is the one consisting of those connected C®-manifolds which are
total spaces of orientable fibre bundles whose base spaces belong to %, and whose
fibres are disjoint union of closed orientable surfaces of genus >2. Let € denote
the class of manifolds which are type €, for some n. We call elements of € iterated
surface bundles.

It is clear from the definition that the class € is closed under the operation
of taking finite coverings.
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Proposition 4.3. Let M, be a manifold belonging to the class €, and let m be
a natural number. Then for any cohomology class uoe H 2(My; Z/m), there exists
a finite covering space p: M, — M, such that p*{(u,)=0.

Proof. We use the induction on n. The assertion is clear for the case n=1.
Thus assume that M, fibres over a manifold X e%,_, with fibre X which is
a disjoint union of orientable surfaces. n,(X,) acts on the finite set ny(2) of
connected component of ~. Let X — X, be a finite covering map which kills
this action and let My — X be the pull back bundle. We have Xe¥%,_,. Now
choose a connected component M of M. It is a finite covering space of M,
and we have the cohomology class ue H2(M; Z/m) with is the pull back of
uoe H*(My; Z/m). Also it is clear that the projection M — X is a X, -bundle for
some g, because its fibre is connected. Hence by Lemma 4.1, there is a finite
covering map X, =X such that the pull back X -bundle M, - X, admits a
fibre-wise m-fold covering map M} — M. Namely the composed map M’ —» X,
is a Z,-bundle, where X, is an m-fold covering of Z,. 7, (X ,) acts on H'(Z,.; Z/m)
which is a finite group. Let X, — X, be a finite covering which kills this action
and let X, — X'| be another finite covering such that the induced homomorphism
HY(X; Z/m)y— H'(X,; Z/m) is trivial. Let M, — X, be the pull back Z_-bundle.
We summarize the above construction as the following commutative diagram:

M, M, » M, » M
nlr,' Jz,, Jz, 12,
X,—— X, > X, X.

Let us write p: M, » M for the composition of the three maps in the above
top sequence. We claim that there is an element ve H?(X,; Z/m) such that
p*(W)=n*(v). To show this, consider the Serre spectral sequence {EP'%, d,}
for the cohomology H*(M,;Z/m). The E,term is given by E§*
=H"(X,; H(Z, ; Z/m)). p*(u) is an element of H?>(M,; Z/m) and we have short
exact sequences

0—» K- H*M,; Z/m)—E%* -0

0->EZ°>K—EL' 0

where K =Ker (H*(M,; Z/m)— H*(Z,.; Z/m)). The image of p* (u) in E%? is zero
because X, — X, is an m-fold covering. Hence p*(u) is contained in K. Then
it follows from the constructions of the finite coverings X, - X; and X, —» X
that the image of p*(u) in E!;' vanishes. Hence p*(u) is contained in
E%Z%=Im(H*(X,; Z/m)— H*(M,; Z/m)). Therefore there is an element
veH?(X,; Z/m) such that z*(v)=p*(u) as required. Now observe that X,€%, ;.
Hence by the induction assumption there is a finite covering p: X; — X, such
that p*(v)=0. Finally let M, — X, be the pull back Zg-bundle. Then it is clear
from the above construction that the finite covering M, — M, satisfies the
required condition. This compietes the proof.

Now we recall a well-known criterion for the existence of a ramified covering.
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Proposition 4.4 (see Hirzebruch [Hi]). Let M be an oriented closed 2n-manifold
and let N be a (possibly disconnected) oriented submanifold of M of codimension
2. Assume that the cohomology class ve H*(M; Z)), which is the Poincaré dual
of the fundamental homology class of N, is divisible by a natural number m as
an integral class. Then there exists an m-fold cyclic covering p: M — M ramified
along N.

Now we can describe our main construction. Let n: E — X be a given oriented
2, -bundle such that the total space E belongs to the class 4. For each natural
number m>2, we define an m-construction on it as follows. Roughly speaking
it constructs a new surface bundle from the old one by a combination of taking
pull backs and ordinary or ramified finite coverings. More precisely consider
first the following pull back diagram:

E*2 L E

E—X.

Here E*={(z, Z)e EX E; n(z)=n(z")}}, n'(z, 2')=z and q(z, z')=Z". The X ,-bundle
n': E* > E admits a cross section s: E — E* defined by s(z)=(z, z). We write
D for Ims. Let ve H2(E*; Z) be the cohomology class defined by it and let

v,.€ H2(E*; Z/m) be the mod m reduction of v. Now we consider the following
commutative diagram of surface bundles:

E% EX 'EY E¥ » E*

L

E—> Ez'—*—’ E1 El__) E.

Here the four surface bundles on the right of the above diagram are the ones
obtained by applying the construction of Proposition 4.3 (see especially the
diagram in its proof) to the X,-bundle E* - E and the cohomology class
v.e H?(E*; Z/m) teplacing M — X and ue H*(X; Z/m). In particular 'E¥ — E*
is an m-fold fibre-wise covering (see also Lemma 4.1). By the construction, the
image in H2(E%; Z/m) of the cohomology class v, comes from an element
ve H*(E, ; Z/m). Observe that E, belongs to the class €. Hence again by Proposi-
tion 4.3, there is a finite covering p: E - E, such that p*(v)=0. EX - E is the
pull back X -bundle. Clearly the image of v, in H?(E%; Z/m) vanishes. This
means the following. If we write D* for the inverse image of D under the map
E% — E*, the pair (E%, D*) satisfies the condition of Proposition 4.4. Therefore
there exists an m-fold cyclic covering E* — E% ramified along D*. The projection
E*5Eisa Z,.-bundle where X,. is an m-fold covering of X, ramified along
m points on it (hence g’=m?>g—4+m(m+1)+1). This is the surface bundle
obtained by applying an m-construction on the original bundle n: E—»X. It
is clear that £* belongs to the class € so that we can apply an m’-construction
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on E* > E. In this way starting from a surface bundle whose total space belongs
to €, we can apply m;-constructions successively (j=1, 2, ...) to obtain various
surface bundles. The 2-construction on the trivial surface bundle Z,— pt. is
nothing but Atiyah’s method in [A] (see also Kodaira [Ko]). The above is
therefore a generalization of their constructions.

5. Non-triviality of the characteristic classes

In this section we compute the characteristic classes of surface bundles con-
structed in §4. For a given oriented X,-bundle n: E— X with the total space
E being a member of ¥, we consider an m-construction on it:

L SO ;L SN

ﬁll,u n’l}.’, nj!,

E——;—) E——X.

Let eeH*(E; Z) (resp. e H?(E*; Z)) be the Euler class of n: E— X (resp. #: E*
— E). Recall that we write D < E* for the image of the “diagonal” cross section
which is an oriented submanifold of E* of codimension 2. Set D=r"1(D). We

write veH2(E*; Z) (resp. e H*(E*; 7)) for the cohomology class defined by
the codimension two submanifold D (resp. D).

Lemma 5.1. (i) The Euler class of n': E* > E is g*(e).
(i) v2=q*(e)v=(n')*(e) v in H*(E*; Z).

Proof. (i) is clear. To prove (ii), let i: D— E* be the inclusion. It is easy to
see that the cohomology class i* g*(e)=i*(n)*(e) is equal to the Euler class
of the normal bundle of D in E*. Then the required assertion follows from
a standard argument using the Thom isomorphism theorem.

1 ~
Lemma 5.2, r*(v)=m7 and hence V:E r*(v)in H*2(E*; Q).

Proof is easy and omitted.
Lemma 5.3. é=r* g*(e)—(m— 1) ¥ in H*(E*; Z)).

Proof. Let & (resp. &) be the tangent bundle of E* —E (resp. E* — E). Then
the induced bundle r*(¢) is canonically isomorphic to £ on E*—D. Also near
the locus D, the map r is locally the identity of D times the map C— C given
by z —z™ It is easy to deduce the required assertion from these facts.

Now we write &, and e, for the characteristic classes of #: E* —» E and
n: E — X corresponding to the k-th class ¢,.

v} in H2(E*; Q).

(i) & =m*{n*(e)—(1—m ~** V)],

m

-1
Proposition 5.4, (i) é=r* {q* (e)— o
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Proof. (i) follows from Lemma 5.2 and Lemma 5.3. We have

E"“=r*{(q*(e)—m;1 v)k+1}

=¥ {q*(ek+1)_(1_m—(k+l)) n*(e") v}

here we have used Lemma 5.1. If we apply the Gysin homomorphism
n,: H***D(E*; Q) —» H**(E; Q) to the above equation, we obtain

Ee=m>F*{n*(e,)— (1 —m ** 1) ¢}

here we have used the fact that the map 2,.— Z, is a ramified covering of
degree m*. This completes the proof.

If the base manifold X of a surface bundle is a closed oriented 2n-manifold,
then we can evaluate cohomology classes of X of degree 2n, which are polyno-
mials in the characteristic classes of the bundle, on the fundamental cycle of
X to obtain various numbers. More precisely for each partition I={i,, ..., i}
of n, we have the corresponding number

e [X]=¢e, ..., [X]

We call them characteristic numbers of the bundle. For each subset J = {j,, ..., j}
of a partition I={i,, ..., i,} of some natural number, we express the complement
Jo=I\J as J*={ky, ..., k,} (s+t=r). With these notations we have

Proposition 5.5. Let n: E— X be an orz;ented~2g-bundle over an oriented closed
2n-dimensional manifold X and let #: E* - E be a surface bundle obtained by
applying an m-construction on it. Then for each partition I={i,, ..., i,} of n+1,
the I-th characteristic number of #: E*¥ — E is given by

éI[E] =dm* Z(_ Iy —m~ ke 1))~--(1 _m—(k°+l)) €€, 4. +he—1 [X]
J

where d is the degree of the finite covering E—E and J runs through all the
subsets of 1. In particular &, ,[E]=d(m™"—m?) e,[X] so that if e,[ X] is different
from zero and m=1, then so is e, [E].

Proof. Using Proposition 5.4, (ii) we compute
&[El=¢,...6 [E]
=m? P {n*(e;)—(1—m~ G+ D) elt}  m?* {n*(e,)—(1—m ™+ V) e} [E]
=dm* {n*(e;)—(1—m~ O+ D) i} | {n*(e)—(1—-m~ "+ V)e} [E]
=dm? (= (L=m~ D) (1—m™ % Ve ey i [X].
J
Here the last equality follows from the fact that the Gysin homomorphism
T, : H¥* U(E; Z)— H?"(X; Z) is an isomorphism. This completes the proof.
Now we apply our m-constructions successively to obtain a “tower” of sur-
face bundles. More precisely we define a X, -bundle n,: E, - X, inductively

as follows. m, is the trivial X -bundle X, - pt. with g22 and for n=1 we define
n,: E,— X, to be the surface bundle obtained by applying an m,-construction
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onm,-y:E,_, > X,_,. Thus we have a commutative diagram:

Xn En—l ’Xn—l
1

Pn Tty -

where n,_,: E¥_,—E,_, is the pull back of n,_,:E,_, - X,_, by the map
m,_y so that Ef_,={(z,2)€E, X E,_; ®,_1(z)=m,_,(2))} (see §4). Let (X))
be the Cartesian product of n-copies of X,. We define maps p,: E, > (Z,)"*!
and p,: X, —(X,)" which make the following diagram commutative

En__f’:__+ (Zg)n+ 1

X n—_‘;_’ (Z g)”

inductively as follows, where n: (Z)"*! —(Z,)" is the projection onto the first
n-factors. First p, and p, are the identitics. For n=1, p, is defined to be the

composed map X,,-—r"—>E,,“ 1 -&'l»()?g)". To define p,, first define a map

pr i EX “’(zg)'ﬂrl

as follows. For each element (z, z)eE}_;, consider p,_,(z) and p,..,(z)e(Z,)"
By the induction assumption, the first (n— 1)-components in (Z,)" of them coin-
cide because n,_, (z)=mn,- 1 (z'). We set p¥_,(z, Z)=(p,- 1(z), the last component
of p,-i(z)e(Z)"*". Finally we define p, to be the composed map

E, SE}

=p,m, so that the induction assumption is satisfied. The above construction
shows that the X,,-bundle z,: E, - X, is a “ramified covering” of the trivial
Z-bundle (Z,)' 1 — (Z,)"

If we apply Proposition 5.5 to the surface bundles #,: E, - X, constructed
above, we can inductively determine all the characteristic numbers of them and
we obtain

a

2=1(Z,)"*!. From the definition it is easy to see that zp,

Proposition 5.6. For any non-negative integer n, there exists no non-trivial linear
relation between the characteristic numbers of surface bundles whose base spaces
are iterated surface bundles of dimension 2n.

Proof. The assertion is clear for the case n=0. We use the induction on n.
Thus we assume that the assertion holds for » and prove it for n+ 1. Suppose

that some linear relation Y a, e;=0 holds for n+ 1. Let us recall here that we
1
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can make the operations of our m-constructions for any m. Then in view of
the form of the formula of Proposition 5.5, it is easy to deduce from the induction
assumption that all the g, must vanish. This completes the proof.

In the above we have proved in particular that the n-th characteristic class
e, of n,: E,— X, is non-trivial (provided m;>1 for all i). In the next section
we prove a stronger statement (Proposition 6.4). For that we look into the
surface bundles =, : E, —» X, more closely.

We have the “diagonal” D, < Ef._, (k=1, ..., n) which is a codimension two
submanifold of E}_,. Let us write v,e H*(E¥_; Z) for the corresponding coho-
mology class. Next consider the codimension two submanifold D, =r; *(D,) of
E,. We have the corresponding cohomology class ¥,e H2(E,; Z). Of course we
have r¥(v,)=m, ¥, (see Lemma 5.2). Now we define a map Q, ;: E,— E; to be
the composition

Qn,k : En

n n-1 ax

E, ,—..oEf——E,

*
En—l

and set u{"=Q¥ (V)eH*(E,; Z) (u™=7,). Next let voe H*(Z,; Z) be the Euler
class of the cotangent bundle of X, (so that vo=2g—2e Z>H?(Z,; Z)). We define
ul = Q¥ o(vo)e H*(E,; Z). With these notations we have

Proposition 5.7. The Euler class ¢™ of the Z,,-bundle n,: E,— X, is given by
W= —{uf +(m; —DuP+...+(m,— 1) ul}.
Proof. A simple inductive argument using Lemma 5.3 yields the result.

Remark 5.8. We can define the operation of our m-constructions in the category
of algebraic varieties (apply the argument of [A]J[Hi]) so that if one wants,
we may assume that E,, X, and E¥* are all non-singular algebraic varieties and
maps between them are holomorphic. In such a situation, the cohomology class
u{ is the one corresponding to the divisor Q, (D)) of E, which turn out to
be non-singular.

Lemma 5.9. (i) (ud")? =0
1
(i) @M?=——u WP +(m,—DuP+ .. +me- —Du? ) k=1, ..., n).
my,

Proof. (i) is clear. To prove (ii), we apply Lemma 5.1 to the following commutative
diagram:

-1
*
Ef y—— E,

E, . — Xy
T —-1
we obtain
Vi= =gt (U V4 (my—Duf O+ o — Du P

here we have used Proposition 5.7 applied to the bundle m_;: E,_y = X4



568 S. Morita

If we pull back the above equation to E, by the map r,: E, — E}_,, we obtain
my = =P {uP +(m, - DuP + .. +m — D) u,

here we have used Lemma 5.2. The required assertion follows from this immedi-
ately.

6. Non-triviality of the characteristic classes (continued)

In this section we prove the following theorem which shows that there are
no relations between polynomials in e;’s in small degrees.

Theorem 6.1. For any natural number n, there exists a number g(n) such that
the homomorphisms

Qley, ..., e, ,]/relations — H*(4,; Q)
Qley, ..., e,_,1/relations — H* (4, 1 ; Q)

(see Theorem 2.1) are injective up to degree 2n for all g =g(n).

Remark 6.2. The above theorem was first proved by Miller [Mi] by constructing
surface bundles with non-zero characteristic number e, for all n and then using
Harer’s stability theorem on the homology of the mapping class groups [Har 2],
which states that the homology groups H,(.#,; Q) and H (4, ,; Q) are all
naturally isomorphic to each other in the range k<%g. (In particular we can
take 6n for g(n).) In the following we would like to give a more constructive
proof of Theorem 6.1. Our proof will play an essential role when we later general-
ize Theorem 6.1 to surface bundles with cross sections (Theorem 7.5) because
Miller’s argument does not apply to them.

To prove Theorem 6.1 we will first show (Corollary 6.5) that each class
¢; is non-trivial. Then we will use Proposition 3.4 to show the ¢; are independent
in the range of the Theorem. Now we prove

Proposition 6.3. Let n: E — X be an oriented Z,-bundle and let ec H*(E; Q) (resp.
e;=n,(e*)eH*(X; Q) be its Euler class (resp. the i-th characteristic class)
with rational coefficients. Suppose that n*(e;) is not divisible by e. Then the univer-
sal i-th characteristic class e, is non-trivial in H*'(4,,, ; Q).

Proof. Let #: E—~E be the S'-bundle defined by the cohomology class
ec H*(E; Z). Then we have the following commutative diagram:

E !, E LN X

E Diff, £,—— E Diff, Z,—— B Diff, %,
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where f: X - BDiff, X, is the classifying map. Hence f*(e;)=#*n*(e;). The
Gysin exact sequence for the rational cohomology group of the S'-bundle E — E
shows that if n*(e;) is not divisible by e, then #* n*(e;)3+0 (cf. Proposition 3.3).
The result follows from this.

Now we consider the X,.-bundle =,: E,—» X, constructed in §5. In this
section we assume that m;=2 (i=1, ..., n). We claim

Proposition 6.4. Let ec H2(E,;_,; Q) (resp. e;e H*(E,;_; Q)) be the Euler class
(resp. the i-th characteristic class) of the Xg,;_yy-bundle my;_y: Eyj_y = X5,
Then n%;_, (e;) is not divisible by e in H*(E,;_, ; Q).

If we combine Proposition 6.3 and Proposition 6.4, we obtain

Corollary 6.5. For any i, there is a number g; such that the i-th characteristic
class e; is non-trivial in H* (M, ,; Q).

To prove Proposition 6.4, we prepare a few Lemmas. We have (n+ 1) coho-
mology classes u,, ..., u,€ H*(E,; Z). Here and henceforth we simply write u,
for u{™. For each number k with n>k =0, we consider the cohomology classes

Uy, ..o, mie)e H* @ N(E,: Z)=Z

as numbers, where I|=(n+1)—k and e,e H**(X,; Z) is the k-th characteristic
class of n,: E,— X,. In the above expression we always assume that ij’s are
all different. For a finite ramified covering r: E— E, we denote degr for the
degree of it. With these conventions and notations we have

Lemma 6.6. (i) Assume that i;<n for allj=1, ..., | Then
U, .ou i e)=—22(1—-2"%*Vydegr,u;, ...u;, - (€p—y)

where e, _ e H**~Y(X,_,; Z) is the (k— 1)-st characteristic class of 7y-: En-1
i Xn-— 1
(ii) We have

uil...uilﬂ

U,y (e)=2degr,u; ...u;_, my_ (&)
—2(1=2"% Yy degr,u;, ...u;_ ()

where ¢ e H2(E,,_ ; Z) is the Euler class of m,_: E,_{ > X, _;.
Proof. Consider the following commutative diagram:

r'l

4n-1
> F*
En'l 4 En—l

We prove (i). According to Proposition 5.4, (i), we have

e =22 FH{m¥_ 1 (e)—(1-27%"D)(e)}.
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Hence we have
Uy ooty () = — 22 (1=2"%* V) degr, gF_ (... w;)) (7w, )* {(&)}

here we have used the obvious fact that u,, ...u; e, =0 (we can consider u,, ...u;
as an element of H*(E,_,; Z) because of the assumption that i;<n for all j).
Now let 1 EX_, - E}_, be the involution defined by i(z, 2')=(Z, z). Clearly it
preserves the orientation of E¥_ ; so that the induced homomorphism
1*: H¥***O)(E*_ | Z)—» H?®* ) (E*_,; Z) is the identity. Obviously n},_, 1=¢,_,
and ¢q,-, 1=m,_,. Hence we have

-y (g, o ou ), )* {(e')k} = (P (s, .. 4} G {(el)k} .

Now if we apply the Gysin homomorphism (7,_).: H2>®*“(E*_,;Z)
- H?"(E,_,; Z), which is clearly an isomorphism, we obtain

(T )* (s, .. 03) an-1 {(e’)k} =uy, ..Uy, Ty g (€~ ).
The result follows.

Next we prove (ii). Recall that u,=3r¥(v,) (see Lemma 5.2). Hence by a
similar argument as above, we have

U ..U

1 -1

Uy T () =2 deg rythy, .y, Vol )* {7t 1 () — (1 =27 % D))}

Now it is easy to see that for any cohomology class ve H*(E,_; Z), we have
the equality v,(m,_ )*()=v,q*.,(v) (cf. the proof of Lemma 5.1, (ii)). Hence
we have

Uy ooty Uy (@) =2 degr, vo(m—  )* {1y, ... uy,_ (mE_ () — (1 =27 ® D) ()},

iy

As before if we apply the Gysin homomorphism (z, _,), to the above, we obtain
the result because (%), _ )5 (v,)= 1. This completes the proof.
Next for each i, consider the cohomology class

u=(uo—2u,)uy —2u3) ... (U3, — 20y, )EH?(Ey;_ 15 7).

We claim

Lemma 6.7. The cohomology class ue H*(E,;_,; Z) defined above is contained
in Ker (Ue: H*(E,;_; Z)—» H* Y YNE,,_,: Z)).

Proof. We use the induction on i. For i=1, e= —(up+u,) and u? = —4uyu,
{see Proposition 5.7 and Lemma 5.9). The equation ue=0 follows from this
easily. Next we assume that the assertion is true for i—1 and prove it for i
(i>1). We have
—te=(Ug—2uy)...(Uy;-2—2Up; Yo+ ... +ts;-1)

=(uo—2uy) ... (Ugs- 2~ 2p;— 1) (Uzi~2+Uzi—1)

=(uo—2uy) ... (Ug;-a—2uy;-3) o+ ...+ Uz 3)(U2i y —F U2 3)

=0
here we have used the induction assumption and Lemma 5.9.

Proof of Proposition 6.4. Assume that n%;_, (e;) is divisible by e in H*(E,,_,; Q).
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Then in view of Lemma 6.7, we should have un%;_,(e;)=0. Hence to prove
Proposition 6.4, it is enough to show that the number

—_ *
Ri=un%;_(e)
is non-zero. We claim

Ri=23(1"2‘(i+1))degr2i—l degry;-2 R, (iz2).

To prove this, consider the following commutative diagram:

ra -1 r2i-2
* *
E2i—1 2i—2 EZi—Z EZi—S EZi—3
"2i~1J lﬂiiz J’fzpz l"iha lﬂzi—s
X2i—1 E2i—2 X2¢'—2 E2i—3 X2i‘3'

We denote ¢eH%(E,;_,; Z) (resp. ¢'eH?(E,;_5; Z)) for the Euler class of
Tyj—a:Esj s> X5, (resp. my; 31 Ey;o3—X,;-3) and similarly we denote
€;e H(E,;_,; Z) (tesp. €] e H*(E,;_5; Z)) for the corresponding characteristic
class. We also set t/'=(uo—2uy)...(uy;—4—2uy;—3) so that u=v'u,, ,
—2u'u,;_{. Now if we apply Lemma 6.6 to R;, we obtain
Ri=—22(1=270"Y)degry; Wy o7 5(ef- 1)
—2%degry;—y w' mli_p(e)+22(1-27C" V) degry; - w/ (€.
Now we have
wEeY=u(ug+...+ty_3+uy; o)
=u'uh;
=—~duwub; (gt ... tuyi_sy)
=0
here we have used Lemma 6.7 and Lemma 5.9. Next applying Lemma 6.6 again
we obtain
URTPTRPY 2 FRPY (/7Y
=2degry;—pu' ¥ 3(ei-1)—2(1-27) degry /(") !

=2degry;-2Ri-y
because u'(¢”)=0 (Lemma 6.7). Similarly we have

Wy o(e)=—22(1=270 V) degry o u'm}i_5(ef-y)

=-2%(1=2"%*Ydegr,;_,R;_,.
Summing up we obtain

R;=2%(1-27C*Y)degry;—, degry;-a Ri—y
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as claimed. Now again Lemma 6.6 yields
Ry =(uo—2u,) ¥ (ey)
=--22(1-2"Y degr, upn(ep)+2*°(1—2"%) degr, ¢
=3 degr;(2g—2)(2g-3)

because u,=2g—2 and e, =¢'=2—2g. Now in view of the above computations
clearly we can conclude that R;=0 for all i. This completes the proof.

Proof of Theorem 6.1. In view of Proposition 3.4 (for the case when k=1), we
have only to prove the existence of a number g(n), depending on the given
natural number 7, such that the homomorphism

Qfey, ..., e, ,])/relations - H* (M, 15 Q)

is injective up to degree 2n. According to Corollary 6.5, for each i there is
a number g; and a homomorphism h;: 7, (X;) — .#,, ,, where X, is a certain
closed orientable 2i-manifold, such that h¥(e;) is non-zero in H*(X;; Z)=Z.
Now for each i<n, choose a natural number d; such that d;=n/i and set g(n)

=Y d, g;. Consider the manifold X given by

i=1

X=X%x..xX%

and define a homomorphism
W ]
by (X)—— (Mg, )" X oo X (M, () My 1

where B’ =hdi x ... x k% and 1 is the homomorphism defined as in Proposition
3.4. Let = be the resulting X,,-bundle over X. Then by virtue of Proposition
3.4, each class ej(m)e H 2J(X ; Z) can be expressed in terms of e ; of surface bundles
over X; which are defined by the homomorphisms h;. By the choices of X;
and h;, for any non-trivial element ) a(l) e,, ... ; of degree <2n, the cohomology
class Y a(l)e; (n)...e;, (n) is non-zero. Hence we can conclude that the homo-
morphism

Qley, ..., e )/relations - H* (Myy), 13 Q) —— H*(X; Q)

is injective up to degree 2n. This completes the proof of Theorem 6.1.

7. Surface bundles with cross sections

In this section we extend the results of § 5, 6 to the case of surface bundles
with cross sections. Thus let z: E— X be an oriented Z,-bundle and let ¢ be
its tangent bundle as before. Assume now that there are given cross sections

s;: X>E (i=1,...,p,p+L,...,p+q)
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such that the images s;(X) are mutually disjoint. We also assume that the normal
bundles of the images of the last g cross sections are trivialized, namely there
are given trivializations

N(s:(X)=XxD? (i=p+1,...,p+q)

where N(s;(X)) denotes a tubular neighborhood of s;(X). As in §1 let e
=e(&)e H2(E; Z) be the Euler class of the surface bundle n: E —» X. We set

o;=s¥e)eH?*(X;Z) (i=1,...,p).

It is clear that the cohomology classes o; of the base space X behave naturally
with respect to bundle maps of surface bundles with cross sections.

There is one natural way to obtain a surface bundle with a cross section
out of a given surface bundle n: E — X. Namely as in § 4, let

E*2 L E

E—— X

be the pull back of the bundle n: E—~ X by the map = itself so that E*
={(z, Z) EX E; n(2)=n(Z)}, ' (z, )=z and q(z, )=z Then the surface bundle
n': E¥ - E has a natural cross section s: E — E* given by s(z)=(z, z). The Euler
class of 7’ is clearly equal to g*(e). Hence the o-class of it is given by

c=s*q*(e)=ecH*(E; Z).

This fact will play an important role in the proof of our main result of this
section (Theorem 7.5).

Next we describe the classifying spaces for surface bundles with cross sections.
Let 2, , be a compact orientable surface of genus g with ¢ boundary components
and let x,, ..., x, be p fixed points on IntZ, ;. Let D} , be the group of all
orientation preserving diffeomorphisms of Z, , such that they restrict to the
identity on the boundary %, , and also fix the p points x,, ..., x,. We denote
ME , for the group of path components of D? . It is usually called the (pure)
mapping class group of genus g with p punctures and g boundary components.
Let Ef , be the connected component of the identity of D? .

Proposition 7.1. EZ , is contractible.

Proof. The cases where p=0 are nothing but the main theorems of Earle and
Eells [EE] (q=0) and Earle and Schatz [EE] (q: arbitrary). The general cases
follow from them by an inductive argument using the natural sequence

Dg»q _‘)D:,:II - Zg,q\{xly ey Xpo 1}
which is a locally trivial fibration.

Corollary 7.2. The classifying space BDZ , of the topological group D} , is an
Eilenberg-MacLance space K(ME ,, 1).
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Now it is easy to see that the space BD: , classifies those oriented Z,-bundles
which have p+q disjoint cross sections the normal bundles of the last g of
which are trivialized. Therefore we can consider elements ¢; and ¢; as cohomol-
ogy classes of the space BD?, and hence cohomology classes of the group
A% , by Corollary 7.2. Thus we obtain a homomorphism

¢: Q[eI: T eg—Zs T1seees a’p]_‘}H*('//{g’iq’ Q)

We prove that the above homomorphism is injective up to degree 4g. For
that let n: E— X be an oriented surface bundle over an oriented closed 2n-
dimensional manifold X which is assumed to be an iterated surface bundle.
We consider an m-construction on it:

E*— s E*—— E

E——r—* E—— X

(see § 4). For each non-negative integer i and a partition I={i,, ..., i,} of n+1—i,
we consider the number
gr*@)[D1=¢&r*(,...6,)[D]
where D E* is the ramification locus. For each subset J={j,, ...,j;} of I,
we write J°={k,, ..., k,} (s+t=r) as before.
Proposition 7.3, The number & #*(&,)[ D] is given by
Ea*@)[D]=dm* 1 T Y (=1 (1—m~ %) (1 —m~ &t D)
J

e+ rx—1LX]

where d is the degree of the finite covering E— E and J runs through all the
subsets of 1.

Proof. First we recall the fact that the restriction of the cohomology class g*(e)
to D is equal to that of the cohomology class v. Also it is easy to see that
the degree of the natural map D — D is equal to dm. Using these facts together
with Proposition 5.4, we compute

m—1

& #* (@) [D] ={r*(¢1*(€)— v)}im2 r*()* {n*(e;,) —(1—m ™G+ D)eh}
m r*(n)* {n*(e;) — (L —m~ &+ V) e} [D]
=dm?" () {n* (e, ) —(1—m~ Gt D) elr}
(@)* {n*(e;,) —(1—m~&* D) e} [D]
=dm?r+t —i Z(__ l)t(l _m—(k, + 1))
J
(—m™ %" Dyesersp, 1 si-1 [X]

The completes the proof.
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Proposition 7.4. For any natural number n, there exists no non-trivial linear relation
between the numbers & 7i*(&;)[ D] where D runs through all the ramification loci
of m-constructions on surfaces bundles n: E— X with the base space X being

iterated surface bundles of dimension 2n.

Proof. This follows from Proposition 5.6 and Proposition 7.3 by a similar argu-
ment as that of the proof of Proposition 5.6.

The following is the main result of this section.

Theorem 7.5. The homomorphism

¢: Q[el, ey eg—2, Oy enns op] _‘)H*(‘/Ilg’iqa Q)
is injective up to degree 5 g for all g, p and q.

To prove this we use a fundamental result of Harer mentioned in § 6, which
states that the homology group H,(.#/ ,; Q) is independent of g and g provided
3k<g. In terms of the cohomology group, for a fixed p the groups H*(.#% ,; Q)
are all isomorphic each other in the above range. Moreover it is easy to see
that under these isomorphisms, our characteristic classes are preserved.

Next let g, ..., g, be integers greater than one and let x; be the base point
of Z, ; (j=1,...,p). We write Ve H>(#,, ,; Z) for the o-class defined by the
base point x;.

Now let g be a natural number such that 2g;<g and let y,, ..., y, be p
fixed points on IntX, ;. We have the characteristic classes ;e H (MEyZ)
(j=1, ..., p) which are defined by the fixed points y,, ..., y,. Choose any embed-

14
ding of the disjoint union [] 2,,.1 of compact surfaces X, | with boundaries
j=1
into X, , such that the point x; goes to y; (j=1, ..., p). This induces a homo-
morphism

. 1 1 4
UMy XXMy My

The following is immediate.
Lemma 7.6. 1*(c;)=p}(cV) for all j=1, ..., p.

Proof of Theorem 7.5. First recall that the total space E of any surface bundle
n: E— X serves as the base space of the associated pull back surface bundle
n': E* - E which has a canonical cross section. Moreover the g-class of n’ is
equal to the Euler class ee HZ(E; Z) of n. Then in view of Harer’s resuit men-
tioned above, the required assertion for the case p=1 follows from Proposition
7.4. The general cases follow from this by an easy argument using Proposition 3.4
and Lemma 7.6 (cf. the proof of Theorem 6.1). This completes the proof.

Remark 7.7. According to a recent result of Harer and Zagier [HZ], the homo-
morphism ¢ is far from being surjective, because the Euler characteristic of
ML . is extremely large. However in view of the fact that the Euler characteristic
of the Siegel modular group Sp(2g;Z) is even larger than that of .4, yet
the stable cohomology is a polynomial ring on (4k + 2)-dimensional generators,
it seems to be still reasonable to conjecture that our characteristic classes exhaust
all the “stable” characteristic classes of surface bundles. Namely the natural
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homomorphism

Qley, ez, ...504, ..., 0,] - lim H*(A] ,; Q)
g ®

would be an isomorphism. Theorem 7.5 shows that it is in fact injective.

8. The generalized Nielsen realization problem

Recall that the Nielsen realization problem is the one to determine whether
any finite subgroup of the mapping class group .4, lifts to Diff, X, (or
Homeo, 2,). This problem was solved affirmatively by Kerckhoff [Ke]. We
can also ask the same question for infinite subgroups of .#,. However we have

Theorem 8.1. There are cohomological obstructions to the existence of liftings
of infinite subgroups of #, to Diff, X,. More precisely if we denote p: Diff, X,
— M, for the natural homomorphism, then we have

p*(e)=0 in H*(Diff, Z,; Q) forall i=3

(here we understand Diff, X, to be a discrete group). It follows that the homo-
morphism p does not have a right inverse for all g=18.

Proof. Let n: E— X be an oriented X -bundle with holonomy homomorphism
h: 7, (X) - M,. Assume that & lifts to Diff, X, namely there is a homomorphism
W: 7 (X)—- Diff; 2, such that ph’=h. This means that there is a codimension
two foliation # on E whose leaves are all transverse to the fibres of 7. Now
the normal bundle v(#) of # is canonically isomorphic to the tangent bundle
¢ of n. According to Bott’s vanishing theorem [Bo], p (£)=0 for all k=2, where
p1(&) is the first rational Pontrjagin class of &. Since p, (£)=(e(£))?, we conclude
that (e(&)* vanishes in H8(E; Q). In view of Theorem 6.1, the required assertion
follows from this.

Remark 8.2. The above proof does not work for homeomorphisms. In fact Thur-
ston [ T] proved that the natural homomorphism

Homeo, 2, — 4,

induces an isomorphism on homology. Therefore the problem to determine
whether the above homomorphism splits or not remains to be open.
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