Worksheet 14, Math 10560

1 7 Use the trapezoidal rule with step size Ax = 2 to approximate the integral f04 f(z)dz where
the graph of the function f(z) is given below.

Solution: Note

Then by the trapezoidal rule

[ Htade = S law) + 25(00) + Flo) = 32-4840) = 10

2 7 Use Simpson’s rule with step size Az = 1 to appoximate the integral f04 f(z)dz where a table of
values for the function f(z) is given below.
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Solution: f04f(x) de ~ 22 [f(0)+4-f(1)+2-f2)+4-fB)+f(4)] = L2+4+4+12+5] =
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37 (a) Circle the letter below alongside the trapezoidal approximation to

1n3:/13édx using  n=38
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(b) Recall that the error E7 in the trapezoidal rule for approximating fab f(x)dx satisfies

K(b—a)?

=Bl <
Brl s —50
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whenever |f"(z)] < K for all a <z <b.

Use the above error bound to determine a value of n for which the trapezoidal approximation to In3 =

31
/ —dx has an error
1

x
1
|Er| < 510*4.
Solution: A. is the correct answer in Part (a).
For part (b)
1 —1 2
fla)=—, f@) = — f(z)=—

Since |f”(x)| = & is decreasing on the interval 1 < z < 2, we have
|f"(z)] < f"(1) =2 for 1 <z < 2. Hence, we can use K = 2 in the error bound above.

For the trapezoidal approximation 7,,, we have

K(b—a® 2B3-17% 16 4

|Er| <

1202 1202 1202 32

If we find a value of n for which 107" > 225, then we will have |E7| < 107

3n27
1 —4 4 2 4 2
107> — — n°">4-10" — n>2-10°=200
3 3n?
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4 82 Suppose the Midpoint rule is to be used to approximate the integral
10
/ sin(v6 z) dz .
0

What is the minimum number of points required to guarantee an accuracy of 1/10007
500
550
600
650

450

Solution: 500

5% It Use the Trapezoidal rule with step size Ax = 1 to appoximate the integral f04 f(z)dz where a
table of values for the function f(x) is given below.

0 1 4
2 1 )

2 3
2 3

f(z)

Solution: Using the formula for the trapezoidal rule with Az=1 we see that

/04f(x)dx s%(f(o) F2F(1) 4+ 2(2) + 2£(3) + F(4)) = %(2 2444 645)
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6 ™ Consider the integral

/02(2x +3) dx.

(a) (5 pts.) Evaluate this integral exactly.
(b) (8 pts.) Using the Trapezoidal Rule with n = 4 find an approximation to the integral.
(c) (2 pts.) Explain your answer in part (b).Hint:Consider the error.

Solution:

1. (a) [2(2x+3) dv =2+ 3z|) = (22 +3-2) — (0 +3-0) = 10,

2. (b)
Ty= 5[f(0)+2f(1/2) +2f(1) +2/(3/2) + f(2)]
= 2[342(4)+2(5) +2(6)+ 7 =L =10.

3. (c¢) The error bound for the Trapezoidal Rule involves the second derivative of the integrand,
f(z). Notice that for this problem f”(x) = 0 so that we may take K = 0 and

K(b—a)?

Er| <
Erl = =50

=0.

The error is guaranteed to be zero.
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7 ™~ Suppose that }f”(:z:)‘ < 1for 0 < x < 2 If Ey is the error in the Midpoint Rule using n
subintervals, then |E);| is less than

1
3n?

Solution:
1
3n?

3
d
8 7 The integral / 2% is estimated using the Trapezoidal Rule, using subintervals of size Ax = 1.
x

1
The approximation to In 3 obtained is

Solution:

We know that ff’ dz—x = In3 —Inl1l = In3. Applying the Trapezoidal Rule with Az = 1 =
(b—a)/n=(3—1)/n=2/n, implies that n = 2. We have f(z) = L and T, = &%[f(zo) + 2 (21) +
2f(x3) + -+ 2f(xp_1) + f(z,)]. Thus

1361—”:mszn:%[f(1)+2f<2)+f(3)]:% {1+2<%)+ﬂ I
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