Partial Fractions

Essential Background

A Polynomial P(x) is a linear sum of powers of x, for example
3x*+3x% +x+ 1or x> — x.

The degree of a polynomial P(x) is the highest power occurring in the
polynomial, for example the degree of 3x> 4+ 3x? + x + 1 is 3 and the degree of
x° — x is b.

Fundamental Theorem of Algebra Every polynomial can be factored into
linear factors of the form ax + b and irreducible quadratic factors (ax* 4 bx + ¢
where b> — 4ac < 0) where a, b and c are constants.

For example 3x* +3x* 4+ x + 1 = (x + 1)(3x* + 1) and
x> —x = x(x4 -1)= x(x2 — 1)(x2 +1)=x(x—-1)(x+ 1)(x2 +1).

A Rational Function is a quotient of 2 polynomials g((i))
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Partial Fractions

Partial Fraction Decomposition

The rational function % is a proper rational function is
DegR(x) < DegQ(x). In this case, we can write the rational function as a sum

of Partial Fractions of the form
A or Ax+ B
(ax + b) (ax? + bx + ¢)’
where A and B are constants and i is a non-negative integer.

We already know how to integrate these partial fractions.using substitution,
trigonometric substitution or logarithms. We will go through the method of
solving for the constants in the partial fraction expansion of a proper rational
function in steps.

Example How would we start to integrate the following :

(a)/xj_ldx (b)/i’:idx (c)/mdx.
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Partial Fractions

Partial Fraction Decomposition

R(x)
Q(x)
DegR(x) < DegQ(x). In this case, we can write the rational function as a sum

of Partial Fractions of the form
A Ax + B

(ax + b)i o (ax? + bx + ¢)’

The rational function is a proper rational function is

where A and B are constants and i is a non-negative integer.

We already know how to integrate these partial fractions.using substitution,
trigonometric substitution or logarithms. We will go through the method of
solving for the constants in the partial fraction expansion of a proper rational
function in steps.

Example How would we start to integrate the following :

(a)/xj_ldx (b)/i’:idx (c)/mdx.

> (a) Substitute u = x+1.... (b) [ BH dx = [ 25

(c) Complete the square and use trig substitution.

dx+ [ 2

2+1
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Distinct Linear Factors

Partial Fraction Decomposition, Distinct Linear

Factors

Step 1 : The Denominator Q(x) is a product of distinct linear factors
If Q(x) = (aix + b1)(az2x + b2)...(aix + b1) we include a quotient of the form
(af:‘#;) for each term in the partial fraction expansion. We write

R(X) _ A1 + AQ + + A,,

Q(x) (aix+b1) (axx+ bo) (anx 4 bn)
and solve for A1, Az, ..., A, by multiplying this equation by the lowest common
denominator of the Right Hand Side which is the product of the linear factors

Q(x).

Note: we know how to evaluate the integral [

and logarithms.
1
d
/x2 — 25

de using a substitution

Example Evaluate
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Distinct Linear Factors

Partial Fraction Decomposition, Distinct Linear

Factors

Step 1 : The Denominator Q(x) is a product of distinct linear factors
If Q(x) = (aix + b1)(az2x + b2)...(aix + b1) we include a quotient of the form
(af:‘#;) for each term in the partial fraction expansion. We write

R(X) _ A1 + AQ + + A,,

Q(x) (aix+b1) (axx+ bo) (anx 4 bn)
and solve for A1, Az, ..., A, by multiplying this equation by the lowest common
denominator of the Right Hand Side which is the product of the linear factors

Q(x).

Note: we know how to evaluate the integral [

and logarithms.
1
d
/x2 — 25

Example Evaluate
» Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).

de using a substitution
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Distinct Linear Factors

Partial Fraction Decomposition, Distinct Linear

Factors

Step 1 : The Denominator Q(x) is a product of distinct linear factors
If Q(x) = (aix + b1)(az2x + b2)...(aix + b1) we include a quotient of the form
(af:‘#;) for each term in the partial fraction expansion. We write

R(X) _ A1 + AQ + + A,,

Q(x) (aix+b1) (axx+ bo) (anx 4 bn)
and solve for A1, Az, ..., A, by multiplying this equation by the lowest common
denominator of the Right Hand Side which is the product of the linear factors

Q(x).

Note: we know how to evaluate the integral [

and logarithms.
1
d
/x2 — 25

Example Evaluate
» Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).
» In the partial fraction decomposition, we include a term for each linear
factor in the denominator.

de using a substitution

Annette Pilkington Trigonometric Substitution



Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

If Q(X) = (31X =+ bl)(azx + bg) e (alx + bl)
Include a quotient of the form (a’_:‘ﬁ for each term in the partial fraction
expansion.

R(X)* A + Az +...+$
Q(x)  (aix+b1) ' (axx+ bo) (anx + bn)

Then solve for A1, A, ..., A, by multiplying this equation by the lowest
common denominator of the Right Hand Side which is the product of the linear

factors Q(x).
1
/ x2 —25 dx

Example Evaluate
» Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).
» In the partial fraction decomposition, we include a term for each linear
factor in the denominator.

1 1 __A , B
x2—=25" (x=5)(x+5) x—-5 x+5
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

Then solve for Ai, Az, ..., A, by multiplying this equation by the lowest
common denominator of the Right Hand Side which is the product of the linear

factors Q(x).
1
/ x2 — 25 dx

Example Evaluate

Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).
In the partial fraction decomposition, we include a term for each linear
factor in the denominator.

vy

1 _ 1 A B
x2—25" (x-5)(x+5) x-5 + x+5
Multiply both sides by the lowest common denominator of R.H.S.
(= (x—=5)(x+5) ) to get

(x—5)(x+5) _ A(x—5)(x+5) . B(x—5)(x+5)

x2 —25 (x—5) (x+5)

v
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

Then solve for Ai, Az, ..., A, by multiplying this equation by the lowest
common denominator of the Right Hand Side which is the product of the linear

factors Q(x).
Example Evaluate
! dx
x2 — 25

» Here P(x) =1 and Q(x) = x> — 25 = (x — 5)(x + 5).
» In the partial fraction decomposition, we include a term for each linear
factor in the denominator.
>
1 _ 1 A B
x2—25" (x-5)(x+5) x-5 + x+5
> Multiply both sides by the lowest common denominator of R.H.S.
(= (x—=5)(x+5) ) to get
(x —=5)(x+5) A(x—5)(x+5)  B(x—5)(x+5)
x2—-25 (x—5) (x+5)
>

1=A(x+5)+ B(x—5)
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

We solve for A and B by comparing co-efficients
Example Evaluate [ 2 dx

> Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).

> In the partial fraction decomposition, we include a term for each linear
factor in the denominator.

1 1 _ A B
> o = (x=5)(x+5) — x—5 + 555
» Multiply both sides by the lowest common denominator of R.H.S.
(: (X _ 5)(X+ 5) ) to get (x=5)(x+5) — A(x—5)(x+5) + B(x—5)(x+5)

x2—-25 (x—5) (x+5)
1=A(x+5)+ B(x—5)
1=Ax+5A+Bx—5B=(A+ B)x+5(A- B)

v

v
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

We solve for A and B by comparing co-efficients
Example Evaluate [ 2 dx

> Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).
> In the partial fraction decomposition, we include a term for each linear
factor in the denominator.

1 _ 1 _ _A B
> x2—25 7 (x—=5)(x+5) ~ x—5 + x+5°

» Multiply both sides by the lowest common denominator of R.H.S.
x—5)(x A(x—5)(x B(x—5)(x
(= (x— 5)(x +5) ) to get et — AbBIGS) | Bl 5)is)

» 1=A(x+5)+ B(x—5)
» 1=Ax+5A+Bx—5B=(A+ B)x+5(A- B)
> We must have A+ B=0and 5(A— B) =1.
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

We solve for A and B by comparing co-efficients
Example Evaluate [ 2 dx

> Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).

> In the partial fraction decomposition, we include a term for each linear
factor in the denominator.

1 _ 1 _ _A + B
x2—25 7 (x=5)(x+5) ~ x—5 x+5"

» Multiply both sides by the lowest common denominator of R.H.S.
(= (x = 5)(x +5) ) to get L2008 — A0AD) | Bl B)cks)

» 1=A(x+5)+ B(x—5)

» 1=Ax+5A+Bx—5B=(A+ B)x+5(A- B)

> We must have A+ B=0and 5(A— B) =1.

» A+ B=0— —A= B. Using this in

5(A—B)=1—5(2A)=1— A= and B= 3.
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

We solve for A and B by comparing co-efficients
Example Evaluate [ 2 dx

> Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).

> In the partial fraction decomposition, we include a term for each linear
factor in the denominator.

1 _ 1 — +
x2—25 7 (x=5)(x+5) ~ x—5 x+5"

» Multiply both sides by the lowest common denominator of R.H.S.
(= (x = 5)(x +5) ) to get L2008 — A0AD) | Bl B)cks)

» 1=A(x+5)+ B(x—5)

» 1=Ax+5A+Bx—5B=(A+ B)x+5(A- B)

> We must have A+ B=0and 5(A— B) =1.

» A+ B=0— —A= B. Using this in
5(A—B)=1—5(2A)=1— A= and B= 3.

> Thus 15 = (i/fg) - 1X/+1§ (check)
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

We solve for A and B by comparing co-efficients
Example Evaluate [ 2 dx

> Here P(x) =1 and Q(x) = x* — 25 = (x — 5)(x + 5).

> In the partial fraction decomposition, we include a term for each linear
factor in the denominator.

1 _ 1 — +
x2—25 7 (x=5)(x+5) ~ x—5 x+5"

» Multiply both sides by the lowest common denominator of R.H.S.
(= (x = 5)(x+5) ) to get B = ALTF - Bl

» 1=A(x+5)+ B(x—5)

» 1=Ax+5A+Bx—5B=(A+ B)x+5(A- B)

> We must have A+ B=0and 5(A— B) =1.

» A+ B=0— —A= B. Using this in
5(A—B)=1—5(2A)=1— A= and B= 3.

> Thus 15 = (1/12) - 1X/+1;) (check)

> [t dx =55 [ 55 dx— 5 [ 55 dx
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear Factors

Example Evaluate [ 1 -dx

P Here P(x) = 1and Q(x) = x2 — 25 = (x — 5)(x + 5).
In the partial fraction decomposition, we include a term for each linear factor in the denominator.

>
» 1 _ 1 _ _A B
25 = (x=5)(x45) _ x—5  x+45°
P Multiply both sides by the lowest common denominator of R.H.S. (= (x — 5)(x + 5) ) to get
(x=5)(x+5) _ A(x—5)(x+5) i B(x—5)(x+5)
x2—25 (x=5) (x+5)

1= A(x + 5) + B(x — 5)
1= Ax+5A+ Bx — 5B = (A+ B)x + 5(A — B)
We must have A + B = 0 and 5(A — B) =

A+B=0— —A=B Usingthisin5(A — B) =1 — 5(24) =1 — A= o and B = T

10
Thus 1 = (1X/_12) 1X/+1;) (check)

fx2 25dX_1ofx5dX 1ofﬁdx

vV V. v VYVYY
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Distinct Linear Factors

Partial fraction Decomp. Distinct Linear

Factors

Example Evaluate [ 2 dx

>

| 4
>
»

vV VvV vV VvV VYVYY

25
Here P(x) = 1 and Q(x) = x2 — 25 = (x — 5)(x + 5).

In the partial fraction decomposition, we include a term for each linear factor in the denominator.
-1 ___ 1 ___ A . B
X2—25 = (x=5)(x+5) ~ x—5  x+5°
Multiply both sides by the lowest common denominator of R.H.S. (= (x — 5)(x + 5) ) to get
(x=5)(x+5) _ A(x—5)(x+5) + B(x—5)(x+5)

x2—25 (x=5) (x+5)

1= A(x + 5) + B(x — 5)
1= Ax+5A+ Bx — 5B = (A+ B)x + 5(A — B)
We must have A + B = 0 and 5(A — B) =

A+B=0— —A=B Usingthisin5(A — B) =1 — 5(24) =1 — A= o and B = T
1 (1/10)  (1/10)
Thus 5 = S5 L5 - (check)

[ atm dx=15 [ 5s dx — 55 [ 535 dx

Usmg substitutions v = x —5 and w = x + 5, we get

[otmdx=g5 [ du— 5 [ 5 dw

:%In|u|—1—oln|w|—|—C:1—10|n|x—5|—%ln|x+5|+C
1I
10
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors

Step 2 The denominator has repeated linear factors, that is factors of the form
(aix + b;)* where k > 1.

For every factor of type (aix + b;)* in the denominator we include a sum of type

A1 S SN . -
(aix+ bi)  (aix + b;)? (aix + bj)*

in the partial fractions decomposition of the rational function.
For Example, the partial fractions expansion of

x3+2x 42
(x—2P(x — 1)
looks like A A A 5 B
1 2 3 1 2
x—2 =22 Tx=2@ Tx—1 T (x=-1p
Note that we can integrate all of these partial fractions using logarithms or
integration of powers.
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors

2x + 4
/x3—2x2dx

Example Evaluate

Annette Pilkington Trigonometric Substitution



Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors

2x + 4
/x3—2x2dx

> We write out the partial fractions decomposition of %4, — X;(th42)-
For every factor of type (aix + b,-)k in the denominator we include a sum

Example Evaluate

of type
A1 Az An

(a,-x + b,’) + (a,‘X + b,‘)2 Tt (a;x =+ b,‘)k
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors
2x + 4
/x3 —+2x2dX

> We write out the partial fractions decomposition of %4, — X;(th42)-
For every factor of type (aix + b,-)k in the denominator we include a sum
of type
A i Az T An
(a,-x + b,’) (a,‘X + b,‘)2 (a;x =+ b,‘)k
2x+4 _ A, B C
> x2(xt2) X + ’ + x—2

Example Evaluate
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors

Example Evaluate

2x + 4
/x3—2x2dx

> We write out the partial fractions decomposition of %4, — X;(th42)-
For every factor of type (aix + b,-)k in the denominator we include a sum
of type
A1 Az An

(a,-x + b,’) + (a,‘X + b,‘)2 Tt (a;x =+ b,‘)k
2x+4

_ A B C
> x2(x=2) T x + x2 + x—2

> Multiply both sides by the lowest common denominator of R.H.S.
(= Xz(x —2) ) to get @344 (x=2) _ AXP(x=2) + Bx?(x—2) + Cx3(x—2)

x2(x—2) X x2 x—2
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors
2x + 4
/x3 —+2x2dX

> We write out the partial fractions decomposition of %4, — X;(th42)-
For every factor of type (aix + b,-)k in the denominator we include a sum
of type
A i Az T An
(a,-x + b,’) (a,‘X + b,‘)2 (a;x =+ b,‘)k
2x+4 _ A, B C
x2(xt2) X + ’ + x—2

Example Evaluate

> Multiply both sides by the lowest common denominator of R.H.S.
(= Xz(x —2) ) to get (zxi;:()xxz_(;)—z) _ AXZ(XX_Q) + sz)(:;_2) + &i(jz—z)

> 2x 44 = Ax(x — 2) + B(x — 2) + Cx?
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors
2x + 4
/x3 —+2x2dX

> We write out the partial fractions decomposition of %4, — X;(th42)-
For every factor of type (aix + b,-)k in the denominator we include a sum
of type
A i Az T An
(a,-x + b,’) (a,‘X + b,‘)2 (a;x =+ b,‘)k
2x+4 _ A, B C
x2(xt2) X + ’ + x—2

Example Evaluate

> Multiply both sides by the lowest common denominator of R.H.S.

2 — )(2 X— X2 X— XZ X—
(= x3(x— 2) ) to ger et — alec) , £oa) , olece

> 2x 44 = Ax(x — 2) + B(x — 2) + Cx?
> 2x +4=Ax? —2Ax+ Bx —2B + O = (A+ C)x* + (B — 2A)x — 2B
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors
2x + 4
/x3 —+2x2dX

> We write out the partial fractions decomposition of %4, — XZ(X;’_“Z).
For every factor of type (aix + b,-)k in the denominator we include a sum
of type
A i Az T An
(a,-x + b,’) (a,‘X + b,‘)2 (a;x =+ b,‘)k
2x+4 _ A, B C
x2(xt2) X + ’ + x—2

Example Evaluate

> Multiply both sides by the lowest common denominator of R.H.S.
(= x%(x —2) ) to get U _ 420D 4 B 4 O00c2)

> 2x 44 = Ax(x — 2) + B(x — 2) + Cx?

> 2x +4=Ax? —2Ax+ Bx —2B + O = (A+ C)x* + (B — 2A)x — 2B

» We must have A+ C=0and B—2A=2and —2B =4.

Annette Pilkington Trigonometric Substitution



Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors

2x + 4
/x3—2x2dx

Example Evaluate

> We write out the partial fractions decomposition of %4, — XZ(X;’_“Z).
For every factor of type (aix + b,-)k in the denominator we include a sum
of type
A1 Az An
Gx+B) G+ b2 T (@ b
x22()§<t42) =4+t5+:5
> Multiply both sides by the lowest common denominator of R.H.S.
(= x%(x —2) ) to get U _ 420D 4 B 4 O00c2)
> 2x 44 = Ax(x — 2) + B(x — 2) + Cx?
> 2x +4=Ax? —2Ax+ Bx —2B + O = (A+ C)x* + (B — 2A)x — 2B
» We must have A+ C =0and B—2A=2and —2B =4.
> —2B=4—|B=-2| Using this in

B-2A=2— 2A=4—[A=-2| NwA+C=0—[C=2]
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors

Example Evaluate [ -Z%4 dx.

x3—2x2
P We write out the partial fractions decomposition of —2Xt4_ — _2X+4 _ Eqr every factor of type (a;x + b;)X in the
3 P B2 T P(o2) ry ype (a; i)

denominator we include a sum of type
AL A An
+ +oe+ A
(ajx + bj)  (ajx + b;)? (ajx + bj)

2x+4 A B C
> x4 _ AL B
x2(x—2) X + 2 + x—2
P Multiply both sides by the lowest common denominator of R.H.S. (= x2(x — 2) ) to get
(@244 (x=2) _ AP(x—2) n Bx2(x—2) . 3 (x—2)
2o x 2 =2
P 244 = Ax(x — 2) + B(x — 2) + Cx2
P o+ 4=A% —2Ax+Bx — 2B+ G2 = (A+ C)x? + (B — 2A)x — 2B
P We must have A+ C = 0and B — 2A = 2 and —2B = 4.
» 2B=4— . Using this in

B-2A=2— -2A=4— . Now A+ C=0—

» Thus % = =2 4 =2 + %5 (check)
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors

2x+4
Example Evaluate [ 35 dx.

>

vV vy vy 'V

v

. - . o 244 _ _2x+4 K
We write out the partial fractions decomposition of = . For every factor of type (ajx + b;)X in the
3 P B2 T P(o2) ry ype (a; i)
denominator we include a sum of type
AL Ao An

+ +oe+ A
(ajx + bj)  (ajx + b;)? (ajx + bj)

_2x+4 A
x2(x=2) —

Multiply both sides by the lowest common denominator of R.H.S. (= x2 (x —2) ) to get
(@244 (x=2) _ AP(x—2) n Bx2(x—2) . 3 (x—2)
2(x—2) x 2 x—2

2x 4 4 = Ax(x — 2) + B(x — 2) + Cx2

2%+ 4 = Ax2 — 2Ax + Bx — 2B+ Cx2 = (A+ C)x2 + (B — 2A)x — 2B

We must have A+ C = 0and B — 2A = 2 and —2B = 4.

~2B=4—[B =-2] Using this in

B-2A=2— 2A=4—[A=-2| NowA+C=0—[C=2]

Thus 2t = 2+ 7
fx22);+42 dx = 2f dx—2f 1 dx+2f
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Repeated Linear Factors

Partial fraction Decomp. Repeated Linear Factors

>

2x+4
Example Evaluate [ —2Xt% dx.
X3 —2x
We write out the partial fractions decomposition of ;fx%f = p%' For every factor of type (a;x + b;)K in the
denominator we include a sum of type
Ay Ay An

vV vy vy 'V

v

v

+ +o+

(ajx + bj)  (ajx + b;)? (ajx + bj)k

_2x+4 A
x2(x=2) —

Multiply both sides by the lowest common denominator of R.H.S. (=

(@244 (x=2) _ AP(x—2) n Bx2(x—2) . 3 (x—2)
x2(x—2) - x x2 x—=2

2x 4 4 = Ax(x — 2) + B(x — 2) + Cx2

x2(x — 2) ) to get

2%+ 4 = Ax2 — 2Ax + Bx — 2B+ Cx2 = (A+ C)x2 + (B — 2A)x — 2B

We must have A+ C = 0and B — 2A = 2and —2B = 4.

~2B=4—[B =-2] Using this in
B-2A=2— 2A=4—[A=-2| NowA+C=0—[C=2]

Thus 2t = 2+ 7
fx22);+42 dx = 2f dx—2f 1 dx+2f

= —2In|x|+2x7* +2In|x — 2| + C.
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Distinc

Partial fraction Decomp. Distinct Quadratic Factors

Step 3: The denominator Q(x) has factors which are irreducible
quadratics, none of which are repeated,
that is factors of the form ajx?> + bix + ¢; where b,-2 — 4a;c; < 0.
In this case we include a term of the form
Aix + B;
aix?2+ bix + ¢

in the partial fractions decomposition for each such factor. Note that we can
integrate this using a combination of substitution and the fact that

1 _1 1 (X
/de—gtan (;)+C

Example Evaluate

(*+x+1)
/ x(x2+1) dx
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Distinc

Partial fraction Decomp. Distinct Quadratic Factors

include a term of the form

Aix + B;
in the partial fractions decomposition for each such factor.
Example Evaluate ,
/ (x*+x+ l)dx
x(x2+1)
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Distinc

Partial fraction Decomp. Distinct Quadratic Factors

include a term of the form

Aix + B;
in the partial fractions decomposition for each such factor.
Example Evaluate ,
/ (x*+x+ l)dx
x(x2+1)

(Crxtl) _ A 4+ BxtC
x(x2+1) X x24+1
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Distinc

Partial fraction Decomp. Distinct Quadratic Factors

include a term of the form
Aix + B;

aix2 + bix + ¢;
in the partial fractions decomposition for each such factor.

Example Evaluate
2
/ (x*+x+ l)dx
x(x2+1)

(Px+1) A Bx+C
=5 —+

x(x2+1) x2+1
p XCPHD(CHx41)  Ax(P+1) + (Bx+C)x(x*+1)
X(X2+1) - x x2+1

b X)) ax(4) 4 (B0 LED

(2 ]) € E2 ])
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Distinc

Partial fraction Decomp. Distinct Quadratic Factors

include a term of the form
Aix + B;

aix2 + bix + ¢;
in the partial fractions decomposition for each such factor.

Example Evaluate
2
/ (x*+x+ l)dx
x(x2+1)

(Px+1) A Bx+C
=5 —+

x(x2+1) x2+1
p XCPHD(CHx41)  Ax(P+1) + (Bx+C)x(x*+1)
X(X2+1) - x x2+1

b XOEDN Rt ax(len) | (BetOx pEHD)
o7 T SN 49: SETY
> X*4x+1 = A(x*+1)+x(Bx+C) = AXCP+A+Bx*+Cx = (A+B)x*+Cx+A

Annette Pilkington Trigonometric Substitution



Distinc

Partial fraction Decomp. Distinct Quadratic Factors

include a term of the form

Aix + B;
aix2 + bix + ¢;
in the partial fractions decomposition for each such factor.
Example Evaluate
2
(x*+x+1) dx
x(x2+1)
(P+x+1) A | Bx+C
x(2+1) T x + x24+1
p XCPHD(CHx41)  Ax(P+1) + (Bx+C)x(x*+1)
X(X2+1) - X x241

> *@&—I——l—}(x2+x+1) _AX(AH1) (Bx+C)x(9&+—1—}

G2+ 1) =—x +t G2+ 1)
X2 x+1 = A(XP+1)4+x(Bx+C) = AP +A+Bx*+Cx = (A+B)x*+Cx+A
Equating co-efficients, we get A+ B =1, ‘ c=1 ‘, ‘A =1 ‘

v

v
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Distinc

Partial fraction Decomp. Distinct Quadratic Factors

include a term of the form

Aix + B;
aix? + bix + ¢;
in the partial fractions decomposition for each such factor.
Example Evaluate
(x> +x+1) dx
x(x2+1)
(CP4xt+1l) _ A | Bxt+C
> x(2+1) T x + x24+1
p XCPHD(CHx41)  Ax(P+1) + (Bx+C)x(x*+1)
X(X2+1) - x x24+1
b X)) ax(4) 4 (B0 LED
G2+ 1) =T x G2+ 1)

> X*4x+1 = A(x*+1)+x(Bx+C) = AXCP+A+Bx*+Cx = (A+B)x*+Cx+A
» Equating co-efficients, we get A+ B =1, ‘ c=1 ‘, ‘A =1 ‘

> Substituting A =1 in the first equation, we get .

Annette Pilkington Trigonometric Substitution



Distinc

Partial fraction Decomp. Distinct Quadratic Factors

include a term of the form

Aix + B;
aix? + bix + ¢;
in the partial fractions decomposition for each such factor.
Example Evaluate
(x> +x+1) dx
x(x2+1)
(CP4xt+1l) _ A | Bxt+C
> x(2+1) T x + x24+1
p XOPHCHxHD)  AXCPHL) | (BxtOx(P+1)
x(x2+1) - X + x24+1
b X)) ax(4) 4 (B0 LED
G2+ 1) =T x G2+ 1)

> X*4x+1 = A(x*+1)+x(Bx+C) = AXCP+A+Bx*+Cx = (A+B)x*+Cx+A
» Equating co-efficients, we get A+ B =1, ‘ c=1 ‘, ‘A =1 ‘

> Substituting A =1 in the first equation, we get .

(4x+1) 1+ 1
x(x2+1)  x x2+1

Annette Pilkington Trigonometric Substitution



Distinc

Partial fraction Decomp. Distinct Quadratic Factors

include a term of the form
Aix + B;

aix2 + bix + ¢;
in the partial fractions decomposition for each such factor.

Example Evaluate
2
/ (x*+x+ l)dx
x(x2+1)

> (Crxtl) _ A 4+ BxtC
X

x(x2+1) x2+1
p XCPHD(CHx41)  Ax(P+1) + (Bx+C)x(x*+1)
X(X2+1) - x x2+1

> *@&—I——l—}(x2+x+1) _AX(AH1) (Bx+C)x(9&+—1—}
G2+ 1) =—x +t G2+ 1)
> X*4x+1 = A(x*+1)+x(Bx+C) = AXCP+A+Bx*+Cx = (A+B)x*+Cx+A
» Equating co-efficients, we get A+ B =1, ‘ c=1 ‘, ‘A =1 ‘

> Substituting A =1 in the first equation, we get .

(P4x+1) _ 1,1

x(x2+1)  x x2+1
X2 X —
> f(x(;ﬂ;) dx = [} dx+ [ 5t5 dx =In|x| +tan 'x+C
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P.F.D. Repeated Quadratic Factors

Step 4: When the denominator Q(x) has repeated irreducible quadratic
factors
of the form (a;x? 4 bix + ¢;)* we include a sum of type

Aix + By A>x + B> + Anx + B,
(a,-x2 + bix + C,') (a,'X2 + bix + C,')2 (a,-x2 + bix + C,')k

in the partial fractions expansion of the rational function for each such term.

Apx+Bn
(aix2+bjx+ci)k !
substitution, or we may have to use a trigonometric substitution.

Note to integrate expressions like we may be able to use regular

Example Evaluate

/ x4+ x2+1
- dx.
x(x2 4 1)

Annette Pilkington Trigonometric Substitution



P.F.D. Repeated Quadratic Factors

For each factor of the form (aix2 + bjx + q)k we include a sum of type

Arx + By Agx + By Anx + By
+

ot
(aix2 + bix + <) (a,-xz + bjx + c,v)2 (.a,-x2 + bix + c,v)k

Example Evaluate [ * +2X+1“ dx.

Annette Trigonometric Substi



P.F.D. Repeated Quadratic Factors

For each factor of the form (aix2 + bjx + q)k we include a sum of type

Apx + By Agx + By Anx + Bp
+ ot
(aix2 + bix + <) (a,-xz + bjx + c,v)2 (.a,-x2 + bix + c,v)k

Example Evaluate [ * +2X+1“ dx.

Ax41 A 4 BxtC | Dx+E
x(x2+1)2 7 x x2+1 (x2+1)2

Annette Pilki



P.F.D. Repeated Quadratic Factors

For each factor of the form (aix2 + bjx + q)k we include a sum of type

Arx + By Agx + By Anx + By
+

ot
(aix2 + bix + <) (a,-xz + bjx + c,v)2 (.a,-x2 + bix + c,v)k

Example Evaluate fijz’jrl“ dx.

A4x?41 A | Bx+C Dx+E
x(x2¥1)2 T x + x2+1 + (x2+1)2
» Multiplying both sides by x(x* + 1), we get
A eP4)x(3+1)2 | Ax(x3+1)? N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
x(x2+1) - x x2+1 (x2+1)2

Annette onometric Sub:



P.F.D. Repeated Quadratic Factors

For each factor of the form (aix2 + bjx + q)k we include a sum of type

Arx + By Agx + By Anx + By
+

ot
(aix2 + bix + <) (a,-xz + bjx + c,v)2 (.a,-x2 + bix + c,v)k

Example Evaluate fijz’jrl“ dx.

241 A | BxtC Dx+E
x(x2¥1)2 T x + x2+1 + (x2+1)2
» Multiplying both sides by x(x* + 1), we get

A eP4)x(3+1)2 | Ax(x3+1)? N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
= x 2

x(x2+1) x2+1 (x2+1)?
b Aol n2  Ax(41)? N (Bx+C)x 6212 +1) N (Dx+E)x 212
¢ 2 ;}2 - E3 2 1 ¢ 2 ;}2

Annette onometric Sub:



P.F.D. Repeated Quadratic Factors

For each factor of the form (aix2 + bjx + q)k we include a sum of type

Arx + By Agx + By Anx + By
+

+ ot
(aix2 + bix + <) (a,-xz + bjx + c,v)2 (.a,-x2 + bix + c,v)k

X +x +1dx

Example Evaluate [ pepCEmyE

241 A | BxtC Dx+E
> x(x2¥1)2 T x + x2+1 + (x2+1)2
» Multiplying both sides by x(x* + 1), we get

A eP4)x(3+1)2 | Ax(x3+1)? N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
= x 2

x(x2+1) x2+1 (x2+1)?
b Aol n2  Ax(41)? N (Bx+C)x 6212 +1) N (Dx+E)x 212
¢ 2 ;}2 - E3 2 1 ¢ 2 ;}2

> x4 x4+ 1= A +1)2+(Bx+ O)x(x* + 1) + (Dx + E)x
= Ax* + 2Ax® + A+ Bx* + O + Bx? + Cx + Dx® + Ex
=(A+B)X*+ O+ (RA+B+D)X*+(C+E)x+ A

Annette Pilkington Trigonometric Substitution



P.F.D. Repeated Quadratic Factors

For each factor of the form (aix2 + bjx + q)k we include a sum of type

Apx + By Agx + By Anx + Bp
+ ot
(aix2 + bix + <) (a,-xz + bjx + c,v)2 (.a,-x2 + bix + c,v)k

x+x+1
NPy > dx.

241 A | BxtC Dx+E
> x(x2¥1)2 T x + x2+1 + (x2+1)2
» Multiplying both sides by x(x* + 1), we get

A eP4)x(3+1)2 | Ax(x3+1)? N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
= 2

Example Evaluate [

x(x2+1) x x2+1 (x2+1)?
b Aol n2  Ax(41)? N (Bx+C)x 6212 +1) N (Dx+E)x 212
¢ 2 ;}2 - E3 2 1 ¢ 2 ;}2

> x4 x4+ 1= A +1)2+(Bx+ O)x(x* + 1) + (Dx + E)x
= Ax* + 2Ax® + A+ Bx* + O + Bx? + Cx + Dx® + Ex
=(A+B)X*+ O+ (RA+B+D)X*+(C+E)x+ A

» Comparing co-efficients, we get:

A+B=1, [C=0] 2A+B+D=1, C+E=0, [A=1]
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P.F.D. Repeated Quadratic Factors

For each factor of the form (aix2 + bjx + q)k we include a sum of type

Apx + By Agx + By Anx + Bp
+ ot
(aix2 + bix + <) (a,-xz + bjx + c,v)2 (.a,-x2 + bix + c,v)k

x+x+1
NPy > dx.

241 A | BxtC Dx+E
> x(x2¥1)2 T x + x2+1 + (x2+1)2
» Multiplying both sides by x(x* + 1), we get

A eP4)x(3+1)2 | Ax(x3+1)? N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
= x 2

Example Evaluate [

x(x2+1) x2+1 (x2+1)?
b Aol n2  Ax(41)? N (Bx+C)x 6212 +1) N (Dx+E)x 212
¢ 2 ;}2 - E3 2 1 ¢ 2 ;}2

> x4 x4+ 1= A +1)2+(Bx+ O)x(x* + 1) + (Dx + E)x
= Ax* + 2Ax® + A+ Bx* + O + Bx? + Cx + Dx® + Ex
=(A+B)X*+ O+ (RA+B+D)X*+(C+E)x+ A

» Comparing co-efficients, we get:

A+B=1, [C=0] 2A+B+D=1, C+E=0, [A=1]

> Substituting, we get ’ B=0 ‘ ‘ D=-1 ‘ and ‘ E=0 ‘

Annette Pilkington Trigonometric Substitution



P.F.D. Repeated Quadratic Factors

For each factor of the form (aix2 + bjx + q)k we include a sum of type

Arx + By Agx + By Anx + By

+ ot
(aix2 + bix + <) (a,-xz + bjx + c,v)2 (.a,-x2 + bix + c,v)k

x+x+1
NPy > dx.

241 A | BxtC Dx+E
> x(x2¥1)2 T x + x2+1 + (x2+1)2
» Multiplying both sides by x(x* + 1), we get

A eP4)x(3+1)2 | Ax(x3+1)? N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
= 2

Example Evaluate [

x(x2+1) x x2+1 (x2+1)?
b Aol n2  Ax(41)? N (Bx+C)x 6212 +1) N (Dx+E)x 212
¢ 2 ;}2 - E3 2 1 ¢ 2 ;}2

> x4 x4+ 1= A +1)2+(Bx+ O)x(x* + 1) + (Dx + E)x
= Ax* + 2Ax® + A+ Bx* + O + Bx? + Cx + Dx® + Ex
=(A+B)X*+ O+ (RA+B+D)X*+(C+E)x+ A

» Comparing co-efficients, we get:

A+B=1, [C=0] 2A+B+D=1, C+E=0, [A=1]

> Substituting, we get ’ B=0 ‘ ‘ D=-1 ‘ and ‘ E=0 ‘

A4l 1 +

» This gives GEAE = x ﬁ

Annette Pilkington Trigonometric Substitution



P.F.D. Repeated Quadratic Factors

Example Evaluate [ * *2:1“ dx.

A4l A 4+ BxrC Dx+E
x(x24+1)2 T x x2+1 2512

» Multiplying both sides by x(x* + 1), we get

P2+ )x(241)2  Ax(x341)2 N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
- 2

x(x2+1)2 x x2+1 (x2+1)2
4.2 2 2 2.4y2 2 2 2 2
O X+ 1pepecihs  Ax(x“+1) n (Bx+C)x pe-—H(x=+1) . (Dx+E)x fec——H=
6212 > 2 o212

P A2 1= A2 +1)2 4 (Bx+ O)x(2 + 1) + (Dx + E)x = Ax* 4242 4 A+ Bx* + O3 + Bx? + Cx + Dx? + Ex
—A+B* + O3+ A+ B+ D)2 +(C+E)x+A

L 2A4B+D=1, C+E=o, .
P Substituting, we get| B=0|| D= —1 |and| E=0|

X +x +1 1 + —X
x(2+1)2 T x T (x2+1)?

> Comparing co-efficients, we get: A+ B = 1,

> This gives
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P.F.D. Repeated Quadratic Factors

Example Evaluate [ * *2:1“ dx.

A4l A 4+ BxrC Dx+E
x(x24+1)2 T x x2+1 2512

» Multiplying both sides by x(x* + 1), we get

P2+ )x(241)2  Ax(x341)2 N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
- 2

x(x2+1)2 x x2+1 (x2+1)2
4.2 2 2 2.4y2 2 2 2 2
O X+ 1pepecihs  Ax(x“+1) n (Bx+C)x pe-—H(x=+1) . (Dx+E)x fec——H=
6212 > 2 o212

P A2 1= A2 +1)2 4 (Bx+ O)x(2 + 1) + (Dx + E)x = Ax* 4242 4 A+ Bx* + O3 + Bx? + Cx + Dx? + Ex
—A+B* + O3+ A+ B+ D)2 +(C+E)x+A

L 2A4B+D=1, C+E=o, .
P Substituting, we get| B=0|| D= —1 |and| E=0|

X +x +1 1 + —X
x(2+1)2 T x T (x2+1)?

> Comparing co-efficients, we get: A+ B = 1,

> This gives

J 2R de= [ Ldx — [ i dx

Annette Trigonometric Sub:



P.F.D. Repeated Quadratic Factors

Example Evaluate [ * S+ 2 dx.

>

>

x(2+1)2

A4l A 4+ BxrC Dx+E
x(x24+1)2 T x x2+1 (x2+1)2

Multiplying both sides by x(x? + 1)?, we get

plying Yy g

P2+ )x(241)2  Ax(x341)2 N (Bx+C)x(x2+1)2 N (Dx+E)x(x2+1)2
x(x2+1)2 - x x2+1 (x2+1)2

Aot 412  Ax(x2+1)? 4 (BeO)x 2 +1)(x2+1) N (Dx+E)x 212
¢ 2 1}2 3 2 1 ¢ 2 1}2
b x4 1= A2+ 1)2 + (Bx+ Ox(x2 + 1) + (Dx + E)x = Ax* +24x2 + A+ Bx* + &3 + Bx? + Cx + Dx? + Ex

—A+B* + O3+ A+ B+ D)2 +(C+E)x+A

Comparing co-efficients, we get: A+ B = 1,
Substituting, we get| B =0 | | D= —1 |and| E =0 |

This gives % =14 (Cany

APl 1 X
f x(;+$2 dx = f x dx — f (x2+1)2 dx
Substituting u = x>+ 1 in the integral on the right, we get

fz(:rz’;;r)%dx In|x| — =In|x|+ 5 + C=In|x| + 3 2+1)+C

2A+B+D=1, C+E=0,

Annette Pilkington Trigonometric Substitution



Improper Rational Functions

The rational function % is an improper rational function if
DegP(x) > DegQ(x). In this case, we can use long division to get

Pl R()
ORI

where Deg R(x) < Deg Q(x).

Example Write * 25;“ in the form S(x) + - X25 where Deg R(x) < 2, and

evaluate f% dx.
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Improper Rational Functions

The rational function % is an improper rational function if
DegP(x) > DegQ(x). In this case, we can use long division to get

Pl R()
ORI

where Deg R(x) < Deg Q(x).

Example Write * 25;“ in the form S(x) + - X25 where Deg R(x) < 2, and

evaluate f% dx.

» Using long division, we get x* — 25x + 1 = x(x* — 25) + 1.

Annette Pilkington Trigonometric Substitution



Improper Rational Functions

The rational function % is an improper rational function if

DegP(x) > DegQ(x). In this case, we can use long division to get

Pl R()
ORI

where Deg R(x) < Deg Q(x).

Example Write * 25;“ in the form S(x) + - X25 where Deg R(x) < 2, and
evaluate f% dx.

» Using long division, we get x* — 25x + 1 = x(x* — 25) + 1.

3 2
x3—25x+1 __ x(x“—25) 1 _ 1
> Therefore “5=50= = "5 + oo =X+ =5-
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Improper Rational Functions

The rational function % is an improper rational function if
DegP(x) > DegQ(x). In this case, we can use long division to get

Pl R()
ORI

where Deg R(x) < Deg Q(x).

Example Write * 25;“ in the form S(x) + - X25 where Deg R(x) < 2, and

evaluate f% dx.

» Using long division, we get x* — 25x + 1 = x(x* — 25) + 1.

3 2
x3—25x+1 __ x(x“—25) 1 _ 1
> Therefore “5=50= = "5 + oo =X+ =5-

> [ *25”1 dx = [x dx + [ 15 dx. (calculated earlier)

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Sometimes we can make a substitution which allows us to express an integral
as a rational function.

Example
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Rationalizing Substitutions

Sometimes we can make a substitution which allows us to express an integral
as a rational function.

Example

> Let u=+/x, du:ﬁdx

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Sometimes we can make a substitution which allows us to express an integral
as a rational function.

Example

> Let u= /X, du:ﬁ

» Note that du = 217 dx or dx = 2u du.

dx
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Rationalizing Substitutions

Sometimes we can make a substitution which allows us to express an integral
as a rational function.

Example

> Let u= /X, du:ﬁ

» Note that du = 217 dx or dx = 2u du.

dx

ﬁ — _u _ 242
> fx+1dx* / 22U du= | 55 du

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Sometimes we can make a substitution which allows us to express an integral
as a rational function.

Example

> Let u=+/x, du= 5~ dx

1
Jx

» Note that du = 217 dx or dx = 2u du.
VX g _ [ 28
> fﬁdxf [ Aq2udu= [ 25 du
. L 2
» Using long division, we get u2211 =2- U%H

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Sometimes we can make a substitution which allows us to express an integral
as a rational function.

Example

> Let u= /X, du:ﬁ

Note that du = 217 dx or dx = 2u du.

[ dx = [ F2udu= [ 22 du

dx

v

v

x+1 u?+1
» Using long division, we get 2 oy 2
g ' u?+1 u?+1
VX g [ 242 _ 2
>/ cadx =) g du= J(2 u2+1) du
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Rationalizing Substitutions

Sometimes we can make a substitution which allows us to express an integral
as a rational function.

Example

> Let u=+/x, du= dx

1
2/x
» Note that du = 217 dx or dx = 2u du.

> fxfldx—fuz—ilmcfu: zﬂ du

> _2 u2+1
2

> fx\{;ldx_ u22£jrl du:f(2— u2+1) du

» =2y —2tan tu+ C=2yx—2tan ' /x+ C.

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Example

/ cos 0 do
3sin®6 + 2sin 6
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Rationalizing Substitutions

Example
/ .2c059 _do
3sin“ 0+ 2sin6

> Let u=sin(0), du=cos(0) db

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Example
/ . 2cosé? _do
3sin“ 0 4 2sin6
> Let u= sin(&)7 du = cos(0) do

cos 6 — 1
> f35|n2 0+25|n0 - f3u2+2u du.

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Example
/ . 2cosé? _do
3sin“ 0+ 2sin6
> Let u= sin(&)7 du = cos(0) do
cos 0 _
> f35|n2 0+25|n0 - f3u2:—2u du.

1
> =
3u2+2u u(3u+t2)

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Example
0
/ . 2cos _do
3sin“ 0+ 2sin6
> Let u=sin(0), du=cos(0) db
0 _ 1
> f35|n2c;j-25|n0 - f3u2+2u du.
> = 1
3u2+2u u(3u+2)
1 _
> u(Bu+2) + 3u+2

Annette Pilkington Trigonometric Substitution



Rationalizing Substitutions

Example
/ . 2cosé? _do
3sin“ 0+ 2sin6
> Let u=sin(0), du=cos(0) db
) _ 1
> f35|n2c;j-25|n0 - f3u2+2u du.
> = 1
3u2+2u u(3u+t2)
> 1L _ A, B

u@But2) — o " 3ut2

Multiplying both sides by u(3u + 2), we get

v

u(3u+2) _ Au(3u+2) + Bu(3u+2)
u(3u+2) T u 3u+2
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Rationalizing Substitutions

Example
/ . 2cosé? _do
3sin“ 0+ 2sin6
> Let u=sin(0), du=cos(0) db
) _ 1
> f35|n2c;j-25|n0 - f3u2+2u du.
> = 1
3u2+2u u(3u+t2)
> 1L _ A, B

v

u@But2) — o " 3ut2
Multiplying both sides by u(3u + 2), we get Zgﬂ;; = A“(3:+2) + 3”3(31;2)

> Canceling, we get 1 = A(3u+2)+ Bu=(3A+ B)u+2A
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Rationalizing Substitutions

Example
/ . 2cosé? _do
3sin“ 0+ 2sin6
> Let u=sin(0), du=cos(0) db
) _ 1
> f35|n2c;j-25|n0 - f3u2+2u du.
> = 1
3u2+2u u(3u+t2)
> 1L _ A, B

v

u@But2) — o " 3ut2

u(3u+2) _ Au(3u+2) + Bu(3u+2)
u(3u+2) u 3u+2

Multiplying both sides by u(3u + 2), we get

> Canceling, we get 1 = A(Bu+2)+ Bu= (3A+ B)u+2A
» Equating co-efficients, we get 1 =2A and 0 = 3A + B.
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Rationalizing Substitutions

Example
/ . 2cosé? _do
3sin“ 0+ 2sin6
> Let u=sin(0), du=cos(0) db
) _ 1
> f35|n2c;j-25|n0 - f3u2+2u du.
> = 1
3u2+2u u(3u+t2)
> 1L _ A, B

vVvyVvVvyy

u@But2) — o " 3ut2
u(3u+2) _ Au(3u+2) + Bu(3u+2)

Multiplying both sides by u(3u + 2), we get (3u12) - e
Canceling, we get 1 = A(3u+2) + Bu= (3A+ B)u +2A
Equating co-efficients, we get 1 = 2A and 0 = 3A + B.

Therefore A = % and B = %3
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Rationalizing Substitutions

Example
0
/ . 2cos _do
3sin“ 0+ 2sin6
> Let u=sin(0), du=cos(0) db
0 _ 1
> f35|n2c;j-25|n0 - f3u2+2u du.
> = 1
3u2+2u u(3u+2)
1 _ A B
> u@But2) — o + 3u+2

vV vyVvyVvyy

Multiplying both sides by u(3u + 2), we get (3u12) - e
Canceling, we get 1 = A(3u+2) + Bu= (3A+ B)u +2A

Equating co-efficients, we get 1 = 2A and 0 = 3A + B.

Therefore A =land B= %3

2
1 _ -3
u(3u+2) 2u + 2(3u+2)

u(3u+2) _ Au(3u+2) + Bu(3u+2)
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Rationalizing Substitutions

Example
/ . 2cosé? _do
3sin“ 0+ 2sin6
> Let u=sin(0), du=cos(0) db
) _ 1
> f35|n2c;j-25|n0 - f3u2+2u du.
> = 1
3u2+2u u(3u+t2)
> 1L _ A, B

vV vvy Vv Vv Yy

u@But2) — o " 3ut2

Multiplying both sides by u(3u + 2), we get Zgﬂ;; = A“(3:+2) + 3”3(31;2)

Canceling, we get 1 = A(3u+2) + Bu= (3A+ B)u +2A
Equating co-efficients, we get 1 = 2A and 0 = 3A + B.
Therefore A = % and B = %3
1 _ 1, -3
u(3u+2) 2u 2(3u+2)
f73u21+2u du= [+ du—l—fiz(;uiz) du=3Injuf—3 3In]3u+2/+C
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Rationalizing Substitutions

Example
/ . 2cosé? _do
3sin“ 0+ 2sin6
> Let u=sin(0), du=cos(0) db
) _ 1
> f35|n2c;j-25|n0 - f3u2+2u du.
> = 1
3u2+2u u(3u+t2)
> 1L _ A, B

u@But2) — o " 3ut2

Multiplying both sides by u(3u + 2), we get

u(3u+2) _ Au(3u+2) + Bu(3u+2)

> u(Bu+2) u 3u+2

> Canceling, we get 1 = A(Bu+2)+ Bu= (3A+ B)u+2A

» Equating co-efficients, we get 1 =2A and 0 = 3A + B.

» Therefore A = % and B = %3
1 -3

> u(3u+2) 2u + 2(3u+2)

> f73u21+2u duzfﬂ du—l—fiz(;uiz) du = %|n|u| — % -%|n|3u+2|—|—C
1 u 1 in 6

> =5+ =5l + C
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Rationalizing Substitutions

Extra Example
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Rationalizing Substitutions

Extra Example
5
X
[
x3+2

> Let u=Vx3+2, du= é(x3 + 2)%53x2 dx = %(\6/X3 + 2)75x2 dx
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Rationalizing Substitutions

Extra Example
5
X
Vx3 42
> Let u=Vx3+2, du= é(x3 + 2)%53x2 dx = %(\6/X3 + 2)75x2 dx

> du:ﬁXZdXH2u5du:x2dX, XX=ut-2
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Rationalizing Substitutions

Extra Example
5
X
Vx3+2
> Let u=Vx3+2, du= é(x3 + 2)%53x2 dx = %(\6/X3 + 2)75x2 dx
> du=xPdx— 2 du=x*dx, x*=u*-2

2u®
5

X 5 —2)245 10 4
> fmdx:f%du=f2u — 4u* du
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Rationalizing Substitutions

Extra Example

5
X
/aidx
Vx3 42

> Let u=Vx3+2, du= é(x3 + 2)%53x2 dx = %(\6/X3 + 2)75x2 dx
> du:ﬁx2 dx =20 du=x*dx, x*=u*-2

v

fxﬁ/%dxszduzf2uw—4u4du

_2u11 4u°
> =T s +C
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Rationalizing Substitutions

Extra Example
5
X
Vx3 42
> Let u=Vx3+2, du= é(x3 + 2)%53x2 dx = %(\6/X3 + 2)75x2 dx

> du:ﬁXZdXH2u5du:x2dX, XX=ut-2

x° 5 —2)245 10 4
> fmdx:f%du=f2u — 4u* du

_2u11 4u°
> =T s +C

A e
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Rationalizing Substitutions

Extra Example
5
X
[
x3+2

> Let u=Vx3+2, du= é(x3 + 2)%53x2 dx = %(\6/X3 + 2)75x2 dx

Pdu:ﬁx2dx—>2u5du:x2dx, XX=ut-2
x° _ (WS —2)20° _ 10 »,4
>fmdx—f7u du= [2u 4u” du

_2u11 4u°
> =T s +C

11 5
2(\6/x3+2) 4(\6/x3+2)
> = 11 - 5

3.,,\11/6 3.,.5\5/6
> — 2(x J;i) _ Mx 4;2) +C
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate

/;dx
x(x2+x+1)
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Partial fraction Decomposition,

Extra Example Evaluate

/;dx
x(x2+x+1)

Bx+C
x2+4x+1

1 _aA
x(x2+x+1) T x +

Annette Pilkington

Extra Example

Trigonometric Substitution



Partial fraction Decomposition, Extra Example

Extra Example Evaluate
/ v
x(x2+x+1)

1 _ A4 BxiC
x(x2+x+1) T x x2+4x+1

> x(PHx+1) _ Ax(P4x+1) + (Bx+C)x(x®+x+1)
x(x2+x+1) X x24+x+1
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate
/ v
x(x2+x+1)

1 _ A4 BxiC
x(x2+x+1) T x x2+4x+1

> x(PHx+1) _ Ax(P4x+1) + (Bx+C)x(x®+x+1)
x(x2+x+1) X x24+x+1

> 1=AGC +x+1)+x(Bx+ C) = Ax® + Ax + A+ Bx* 4 Cx

Annette Pilkington Trigonometric Substitution



Partial fraction Decomposition, Extra Example

Extra Example Evaluate

/;dx
x(x2+x+1)

1 _ A, BxiC
> x(x2+x+1) T x + x2+4x+1

> x(PHx+1) _ Ax(P4x+1) + (Bx+C)x(x®+x+1)

x(x2+x+1) X x24+x+1

> 1=AGC +x+1)+x(Bx+ C) = Ax® + Ax + A+ Bx* 4 Cx

» A+B=0, A+C=0, [A=1]

Annette Pilkington Trigonometric Substitution



Partial fraction Decomposition, Extra Example

Extra Example Evaluate
/ v
x(x2+x+1)

1 _ A, BxiC
> x(x2+x+1) T x + x2+4x+1

> x(PHx+1) _ Ax(P4x+1) + (Bx+C)x(x®+x+1)

x(x2+x+1) X x24+x+1

> 1=AGC +x+1)+x(Bx+ C) = Ax® + Ax + A+ Bx* 4 Cx
» A+B=0, A+C=0, [A=1]
» Substituting A =1 in the other two equations, we get .
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate
/ v
x(x2+x+1)

1 _ A, BxiC
> x(x2+x+1) T x + x2+4x+1

> x(PHx+1) _ Ax(P4x+1) + (Bx+C)x(x®+x+1)

x(x2+x+1) X x24+x+1

> 1=AGC +x+1)+x(Bx+ C) = Ax® + Ax + A+ Bx* 4 Cx
» A+B=0, A+C=0, [A=1]
» Substituting A =1 in the other two equations, we get .

1 1, —(x+1)
> ==
x(x2+x+1) X + x2+x+1
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Partial fraction Decomposition, Extra Example

1
Extra Example Evaluate [ mdx
1 _ A Bx+C
> x(x2+x+1) X + x2+x+1
p X(Pxtl) | Ax(C4x+1) + (Bx+C)x(x®+x+1)
x(x24x+1) X X2 x+1

> 1=AGC +x+1)+x(Bx+ C) = Ax* + Ax + A+ Bx* + Cx
» A+B=0, A+C=0, [A=1]
» Substituting A =1 in the other two equations, we get .

1 1, —(x+1)
> -1
x(x2+x+1) T x24x+1
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [ dx

1
x(x24x+1)
1 _ A Bx4C
> x(x2+x+1) X + x2+x+1

p X(Pxtl) | Ax(C4x+1) + (Bx+C)x(x®+x+1)

x(x24+x+1) X X2 x+1

> 1=AGC +x+1)+x(Bx+ C) = Ax* + Ax + A+ Bx* + Cx
» A+B=0, A+C=0, [A=1]
» Substituting A =1 in the other two equations, we get .

1 —(x+1)
> x(x2+x+1) + x24x+1
(x+1)
> f (2+x+1) dX*f dx 7f x24x+1 dx
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [ dx

1
x(x24x+1)

1 _ A Bx+C
> x(x2+x+1) X + x2+x+1

p X(Pxtl) | Ax(C4x+1) + (Bx+C)x(x®+x+1)

x(x24+x+1) X X2 x+1

> 1=AGC +x+1)+x(Bx+ C) = Ax* + Ax + A+ Bx* + Cx
» A+B=0, A+C=0, [A=1]
» Substituting A =1 in the other two equations, we get .

1 —(x+1)
> x(x2+x+1) + x24x+1
(x+1)
> f (2+x+1) dX*f dx 7f x24x+1 dx

v

=In|x| — [ S gx

X2 4x+1
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [ dx

1
x(x24x+1)

1 _ A Bx+C
> x(x2+x+1) X + x2+x+1

p X(Pxtl) | Ax(C4x+1) + (Bx+C)x(x®+x+1)
x(x24x+1) X X2 x+1

> 1=AGC +x+1)+x(Bx+ C) = Ax* + Ax + A+ Bx* + Cx
» A+B=0, A+C=0, [A=1]

» Substituting A =1 in the other two equations, we get .

1 —(x+1)
> x(x +x+1) + x24x+1

(x+1)
> f (2+x+1) dX*f dx 7f x24x+1 dx
_ (x+1)
> =In|x| - [ Z5 dx
> For [ X2:-+1+1 dx, note that £x°+x+1=2x+1# x+1. we can break
the integral into two parts prior to completing the square or complete the
square first.
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [

>

>

>

1
x(x24x+1) dx

1 — A4 BucC
x(x2+x+1) X x2+x+1

x(P4x+1) _ Ax(xP’4x+1) + (Bx+C)x(x®+x+1)
x(x24x+1) X X2 x+1

1=A0P +x+1)+x(Bx+ C) = Ax® + Ax + A+ Bx* + Cx
A+B=0, A+C=0, [A=1]

Substituting A = 1 in the other two equations, we get .

1 —(x+1)
x(x +x+1) + x24x+1
(x+1)
f x(x 2+x+1) dx = f dx — f x24x+1 dx
x+1

=Inlx|- [ (2+X+)1 dx

For [ x2:-+1+1 dx, note that £x°+x+1=2x+1# x+1. we can break
the integral into two parts prior to completing the square or complete the
square first.
XCAx+1=x"4+2Nx+1—-F+1=(x+3)+3 Weletu=x+3.
Thenx:u—%, du = dx.
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [

>

>

>

1
x(x24x+1) dx

1 — A4 BucC
x(x2+x+1) X x2+x+1

x(P4x+1) _ Ax(xP’4x+1) + (Bx+C)x(x®+x+1)
x(x24x+1) X X2 x+1

1=A0P +x+1)+x(Bx+ C) = Ax® + Ax + A+ Bx* + Cx
A+B=0, A+C=0, [A=1]

Substituting A = 1 in the other two equations, we get .

1 —(x+1)
x(x +x+1) + x24x+1
(x+1)
f x(x 2+x+1) dx = f dx — f x24x+1 dx
x+1
=Inlx|- [ (2+X+)1 dx
For [ x2:-+1+1 dx, note that £x°+x+1=2x+1# x+1. we can break
the integral into two parts prior to completing the square or complete the
square first.
XCAx+1=x"4+2Nx+1—-F+1=(x+3)+3 Weletu=x+3.
Thenx:u—l du = dx.
Then f Gt gy = f 2“ du

x2+x+1
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [ mdx
x(xzix-%—l) =i+ ;2(:::2
> [ e dx = [ 3 de— [ 5 dx
> =In|x| - fxg):::rl
> For [ 2X++1+1 dx, note that —x +x+1=2x+1%#x+1. we can break

the integral into two parts prior to completing the square or complete the
square first.

> Pt x+1=x"+2()x+ 1 —t+1=(x+3)+3 Welet u=x+3.
Thenx:u—l, du = dx.

> Thenf (1) dx_fu ZH f u+2 du

x2+x+1
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [ dx

1
x(x24x+1)

1 =14 —(x+1)
x(x2+x+1)  x x2+x+1

> Im f dx_fxg):::»l

1)
=1In |X| f xg):;Jrl

> For [ 2X++1+1 dx, note that —x +x+1=2x+1%#x+1. we can break
the integral into two parts prior to completing the square or complete the
square first.

> Pt x+1=x"+2()x+ 1 —t+1=(x+3)+3 Welet u=x+3.
Thenx:u—l, du = dx.

» Then f Gt gy = f = ZH f u+2 du

x2+x+1

:f@du—i-gfﬁdu

v

v
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [ mdx
1 _ 1 + —(x+1)
x(x2+x+1)  x x2+x+1
1 (x+1)
> fx(x2+x+1) f dx_fx2+><+1

v

1)
=1In |X| f xg):;Jrl

> For [ 2X++1+1 dx, note that —x +x+1=2x+1%#x+1. we can break
the integral into two parts prior to completing the square or complete the
square first.

> Pt x+1=x"+2()x+ 1 —t+1=(x+3)+3 Welet u=x+3.
Thenx:u—l, du = dx.

» Then f Gt gy = f = ZH f u+2 du

x2+x+1

»ZI@dU‘i‘EIﬁdU

_ _1 2(x+3)
> :%In|u2+%|+%-%tan ! 2”+C 1In|x2+x+1|+%tan ! )1/52 +C
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Partial fraction Decomposition, Extra Example

Extra Example Evaluate [ mdx
1 =14 —(x+1)
x(x2+x+1)  x x2+x+1
1 (x+1)
> fX(X2+X+1) f dx_fx2+><+1
_ (x+1)
> = |n|X| f x2+x+1

> For [ 2X++1+1 dx, note that —x +x+1=2x+1%#x+1. we can break
the integral into two parts prior to completing the square or complete the
square first.

> Pt x+1=x"+2()x+ 1 —t+1=(x+3)+3 Welet u=x+3.
Thenx:u—l, du = dx.

» Then f Gt gy = f = ZH f u+2 du

x2+x+1

»ZImdU‘i‘EIﬁdu

1 2(x+%)

» =1in|P+3+1L Ttan_1 2”+C 1 In|X2+x+1|+%tan 5 1C
x+1
> [ et dx=Inlx - i =

_1 2(x+

In|x|—%|n|x +x+1\—%t +C
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