Improper Integrals

Improper Integrals

In this section, we will extend the concept of the definite integral fab f(x)dx to
functions with an infinite discontinuity and to infinite intervals.
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functions with an infinite discontinuity and to infinite intervals.

» That is integrals of the type
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Improper Integrals

Improper Integrals

In this section, we will extend the concept of the definite integral fab f(x)dx to
functions with an infinite discontinuity and to infinite intervals.

» That is integrals of the type

© 1 19 < 1
A)/1 ;dx B) /O;dx Q) /_oo4+x2

> Note that the function f(x) = % has a discontinuity at x = 0 and the
F.T.C. does not apply to B.
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Improper Integrals

Improper Integrals

In this section, we will extend the concept of the definite integral fab f(x)dx to
functions with an infinite discontinuity and to infinite intervals.

» That is integrals of the type

© 1 19 < 1
A)/1 ;dx B) /O;dx Q) /_oo4+x2

> Note that the function f(x) = % has a discontinuity at x = 0 and the
F.T.C. does not apply to B.

> Note that the limits of integration for integrals A and C describe intervals
that are infinite in length and the F.T.C. does not apply.
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Infinite Intervals

Infinite Intervals

An Improper Integral of Type 1
(a) If [ f(x)dx exists for every number t > a, then

/:o f(x)dx = lim /at f(x)dx

provided that limit exists and is finite.
(c) If ftb f(x)dx exists for every number t < b, then

[ boo F(x)de = lim_ /t £ (x)dx

provided that limit exists and is finite.

The improper integrals [ f(x)dx and f x)dx are called Convergent if
the corresponding limit exists and is finite and dlvergent if the limit does not
exists.

(c) If (for any value of a) both [ f(x)dx and [°__ f(x)dx are convergent,

then we define
/ f(x)dx = / f(x)dx + / f(x)dx




Infinite Intervals

Infinite Intervals

/:o FO)dx =, lim /; £(x)dx

L.

: b
F(x)dx = t—llToo/r F(x)dx

If f(x) > 0, we can give the definite integral above an area interpretation;
namely that if the improper integral converges, the area under the curve on the

infinite interval is finite.

Example Determine whether the following integrals converge or diverge:

/ ldx,
1 X

/ %dx,
1 X
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Infinite Intervals

Infinite Intervals

o ] ¢ b : b
/a f(x)dx = tl’"oo/a f(x)dx /700 f()dx = _lim F(x)dx

——oo Jt

If f(x) > 0, we can give the definite integral above an area interpretation;
namely that if the improper integral converges, the area under the curve on the
infinite interval is finite.

Example Determine whether the following integrals converge or diverge:

/ ldx, / %dx,
1 X 1 X

> By definition [ Ldx = lime—oo [ 1/x dx
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Infinite Intervals

Infinite Intervals

o ] ¢ b : b
/a f(x)dx = tl’"oo/a f(x)dx /700 f()dx = _lim F(x)dx

——oo Jt

If f(x) > 0, we can give the definite integral above an area interpretation;
namely that if the improper integral converges, the area under the curve on the
infinite interval is finite.

Example Determine whether the following integrals converge or diverge:

/ ldx, / %dx,
1 X 1 X

> By definition [ Ldx = lime—oo [ 1/x dx

t
» = limi_osoln x‘ =limi—oo(Int —In1)
1
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Infinite Intervals

Infinite Intervals

/:o FO)dx =, lim /; £(x)dx

L.

: b
F(x)dx = t—llToo/r F(x)dx

If f(x) > 0, we can give the definite integral above an area interpretation;
namely that if the improper integral converges, the area under the curve on the

infinite interval is finite.

Example Determine whether the following integrals converge or diverge:

/ ldx,
1 X

/ %dx,
1 X

> By definition [ Ldx = lime—oo [ 1/x dx

t
» = limi_osoln x‘ =limi—oo(Int —In1)
1

> = limioInt =0
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Infinite Intervals

Infinite Intervals

o ] ¢ b : b
/a f(x)dx = tl’"oo/a f(x)dx /700 f()dx = _lim F(x)dx

——oo Jt

If f(x) > 0, we can give the definite integral above an area interpretation;
namely that if the improper integral converges, the area under the curve on the
infinite interval is finite.

Example Determine whether the following integrals converge or diverge:

/ ldx, / %dx,
1 X 1 X

> By definition [ Ldx = lime—oo [ 1/x dx
t

» = limi_osoln x‘ =limi—oo(Int —In1)
1

> = limioInt =0

> The integral [ Ldx diverges.
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Infinite Intervals

Infinite Intervals

/:o F()o =, lim _ /.: £(x)dx /f(x) Fgde = _fim /tb £(x)dx

Example Determine whether the following integrals converge or diverge:

oo oo
/ 1dx7 / %dx,
1 X 1 X
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Infinite Intervals

Infinite Intervals

/:o F()o =, lim _ /.: £(x)dx /f(x) Fgde = _fim /tb £(x)dx

Example Determine whether the following integrals converge or diverge:
<1 1
/ —dx, / —dx,
1 X 1 X

» By definition f1°° X%dx = lim— oo flt XLS dx
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Infinite Intervals

Infinite Intervals

/:o F()o =, lim _ /.: £(x)dx /f(x) Fgde = _fim /tb £(x)dx

Example Determine whether the following integrals converge or diverge:
<1 1
/ —dx, / —dx,
1 X 1 X

» By definition f1°° X%dx = lim— oo flt XLS dx

t

. —2
> = |Imt~>oo X_j
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Infinite Intervals

Infinite Intervals

/:o F()o =, lim _ /.: £(x)dx /f(x) Fgde = _fim /tb £(x)dx

Example Determine whether the following integrals converge or diverge:
<1 1
/ —dx, / —dx,
1 X 1 X

» By definition f1°° X%dx = lim— oo flt XLS dx

t

. —2
> = |Imt~>oo X_j

> = limi oo (% + %)
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Infinite Intervals

Infinite Intervals

/:o F()o =, lim _ /.: £(x)dx /f(x) Fgde = _fim /tb £(x)dx

Example Determine whether the following integrals converge or diverge:

oo oo
/ 1dx7 / %dx,
1 X 1 X

] . t
» By definition f1°° X%dx = limi—oo fl X% dx
. —2|t
> =limi o
1
- -1, 1
> = |Imt~>oo (? + 5)
_ 1_ 1
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Infinite Intervals

Infinite Intervals

/:o F()o =, lim _ /.: £(x)dx /f(x) Fgde = _fim /tb £(x)dx

Example Determine whether the following integrals converge or diverge:

oo oo
/ 1dx7 / %dx,
1 X 1 X

. oo 1 T t1
» By definition fl dx = limoo fl 3 dx
. —2 |t
> =limi o
1
- -1, 1
> = |Imt~>oo (? + 5)

» =0+3=1
I

The integral [ % dx converges to 3.

v
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Area Interpretation

Area Interpretation

5 0 15 E] = E] ’ 5 10 s £l = E}

Since [~ Ldx diverges, the area under the curve y = 1/x on the interval
[1,00) (shown on the left above) is not finite.

Since floo X%dx converges, the area under the curve y = 1/x3 on the interval
[1,00) (shown on the right above) is finite.
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Area Interpretation

Infinite Intervals

/:o F(x)dx =, lim /at F(x)dx /foo F()dx = _lim F(x)dx

Example Determine whether the following integral converges or diverges:
0 X

Jo . e¥dx
— 00
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Area Interpretation

Infinite Intervals

/:o F(x)dx =, lim /at F(x)dx /foo F()dx = _lim F(x)dx

Example Determine whether the following integral converges or diverges:
0 X

Jo . e¥dx
— 00

> By definition [°__ e*dx = lim,—_cc [° e¥dx
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Area Interpretation

Infinite Intervals

/:o F(x)dx =, lim /at F(x)dx /foo F()dx = _lim F(x)dx

Example Determine whether the following integral converges or diverges:
fo e*dx
— 00
» By definition ffoo e“dx = limi— _ o fto e“dx

0
> = limi—_ oo e*

t
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Area Interpretation

Infinite Intervals

/:o F(x)dx =, lim /at F(x)dx /foo F()dx = _lim F(x)dx

Example Determine whether the following integral converges or diverges:
fo e*dx
— 00
» By definition ffoo e“dx = limi— _ o fto e“dx

0
> = limi—_ oo e*

t

> = lim,_oo(e® — ef)
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Area Interpretation

Infinite Intervals

/:o F(x)dx =, lim /at F(x)dx /foo F()dx = _lim F(x)dx

Example Determine whether the following integral converges or diverges:
fo e*dx
— 00
» By definition ffoo e“dx = limi— _ o fto e“dx

0
> = limi—_ oo e*

t
> = lim,_oo(e® — ef)

» =1-0=1
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Area Interpretation

Infinite Intervals

/:o F(x)dx =, lim /at F(x)dx /foo F()dx = _lim F(x)dx

Example Determine whether the following integral converges or diverges:

fo e~ dx
—00
» By definition ffoo e“dx = limi— _ o fto e“dx
) 0
> =limi_o "
t
> = lim,_oo(e® — ef)
» =1-0=1.
. 0 x
» The integral fioo e*dx converges to 1.
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Area Interpretation

Infinite Intervals

If (for any value of a) both [ f(x)dx and [°_ f(x)dx are convergent, then
we define
/_OZO F(x)dx = /_aoc F(x)dx + /:O F(x)dx

Example Determine whether the following integral converges or diverges:

oo 1
/ o
—00 44 x2
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Area Interpretation

Infinite Intervals

If (for any value of a) both [ f(x)dx and [°_ f(x)dx are convergent, then
we define
/_OZO F(x)dx = /_aoc F(x)dx + /:O F(x)dx

Example Determine whether the following integral converges or diverges:

oo 1
/ o
—00 44 x2

> Since this is a continuous function, we can calculate [ L dx and

4+4+x2
0 1
f —o0 4+x2 dX
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Area Interpretation

Infinite Intervals

If (for any value of a) both [ f(x)dx and [°_ f(x)dx are convergent, then
we define
/_OZO F(x)dx = /_aoc F(x)dx + /:O F(x)dx

Example Determine whether the following integral converges or diverges:

oo 1
/ o
—00 44 x2

> Since this is a continuous function, we can calculate [ L dx and

4+4+x2
0 1
ffoo 44x2 dX
t
oo 1 T t 1 _ 1 —1x
> fo T dx = limeoo fo o dx=limeo s tan™" 3 .
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Area Interpretation

Infinite Intervals

If (for any value of a) both [ f(x)dx and [°_ f(x)dx are convergent, then
we define
/_OZO F(x)dx = /_aoc F(x)dx + /:O F(x)dx

Example Determine whether the following integral converges or diverges:

oo 1
/ o
—00 44 x2

> Since this is a continuous function, we can calculate [ L dx and

4+4+x2
0 1
ffoo 44x2 dX
t
oo 1 T t 1 _ 1 —1x
> fo T dx = limeoo fo o dx=limeo s tan™" 3 .
> =limi.oo 2(tan” £ —tan"'0) = 3(3 —0) = Z.
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Area Interpretation

Infinite Intervals

If (for any value of a) both [ f(x)dx and [°__

f(x)dx are convergent, then
we define

oo a oo
/_oo F(x)dx = /_oc F(x)dx +/a F(x)dx
Example Determine whether the following integral converges or diverges:

oo 1
/ o
—00 44 x2

> Since this is a continuous function, we can calculate [

0
f oo 4+x2 dX

1
4+4+x2

oo 1 o t 1 o 1,. -1
> fo T dx = limeoo fo oz dx =limeoo 5 tan
f—tan"10)=3(3-0)= 7.

0 1 1 -1 x
> f_oo iz dx = lime._ °°ft 4+X2 dx = lim;— oo 5(tan™" 3)

x
2lo
> =limi—oo 5(tan" '}

0

t
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Area Interpretation

Infinite Intervals

If (for any value of a) both [ f(x)dx and [°_ f(x)dx are convergent, then

we define
oo a oo
/_oo F(x)dx = /_OC F(x)dx +/a F(x)dx

Example Determine whether the following integral converges or diverges:

oo 1
/ o
—00 44 x2

> Since this is a continuous function, we can calculate [ 4+1X2
fooo 44x2 dX
> fo 4+X2 dx = lim— oo fot ﬁ dx = limi— oo %tanf1 5 ;
» =limi—o 3(tan™ ' —tan"10) = }(2 —0) = 7.
0
. 4+X dx = lim,_ _ Ooft 4+X2 dx = limi— _ oo %(tan_1 %) .
> = lime—oo J(tan 10 —tan"t f) = 10 - 5y =17,
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Area Interpretation

Infinite Intervals

If (for any value of a) both [ f(x)dx and [°_ f(x)dx are convergent, then
we define
/_OZO F(x)dx = /_aoc F(x)dx + /:O F(x)dx

Example Determine whether the following integral converges or diverges:

oo 1
/ o
—00 44 x2

> Since this is a continuous function, we can calculate [ 4+1X2
fooo 44x2 dX
> o i dx =limeoo [§ 757 dx = limeoo s tan ' 5 ;
> =limi.oo 2(tan” £ —tan"'0) = 3(3 —0) = Z.
0
. 4+X dx = lim,_ _ Ooft 4+X2 dx = limi— _ oo 2(tan 1 %) .
> =limi—_o 3(tan 10 —tan"' £) = I( Iy =1,
> The integral ffooo 4+1 5

0 1 oo 1 ™ ™ ™
/ dx+/ dx = — + — = —.
—o0 4+ x2 0 4+x2 4 4 2
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Theorem 1

Infinite Intervals

Theorem

o0 1 . i i .
/ —pdx is convergent if p > 1 and divergent if p <1
1 X

Proof
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Theorem 1

Infinite Intervals

Theorem

o0 1 . i i .
/ —pdx is convergent if p > 1 and divergent if p <1
1 X

Proof
> We've verified this for p =1 above. If p #1
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Theorem 1

Infinite Intervals

Theorem
oo 1 . i i i
—pdx is convergent if p > 1 and divergent if p <1
1 X
Proof
> We've verified this for p =1 above. If p #1
oo . t . 1-p |t . 1-p
> f1 Xi,, dx = lim— oo fl xip dx = limi— oo |, = lim:— oo (tlfp — ﬁ)
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Theorem 1

Infinite Intervals

Theorem

o0 1 . i i .
/ —pdx is convergent if p > 1 and divergent if p <1
1 X

Proof
> We've verified this for p =1 above. If p #1
0o 1 T t 1 T A= |t RE) 1
> f1 2 dx = lim; oo fl & odx =lime oo |, = lim:— oo (ﬁ — ﬁ)
. t1—p 1 _ 1 .
> If p>1, lim—oo (ﬁ - ﬂ) =-15 and the integral converges.
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Theorem 1

Infinite Intervals

Theorem

o0 1 . i i .
/ —pdx is convergent if p > 1 and divergent if p <1
1 X

Proof
> We've verified this for p =1 above. If p #1
0o 1 T t 1 T A= |t RE) 1

> f1 55 dx = lime 0o fl 55 dx = lime oo e lim:— oo (ﬁ — ﬁ)
. t1—p 1 _ 1 .

> If p>1, lim—oo (ﬁ - ﬂ) =-15 and the integral converges.
. 1—- L -

> If p<1,lim_o (% - ﬁ) does not exist since % —o00ast— 00

and the integral diverges.
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Ful

Functions with infinite discontinuities

Improper integrals of Type 2
(a) If fis continuous on [a, b) and is discontinuous at b, then

/ab f(x)dx = :i?* /: f(x)dx

if that limit exists and is finite.
(b) If f is continuous on (a, b] and is discontinuous at a, then

/ab F(x)dx = :imﬁ /tb F(x)dx

if that limit exists and is finite.

The improper integral fab f(x)dx is called convergent if the corresponding
limit exists and Divergent if the limit does not exist.

(c) If f has a discontinuity at ¢, where a < ¢ < b, and both [ f(x)dx and

fcb f(x)dx are convergent, then we define

-/ab f(x)dx = /: f(x)dx + -/cb f(x)dx
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Ful

Functions with infinite discontinuities

If f is continuous on [a, b) and is discontinuous at b, then

/ab f(x)dx = t_lir27 /at f(x)dx

if that limit exists and is finite.

Example Determine whether the following integral converges or diverges

2
/ ! dx
0 X—2
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Ful

Functions with infinite discontinuities

If f is continuous on [a, b) and is discontinuous at b, then

/ab f(x)dx = t_lir27 /at f(x)dx

if that limit exists and is finite.

Example Determine whether the following integral converges or diverges
2
1
/ dx
0 X—2

> The function f(x) = -5 is continuous on [0,2) and is discontinuous at 2.
Therefore, we can calculate the integral.
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Ful

Functions with infinite discontinuities

If f is continuous on [a, b) and is discontinuous at b, then

/ab f(x)dx = t_lir27 /at f(x)dx

if that limit exists and is finite.

Example Determine whether the following integral converges or diverges
2
1
/ dx
0 X—2

> The function f(x) = -5 is continuous on [0,2) and is discontinuous at 2.
Therefore, we can calculate the integral.

2 . t . t
> /5 Lodx = lim,_,- IA L dx =lim,_,- In|x — 2| .
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Ful

Functions with infinite discontinuities

If f is continuous on [a, b) and is discontinuous at b, then

/ab f(x)dx = t_lir27 /at f(x)dx

if that limit exists and is finite.

Example Determine whether the following integral converges or diverges
2
1
/ dx
0 X—2
1

» The function f(x) = =5 is continuous on [0,2) and is discontinuous at 2.
Therefore, we can calculate the integral.

2 . t . t
> /5 Lodx = lim,_,- IA L dx =lim,_,- In|x — 2| .

> =lim,_,-(In|t — 2| — In| — 2|) which does not exist since
Injt—2] - —coast— 2.
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Ful

Functions with infinite discontinuities

If f is continuous on [a, b) and is discontinuous at b, then

/ab f(x)dx = t_lir27 /at f(x)dx

if that limit exists and is finite.

Example Determine whether the following integral converges or diverges
2
1
/ dx
0 X—2
1

» The function f(x) = =5 is continuous on [0,2) and is discontinuous at 2.

Therefore, we can calculate the integral.

2 . t . t
> /5 Lodx = lim,_,- IA L dx =lim,_,- In|x — 2| .

> =lim,_,-(In|t — 2| — In| — 2|) which does not exist since
Injt—2] - —coast— 2.

> Therefore the improper integral f02 —L-dx diverges.
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Ful

Functions with infinite discontinuities

If f is continuous on (a, b] and is discontinuous at a, then

/ab f(x)dx = tinjﬁ’ /;b F(x)dx

if that limit exists and is finite.

Example Determine whether the following integral converges or diverges

11
/ e
0 x2
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Ful

Functions with infinite discontinuities

If f is continuous on (a, b] and is discontinuous at a, then

b b
/ f(x)dx = lim F(x)dx
a

t—at Jt

if that limit exists and is finite.

Example Determine whether the following integral converges or diverges

11
/ e
0 x2

> The function f(x) = % is continuous on (0, 1] and is discontinuous at 0.
Therefore, we can calculate the integral.
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Ful

Functions with infinite discontinuities

If f is continuous on (a, b] and is discontinuous at a, then

b b
/ f(x)dx = lim F(x)dx
a

t—at Jt

if that limit exists and is finite.

Example Determine whether the following integral converges or diverges

11
/ e
0 x2

> The function f(x) = % is continuous on (0, 1] and is discontinuous at 0.
Therefore, we can calculate the integral.

11

> Jo e

1
. 11 . —1
dx = lim,_, o+ ft z dx =lime_o+ 7‘
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Ful

Functions with infinite discontinuities

If f is continuous on (a, b] and is discontinuous at a, then

b b
/ f(x)dx = lim F(x)dx
a

t—at Jt
if that limit exists and is finite.

Example Determine whether the following integral converges or diverges

11
/ e
0 x2

> The function f(x) = % is continuous on (0, 1] and is discontinuous at 0.
Therefore, we can calculate the integral.

1
11 . 11 . 1
> [y zdx =limi_o+ ft z dx =lime_o+ 7‘
t
> =lim, o+ (—1— @) == Iimt_,0+($ — 1) which does not exist since

%—>ooast—>0+.
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Ful

Functions with infinite discontinuities

If f is continuous on (a, b] and is discontinuous at a, then

/b Fodx = tim [ F(x)dx
a t—at Jt
if that limit exists and is finite.

Example Determine whether the following integral converges or diverges

11
/ e
0 x2

> The function f(x) = % is continuous on (0, 1] and is discontinuous at 0.
Therefore, we can calculate the integral.

1
11 . 11 . 1
> [y zdx =limi_o+ ft 7z dx =lime_o+ 55

> =lim, o+ (—1— @) == Iimt_,0+($ — 1) which does not exist since

%—>ooast—>0+.

» Therefore the improper integral fol X%dx diverges.
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Ful

Functions with infinite discontinuities

Theorem It is not difficult to show that

xP

1
1
/ —dx s divergent if p > 1 and convergent if p < 1
0
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Ful

Functions with infinite discontinuities

If f has a discontinuity at ¢, where a < ¢ < b, and both [ f(x)dx and
fcb f(x)dx are convergent, then we define

-/ab f(x)dx = ./: f(x)dx + -/cb f(x)dx

Example determine if the following integral converges or diverges and if it
converges find its value.

/" o

0 (x —2)2
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Ful

Functions with infinite discontinuities

If f has a discontinuity at ¢, where a < ¢ < b, and both [ f(x)dx and
fcb f(x)dx are convergent, then we define

-/ab f(x)dx = ./: f(x)dx + -/cb f(x)dx

Example determine if the following integral converges or diverges and if it
converges find its value.

/" o

0 (x —2)2

» The function ﬁ has a discontinuity at x = 2. Therefore we must

check if both improper integrals fo gy dx and f2 G2y dx converge or

2)2
diverge.
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Ful

Functions with infinite discontinuities

If f has a discontinuity at ¢, where a < ¢ < b, and both [ f(x)dx and
fcb f(x)dx are convergent, then we define

-/ab f(x)dx = ./: f(x)dx + -/cb f(x)dx

Example determine if the following integral converges or diverges and if it
converges find its value.

/" o

0 (x —2)2

» The function ﬁ has a discontinuity at x = 2. Therefore we must

check if both improper integrals fo gy dx and f2 G2y dx converge or

2)2
diverge.

2 . t . —1
> fo ﬁdx =lim,_,— fo ﬁdxz lim,_,»— (X_2)

0
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Ful

Functions with infinite discontinuities

If f has a discontinuity at ¢, where a < ¢ < b, and both [ f(x)dx and
fcb f(x)dx are convergent, then we define

-/ab f(x)dx = ./: f(x)dx + -/cb f(x)dx

Example determine if the following integral converges or diverges and if it
converges find its value.

/" o

0 (x —2)2

» The function ﬁ has a discontinuity at x = 2. Therefore we must

check if both improper integrals fo gy dx and f2 G2y dx converge or

2)2
diverge.
2 1 . t 1 . -t
> fO de: |Ith27 fO ﬁdX: |Ith27 (X_2) o
> =lim,_,- (— — 1), which does not exist.
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Ful

Functions with infinite discontinuities

If f has a discontinuity at ¢, where a < ¢ < b, and both [ f(x)dx and
fcb f(x)dx are convergent, then we define

-/ab f(x)dx = -/ac f(x)dx + -/cb f(x)dx

Example determine if the following integral converges or diverges and if it
converges find its value.

/" o

0 (x —2)2

The function ﬁ has a discontinuity at x = 2. Therefore we must

check if both improper integrals fo =

v

dx and f2 G2y dx converge or

2)2
diverge.
> 2L dx =i Jo i dx =i cy
0 (22 9X T Mo Jo G X = IMe—2= S5 |
> =lim,_,- (— — 1), which does not exist.
> Therefore we can conclude that [} = 2)2 =2 oo d><—|—f2 ) 2dx

diverges since this mtegral converges only |f both |mproper mtegrals
Jo = 2)2 dx and f2 o 2dx converge.
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Comparison Test for Integrals

Comparison Test for Integrals
Theorem If f and g are continuous functions with f(x) > g(x) > 0 for x > a,
then
(@) If [7° f(x)dx is convergent, then [ g(x)dx is convergent.
(b) If [° g(x)dx is divergent, then [ f(x)dx is divergent.

Example Use the comparison test to determine if the following integral is
convergent or divergent (using your knowledge of integrals previously
calculated).

o0 1
/ —
1 x24x+1

Annette Pilkington Improper Integrals



Comparison Test for Integrals

Comparison Test for Integrals
Theorem If f and g are continuous functions with f(x) > g(x) > 0 for x > a,
then
(a) If [7° f(x)dx is convergent, then f;’o g(x)dx is convergent.
(b) If [° g(x)dx is divergent, then [ f(x)dx is divergent.

Example Use the comparison test to determine if the following integral is
convergent or divergent (using your knowledge of integrals previously
calculated).

/ 2 4 x+1 &

1

» We have

1
— < — if x> 1.
X2 +x+1 x2
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Comparison Test for Integrals

Comparison Test for Integrals
Theorem If f and g are continuous functions with f(x) > g(x) > 0 for x > a,
then
(a) If [7° f(x)dx is convergent, then f;’o g(x)dx is convergent.
(b) If [° g(x)dx is divergent, then [ f(x)dx is divergent.

Example Use the comparison test to determine if the following integral is
convergent or divergent (using your knowledge of integrals previously
calculated).

/ +x+1X

1

» We have

1
v A
> Therefore using f(x) = % and g(x) =

above, we can conclude that

1 . .
prean Ll the comparison test

oo 1
/ — 4 converges
1 +x+1

since

1
/°° “4 converges
1 X2
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Comparison Test for Integrals

Comparison Test for Integrals
Theorem If f and g are continuous functions with f(x) > g(x) > 0 for x > a,
then
(@) If [7° f(x)dx is convergent, then [ g(x)dx is convergent.
(b) If [° g(x)dx is divergent, then [ f(x)dx is divergent.

Example Use the comparison test to determine if the following integral is
convergent or divergent (using your knowledge of integrals previously
calculated).
=) 1
/1 %

1
2
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Comparison Test for Integrals

Comparison Test for Integrals
Theorem If f and g are continuous functions with f(x) > g(x) > 0 for x > a,
then
(@) If [7° f(x)dx is convergent, then [ g(x)dx is convergent.
(b) If [° g(x)dx is divergent, then [ f(x)dx is divergent.
Example Use the comparison test to determine if the following integral is
convergent or divergent (using your knowledge of integrals previously
calculated).

» We have
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Comparison Test for Integrals

Comparison Test for Integrals
Theorem If f and g are continuous functions with f(x) > g(x) > 0 for x > a,
then
(@) If [7° f(x)dx is convergent, then [ g(x)dx is convergent.
(b) If [° g(x)dx is divergent, then [ f(x)dx is divergent.

Example Use the comparison test to determine if the following integral is
convergent or divergent (using your knowledge of integrals previously
calculated).

=S} 1

» We have .
> - if x>1

> therfore using f(x) = ﬁ and g(x) = 1 in the comparison test, we have
2

1 .
/ e & diverges
1 _

since
oo 1 .
/ “a  diverges.
1 x

Annette Pilkington Improper Integrals



	 Improper Integrals
	Infinite Intervals
	Area Interpretation
	 Theorem 1
	 Functions with infinite discontinuities
	 Comparison Test
	 Comparison Test

