Moments and Center of Mass

Moments and Center of Mass

If we have masses my, mo, ..., m, at points xi, x2, ..., X, along the x-axis, the
moment of the system around the origin is

Mo = mixi + mpxa + -+ + MpXxy |-

The center of mass of the system is

_ M
Xx=—, where m=mi+my+---+ m,.
m

Example We have a mass of 3 kg at a distance 3 units to the right the origin
and a mass of 2 kg at a distance of 1 unit to the left of the origin on the rod
below, find the moment about the origin. Find the center of mass of the
system.
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Moments and Center of Mass

Moments and Center of Mass

If we have masses my, mo, ..., m, at points xi, x2, ..., X, along the x-axis, the
moment of the system around the origin is

Mo = mixi + mpxa + -+ + MpXxy |-

The center of mass of the system is

_ M
Xx=—, where m=mi+my+---+ m,.
m

Example We have a mass of 3 kg at a distance 3 units to the right the origin
and a mass of 2 kg at a distance of 1 unit to the left of the origin on the rod
below, find the moment about the origin. Find the center of mass of the
system.

2kg 3ke

Bl 0 A 3

> Mo = mixi + maxo = 3(3) -+ 2(71) =7.
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Moments and Center of Mass

Moments and Center of Mass

If we have masses my, mo, ..., m, at points xi, x2, ..., X, along the x-axis, the
moment of the system around the origin is

Mo = mixi + mpxa + -+ + MpXxy |-

The center of mass of the system is

_ M
Xx=—, where m=mi+my+---+ m,.
m

Example We have a mass of 3 kg at a distance 3 units to the right the origin
and a mass of 2 kg at a distance of 1 unit to the left of the origin on the rod
below, find the moment about the origin. Find the center of mass of the

system.
> Mo = mixi + maxo = 3(3) -+ 2(71) =7.
> X = % = mllmz = 2—13 = I (see the balance point on the diagram)
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Moments and Center of Mass

Law of Archimedes

By a Law of Archimedes if we have masses m; and m, on a rod (of negligible
mass) on opposite sides of a fulcrum, at distances d; and d> from the fulcrum,
the rod will balance if midi = mad>. (or in general if we place masses

my, my, ..., m, at distances di, da, . .. d, from the fulcrum the rod will balance
if the center of mass is at the fulcrum. )

2kg 3ke

Bl 0 A 3

Example If we place a fulcrum at the center of mass of the rod above, we see
that the rod will balance. Check that midi = mad», where di and d» are the
distances of the masses m; and my respectively from the fulcrum at x = %
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Moments and Center of Mass

Law of Archimedes

By a Law of Archimedes if we have masses m; and m, on a rod (of negligible
mass) on opposite sides of a fulcrum, at distances d; and d> from the fulcrum,
the rod will balance if midi = mad>. (or in general if we place masses

my, my, ..., m, at distances di, da, . .. d, from the fulcrum the rod will balance
if the center of mass is at the fulcrum. )

2kg 3ke

Bl 0 A 3

Example If we place a fulcrum at the center of mass of the rod above, we see
that the rod will balance. Check that midi = mad», where di and d» are the
distances of the masses m; and my respectively from the fulcrum at x = %

> We should have 3|x — 3| = 2|x — (—1)|.
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Moments and Center of Mass

Law of Archimedes

By a Law of Archimedes if we have masses m; and m, on a rod (of negligible
mass) on opposite sides of a fulcrum, at distances d; and d> from the fulcrum,
the rod will balance if midi = mad>. (or in general if we place masses

my, my, ..., m, at distances di, da, . .. d, from the fulcrum the rod will balance
if the center of mass is at the fulcrum. )

2kg 3ke

Bl 0 A 3

Example If we place a fulcrum at the center of mass of the rod above, we see
that the rod will balance. Check that midi = mad», where di and d» are the
distances of the masses m; and my respectively from the fulcrum at x = %

> We should have 3|x — 3| = 2|x — (—1)|.
> or 3|1 — 3| =2|f +1]
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Moments and Center of Mass

Law of Archimedes

By a Law of Archimedes if we have masses m; and m, on a rod (of negligible
mass) on opposite sides of a fulcrum, at distances d; and d> from the fulcrum,
the rod will balance if midi = mad>. (or in general if we place masses

my, my, ..., m, at distances di, da, . .. d, from the fulcrum the rod will balance
if the center of mass is at the fulcrum. )

2kg 3ke

Bl 0 A 3

Example If we place a fulcrum at the center of mass of the rod above, we see
that the rod will balance. Check that midi = mad», where di and d» are the
distances of the masses m; and my respectively from the fulcrum at x = %

> We should have 3|x — 3| = 2|x — (—1)|.

> or 3|1 — 3| =2|f +1]

> That is 3| 52| = 2| 2|, which is true.
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Moments and Center of Mass

Law of Archimedes

By a Law of Archimedes if we have masses m; and m, on a rod (of negligible
mass) on opposite sides of a fulcrum, at distances d; and d> from the fulcrum,
the rod will balance if midi = mad>. (or in general if we place masses

my, my, ..., m, at distances di, da, . .. d, from the fulcrum the rod will balance
if the center of mass is at the fulcrum. )

2kg 3ke

Bl 0 A 3

Example If we place a fulcrum at the center of mass of the rod above, we see
that the rod will balance. Check that midi = mad», where di and d» are the
distances of the masses m; and my respectively from the fulcrum at x = %
> We should have 3|x — 3| = 2|x — (—1)|.
> or 3|1 — 3| =2|f +1]
- 3|8 12
» Thatis 3| 3°| = 2| %
> Note that if we place all of the mass at the center of mass of the
system above, the new system has the same moment and center of
mass as the original system.

, which is true.
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Moments and Center of Mass

Law of Archimedes

By a Law of Archimedes if we have masses m; and m, on a rod (of negligible
mass) on opposite sides of a fulcrum, at distances d; and d> from the fulcrum,
the rod will balance if midi = mad>. (or in general if we place masses

my, my, ..., m, at distances di, da, . .. d, from the fulcrum the rod will balance
if the center of mass is at the fulcrum. )

2kg 3ke

Bl 0 A 3

Example If we place a fulcrum at the center of mass of the rod above, we see
that the rod will balance. Check that midi = mad», where di and d» are the
distances of the masses m; and my respectively from the fulcrum at x = %

> We should have 3|x — 3| = 2|x — (—1)|.

> or 3|1 — 3| =2|f +1]

> Thatis 3| 2| = 2|2

> Note that if we place all of the mass at the center of mass of the

system above, the new system has the same moment and center of
mass as the original system.

, which is true.

» That is if we place a mass of 2 + 3 = 5kg at x = % the new system has
Mo

moment Mo =5- £ =7 and X = 3
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Two Dimensional System

Two dimensional system

For a two dimensional system, we use x and y axes for reference. We now have
moments about each axis. If we have a system with masses my, m», ..., m, at
points (x1, y1), (X2, ¥2), - -, (Xn, ¥n) respectively, then the moment about the y
axis is given by

’My=m1X1+m2X2+"'+man

and the moment about the x axis is given by

‘Mx = Miyr + mMays + -+ Moyn.

These moments measure the tendency of the system to rotate about the x and

y axes respectively.
The Center of Mass of the system is given by (X, y) where

M, M,
X =— and y=— for m=m+my+---+m,.
m m
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Two Dimensional System

2-D system Example

Example Find the moments and center of mass of a system of objects that
have masses

kg 2 1 6
position | (7,1) | (0,0) | (=3,0) : ‘ ’ ) '
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Two Dimensional System

2-D system Example

Example Find the moments and center of mass of a system of objects that
have masses

kg 2 1 6
position | (7,1) | (0,0) | (=3,0) : ‘ ’ ) '

> M, = mixi + maxo + -+ mpxa = 2(7) + 1(0) + 6(—3) = 14 — 18 = —4.
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Two Dimensional System

2-D system Example

Example Find the moments and center of mass of a system of objects that
have masses

kg 2 1 6
position | (7,1) | (0,0) | (=3,0) : ‘ ’ ) '

> My, = mixi + mpxo + -+ - + mpx, = 2(7) + 1(0) 4+ 6(—3) = 14 — 18 = —4.
> My = miyr + may> + -+ mpyn = 2(1) + 1(0) + 6(0) = 2.
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Two Dimensional System

2-D system Example

Example Find the moments and center of mass of a system of objects that
have masses

kg 2 1 6
position | (7,1) | (0,0) | (=3,0) : ‘ ’ ) '

> My, = mixi + mpxo + -+ - + mpx, = 2(7) + 1(0) 4+ 6(—3) = 14 — 18 = —4.
> My = miyr + may> + -+ mpyn = 2(1) + 1(0) + 6(0) = 2.
> m=m+m+m=2+1+6=09.
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Two Dimensional System

2-D system Example

Example Find the moments and center of mass of a system of objects that
have masses

kg 2 1 6
position | (7,1) | (0,0) | (—3,0) : ‘ : : ’
> M, = mixi + maxo + -+ mpxa = 2(7) + 1(0) + 6(—3) = 14 — 18 = —4.
> MX:m1y1+m2y2+---+mnyn:2(1)+1(0)+6(0)=2.
> m=m+m+m=2+1+6=09.
b= =ty M2
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Two Dimensional System

2-D system Example

Example Find the moments and center of mass of a system of objects that
have masses

ke 2 1 6 e
position | (7,1) | (0,0) | (=3,0) S I

P My = mixg 4+ moxp + - 4 mpxp = 2(7) + 1(0) + 6(—3) = 14 — 18 = —4.
P My = miys + mayz + - -+ mayn = 2(1) + 1(0) + 6(0) = 2.

P m=mptmy+my3=2+1+6=0.

>x=T=g y=t=t

> Center of Mass = (%,7) = (5, %)

Note that a system with all of the mass placed at the center of mass, has
the same moments as the original system.

> A system with a mass of 9 kg placed at the point (3%, %) has

M.V = 9( _94/9) =—4, M= 9(29/9) =2, ()?7}_/) = (%47 g)

Annette Pilkington Lecture 17 : Moments and Centers of Mass



2-D systems Plat

2-D systems Plates with symmetry

If we have a a thin plate (which occupies a region R of the plane) with uniform
density p, we are interested in calculating its moments about the x and y axis
(Mx and M, respectively) and its center of mass or centroid. These are defined
in a way that agrees with our intuition. A line of symmetry of the plate (or
region) is a line for which a 180° rotation of the plate about the line makes no
change in the plate's appearance. The Centroid or center of mass lies on
each line of symmetry of the plate. Hence if we have 2 different lines of
symmetry, the centroid must be at their intersection.
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2-D systems Plat

2-D systems Plates with symmetry

If we have a a thin plate (which occupies a region R of the plane) with uniform
density p, we are interested in calculating its moments about the x and y axis
(Mx and M, respectively) and its center of mass or centroid. These are defined
in a way that agrees with our intuition. A line of symmetry of the plate (or
region) is a line for which a 180° rotation of the plate about the line makes no
change in the plate's appearance. The Centroid or center of mass lies on
each line of symmetry of the plate. Hence if we have 2 different lines of
symmetry, the centroid must be at their intersection.

» We can find the center of mass of the plates shown below because it is
the unique point which lies on all such lines of symmetry
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2-D systems Plat

2-D systems Plates with symmetry

If we have a a thin plate (which occupies a region R of the plane) with uniform
density p, we are interested in calculating its moments about the x and y axis
(Mx and M, respectively) and its center of mass or centroid. These are defined
in a way that agrees with our intuition. A line of symmetry of the plate (or
region) is a line for which a 180° rotation of the plate about the line makes no
change in the plate's appearance. The Centroid or center of mass lies on
each line of symmetry of the plate. Hence if we have 2 different lines of
symmetry, the centroid must be at their intersection.

» We can find the center of mass of the plates shown below because it is
the unique point which lies on all such lines of symmetry

> Note that the center of mass does not have to be in the region (check the
figure on the right).
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2-D systems regions under curves

The moments of the plate or region are defined so that if all of the mass of the
plate is centered at the centroid, the system has the same moments. Also the
moments of the union of two non-overlapping regions should be the sum of the
moments of the individual regions.
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2-D systems regions under curves

The moments of the plate or region are defined so that if all of the mass of the
plate is centered at the centroid, the system has the same moments. Also the
moments of the union of two non-overlapping regions should be the sum of the
moments of the individual regions.

» These two intuitive principles allow us to use both symmetry and Riemann
sums to find formulas for the moments and center of mass of a region
under a curve using approximating rectangles.

VA
_¥=flx)
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B
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2-D systems regions under curves

The moments of the plate or region are defined so that if all of the mass of the
plate is centered at the centroid, the system has the same moments. Also the
moments of the union of two non-overlapping regions should be the sum of the
moments of the individual regions.

» These two intuitive principles allow us to use both symmetry and Riemann
sums to find formulas for the moments and center of mass of a region
under a curve using approximating rectangles.
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» We approximate the moments for R by adding the moments of the
approximating rectangles on the right.
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2-D systems regions under curves

The moments of the plate or region are defined so that if all of the mass of the
plate is centered at the centroid, the system has the same moments. Also the

moments of the union of two non-overlapping regions should be the sum of the
moments of the individual regions.

» These two intuitive principles allow us to use both symmetry and Riemann
sums to find formulas for the moments and center of mass of a region
under a curve using approximating rectangles.

VA
¥ = flxl
\_//
&
IZ'.
0 o« X

B

» We approximate the moments for R by adding the moments of the
approximating rectangles on the right.

» We find the true moments for R by taking the limits of the resulting
Riemann sums.
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2-D systems regions under curves
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2-D systems regions under curves

> The rectangle, R;, above the subinterval [xi_1, x;] has height
f(x’%ﬂ’) = f(X), where x = X’%ﬂ’ For this rectangle

Centroid = Gi(x;, %f()?,)), Area = Axf(x;), mass = pAxf(x;).
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2-D systems regions under curves

> The rectangle, R;, above the subinterval [xi_1, x;] has height
f(x’%ﬂ’) = f(X), where x = X’%ﬂ’ For this rectangle

Centroid = Gi(x;, %f()?,)), Area = Axf(x;), mass = pAxf(x;).

> M,(Ri) = mass X X; = pAxf(X;)xi = pXi Axf(X;).
M. (Ri) = mass x y; = pAxf(%;)3f(%) = 2[f(x)]*Ax.
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2-D systems regions under curves

> The rectangle, R;, above the subinterval [xi_1, x;] has height
f(x’%ﬂ’) = f(X), where x = X’%ﬂ’ For this rectangle

Centroid = Gi(x;, %f()?,)), Area = Axf(x;), mass = pAxf(x;).

> M,(Ri) = mass X X; = pAxf(X;)xi = pXi Axf(X;).
M, (Ri) = mass x y; = pAXf()?,—)%f()?,-) = g[f(i,—)]zAx.
> M, =limy—oo 27:1 pxif (%) Ax = pfab xf(x)dx.

My = limn—oo Y0, 8[F(R)PAx = £ [P[F(x)Pdx.
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2-D systems regions under curves

For the region beneath a continuous function f which has values greater than
or equal to 0 on the interval [a, b], we have

M, = p/abxf(x)dx, M, = g/ab[f(x)]zdx.

_ M, p fab xf(x)dx f: xf(x)dx
x=-—"2= =

m pfab f(x)dx B fab f(x)dx

PR U N GAC3) O WN GLCO) 2
m pfab f(x)dx fab f(x)dx

Example Find the centroid of the region bounded by the curve y = X% the
x-axis, the line x = 1 and the line x = 2.
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2-D systems regions under curves

For the region beneath a continuous function f which has values greater than
or equal to 0 on the interval [a, b], we have

M, = p/abxf(x)dx, M, = g/ab[f(x)]zdx.

_ M, p fab xf(x)dx f: xf(x)dx
x=-—"2= =

m pfab f(x)dx B fab f(x)dx

PR U N GAC3) O WN GLCO) 2
m pfab f(x)dx fab f(x)dx

Example Find the centroid of the region bounded by the curve y = X% the
x-axis, the line x = 1 and the line x = 2.

» We assume that the plate has uniform density p = 1.
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2-D systems regions under curves

For the region beneath a continuous function f which has values greater than
or equal to 0 on the interval [a, b], we have

M, = p/abxf(x)dx, M, = g/ab[f(x)]zdx.

_ M, p fab xf(x)dx f: xf(x)dx
x=-—"2= =

m pfab f(x)dx B fab f(x)dx

PR U N GAC3) O WN GLCO) 2
m pfab f(x)dx fab f(x)dx

Example Find the centroid of the region bounded by the curve y = X% the
x-axis, the line x = 1 and the line x = 2.

» We assume that the plate has uniform density p = 1.

1

5"

2
2
> Area under curve = A= [ Sdx=-1| =
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2-D systems regions under curves

For the region beneath a continuous function f which has values greater than
or equal to 0 on the interval [a, b], we have

M, = p/abxf(x)dx, M, = g/ab[f(x)]zdx.

_ M, p fab xf(x)dx f: xf(x)dx
x=-—"2= =

m pfab f(x)dx B fab f(x)dx

PR U N GAC3) O WN GLCO) 2
m pfab f(x)dx fab f(x)dx

Example Find the centroid of the region bounded by the curve y = X% the
x-axis, the line x = 1 and the line x = 2.

» We assume that the plate has uniform density p = 1.

1

5"

2
2
> Area under curve = A= [ Sdx=-1| =

> M, = [Pxf(x)dx = [} Sdx = [ ldx=In|2| = In2
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2-D systems regions under curves

For the region beneath a continuous function f which has values greater than
or equal to 0 on the interval [a, b], we have

M, = p/abxf(x)dx, M, = g/ab[f(x)]zdx.

PR U N GAC3) O WN GLCO) 2
m pfab f(x)dx fab f(x)dx

_ M, p fab xf(x)dx f: xf(x)dx
x=-—"2= =

m pfab f(x)dx B fab f(x)dx

Example Find the centroid of the region bounded by the curve y = X% the
x-axis, the line x = 1 and the line x = 2.

» We assume that the plate has uniform density p = 1.

1

5"

2
2
> Area under curve = A= [ Sdx=-1| =
1

v

M, = [Zxf(x)dx = [} %dx = [} ldx=In|2| =In2

M= 3 RGP = 3 7 e = 3 [Sa] = 3 [3-1] = 3[3] = %

v
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2-D systems regions under curves

For the region beneath a continuous function f which has values greater than
or equal to 0 on the interval [a, b], we have

M, = p/abxf(x)dx, M, = g/ab[f(x)]zdx.

M, pfab xf(x)dx f: xf(x)dx|_
—_— = = y = —_— =

m pfab f(x)dx fab f(x)dx m pfab f(x)dx fab f(x)dx
Example Find the centroid of the region bounded by the curve y = X% the

x-axis, the line x = 1 and the line x = 2.

My 8 JPIFOOPdx L [PIF(x)Pdx

X =

» We assume that the plate has uniform density p = 1.

1

2
2
> Area undercurve:A=f1 X% XZ%X =3

v

M, = [Zxf(x)dx = [} %dx = [} ldx=In|2| =In2
2
> Moo= 4 [FIF0Pdc =1 [ ax =3[ Z5] = —i[3-1] =4[] = %

s_ M _ mn2 _ ~ - _ M, _ 7/48 _ 1 _
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2-D systems regions under curves

For the region beneath a continuous function f which has values greater than
or equal to 0 on the interval [a, b], we have

M, = p/abxf(x)dx, M, = g/ab[f(x)]zdx.

_ M, p fab xf(x)dx f: xf(x)dx
x=-—"2= =

m pfab f(x)dx B fab f(x)dx

PR U N GAC3) O WN GLCO) 2
m pfab f(x)dx fab f(x)dx

Example Find the centroid of the region bounded by the curve y = X% the
x-axis, the line x = 1 and the line x = 2.

» We assume that the plate has uniform density p = 1.

1

2
2
> Area undercurve:A=f1 X% XZ%X =3

v

M, = [Zxf(x)dx = [} %dx = [} ldx=In|2| =In2
2
M= 3 FIFCOPax =5 dax = 3[a] = —4[5-1] = 4[F] = &
=" =12 =22~ 13863 y="% =10 =T~2
Centroid of the region = (X,y) = (2In2, L) ~ (1.3863,0.29).

’ 24
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2-D systems regions between curves

i CAT LT +aim))
i
= fix)
@
-~ i
Y=g
'-'| a % b '

If the region 2R is bounded above by the continuous curve y = f(x) and below
by the continuous curve y = g(x), where f(x) > g(x) > 0, we have the
moments of a plate with that shape and constant density p are given by

b b
M, =p [ 00— g@ldx and M. =2 [ TGO - (0P

and the centroid of the region fR is given by

=g [ A —gCex 7= 55 [1FGOF - leCTex

where A denotes the area of the region R, A= fab f(x) — g(x)dx.
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2-D systems regions between curves

Example Find the centroid of the region bounded above by y = x + 2 and

below by the curve y = x°.
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2-D systems regions between curves

Example Find the centroid of the region bounded above by y = x + 2 and

below by the curve y = x°.

» The curves meet at the points where

2

x4+2=x" or X’ =x—2=0 or (x—2)(x+1)=0 or x=—1, x =2.
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2-D systems regions between curves

Example Find the centroid of the region bounded above by y = x + 2 and

below by the curve y = x°.

» The curves meet at the points where

x—|—2:x2

> The area of the region is given by:
2
3

2 ) »2
A= 2—x’dx = —42x—=
/,1X+ X" dx 2—|—X 3

4 8 1 1 3

or x>’ ~x—2=0 or (x—2)(x+1)=0 or x=—1, x =2.

2

6
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2-D systems regions between curves

Example Find the centroid of the region bounded above by y = x + 2 and

below by the curve y = x°.

» The curves meet at the points where

2

x4+2=x" or X’ =x—2=0 or (x—2)(x+1)=0 or x=—1, x =2.

> The area of the region is given by:

2 2 3
A= 2 xPdx = X qox— X
/,1X+ X~ dx 2—|—X 3

4 8 1 1 3 9 27
= 2*4—3—<2‘2+3> =237

» Again for convenience we assume that the region has uniform density
p = 1 in our calculations of moments.

2

2 2 3 2 4
I\/Iy:/ X[X+2—X2]dX:/ X4 2x—xldx =2 42X X

. . 372 A
8., 16 [-1 . 1] 9 . 15 36+36—45 27
=3t |3 T 4]_3+3 4 12 =1 2%
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2-D systems regions between curves

Example Find the centroid of the region bounded above by y = x + 2 and

below by the curve y = x°.

» The curves meet at the points where x = —1, x = 2.
> The area of the region is given by: A =4.5.
> M, =2.25.
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2-D systems regions between curves

Example Find the centroid of the region bounded above by y = x + 2 and
below by the curve y = x°.
» The curves meet at the points where x = —1, x = 2.
The area of the region is given by: A =4.5.

>
> M, =2.25.
»

2 2
MX:%/ [x+2]2—[x2]2dx:%/ x* 4 4x 4+ 4 — x*dx
-1 -1

-1 1
T, N B R
3 + +5

8 32
24848-_22_
3+ + 5

9 33 1 33 1(72

2

2 5
++4X_} 1
-1
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2-D systems regions between curves

Example Find the centroid of the region bounded above by y = x + 2 and
below by the curve y = x°.
» The curves meet at the points where x = —1, x = 2.
The area of the region is given by: A =4.5.

>
> M, =2.25.
»

2 2
:1/ [x+2]2—[x2]2dx:1/ 2+ 4x + 4 — x*dx
2/ 2/,

8 32
24848-_22_
3+ + 5

2
X3 4x? x° 1 -1 1
XX i L, S R
3t T 5} 2 3 *5

9 33 1 33 1(72
- +18—- — 21 — — — | =72
o3 =33 =3(2)

- M, 27/12 _ - M, _ 72/10 _
> x=5 = 2776 =1/2. y=%= 2776 =8/5.

1
2

1

T2
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2-D systems regions between curves

Example Find the centroid of the region bounded above by y = x + 2 and

below by the curve y = x°.

» The curves meet at the points where x = —1, x = 2.
> The area of the region is given by: A =4.5.

> M, =2.25.
>

2 2
MX:%/ [x+2]2—[x2]2dx:%/ x* 4 4x 4+ 4 — x*dx
—1 —1

8 32
24848-_22_
3+ + 5

9 33 1 33 1(72

- M, 27/12 _ - M, _ 72/10 _
> X=5 = 2776 =1/2. y=7%= 2776 =8/5.

» The centroid of the region is
- -y (1 8
(X7 y) - (57 g)
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-1 1
T, N B R
3 + +5

2
x> 4x? N x5 1
3 ) 2
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