Inverse Trigonometric functions.

Restricted Sine Function.

The trigonometric function sin x is not one-to-one functions, hence in order to
create an inverse, we must restrict its domain.
The restricted sine function s given by

sin x f% <x< g
f(x) =
undefined otherwise

We have Domain(f) = [-7, 5] and Range(f) = [-1,1].

y= y=f(x)
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Inverse Sine Function

Inverse Sine Function (arcsin x = sin"1x).

We see from the graph of the restricted sine function (or from its derivative)
that the function is one-to-one and hence has an inverse, shown in red in the
diagram below.

w2 g,

(72, 1)
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This inverse function, f_l(x), is denoted by f_l(x) =sin"'x or arcsinx.
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Properties of sin™|

1

Properties of sin™ " x.

Domain(sin™") = [-1,1] and Range(sin™") = [~ 7, Z].

Since f'(x) =y ifandonlyif f(y)=x, we have:

sin 'x =y ifand only if sin(y)=x and —

m
<y<—.
_y_2

IR

Since f(f 1) (x)=x f (f(x))=x we have:

sin(sin '(x)) = x for x € [-1,1] sin !(sin(x)) = x for x € [ g, g]

from the graph: sin"'x is an odd function and sin”'(—x) = —sin" " x.
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Evaluating sin™

Example Evaluate sin™! (_—) using the graph above.

Example Evaluate sin"*(1/3/2) and sin~}(—+/3/2).
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Evaluating sin™ " x.

-1

.1
Example Evaluate sin (W

) using the graph above.

» We see that the point (\‘7 _T") is on the graph of y =sin"! x.

Example Evaluate sin"*(1/3/2) and sin~}(—+/3/2).
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Evaluating sin™

-1

.1
Example Evaluate sin (W

) using the graph above.

H 1 —7 H _ an—1
» We see that the point (—2, T) is on the graph of y = sin™ " x.

» Therefore sin™! (\7—%) = .

Example Evaluate sin"*(1/3/2) and sin~}(—+/3/2).
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Evaluating sin™

-1

.1
Example Evaluate sin (W

) using the graph above.

H 1 —7 H _ an—1
» We see that the point (—2, T) is on the graph of y = sin™ " x.

» Therefore sin™! (\7—%) = .

Example Evaluate sin"*(1/3/2) and sin~}(—+/3/2).
» sin~!(\/3/2) = y is the same statement as:

y is an angle between —7 and 7 with siny = V3/2.
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Evaluating sin™*

X.

Example Evaluate sin™! (%) using the graph above.
» We see that the point (\‘7 _T") is on the graph of y = sin™!
> Therefore sin~! (;1> ===

X.

)=

Example Evaluate sin"*(1/3/2) and sin~}(—+/3/2).

» sin~!(v/3/2) = y is the same statement as
y is an angle between —% and 7 with siny = V3/2.
» Consulting our unit circle, we see that y = T

| (01 (1 3 (coso, sin0)”
= 2 1‘\2\2\
%, J
R A
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Evaluating sin

1

Example Evaluate sin™! (%) using the graph above.

» We see that the point (\‘7 _T") is on the graph of y =sin"! x.

» Therefore sin™! (\7—%) = .

Example Evaluate sin"*(1/3/2) and sin~}(—+/3/2).
» sin~!(\/3/2) = y is the same statement as:

y is an angle between —7 and 7 with siny = V3/2.

> Consulting our unit circle, we see that y = 7.

®
o1 /1 Tﬂ(cosu sin0)
V2 A2
272)

> sin " (—v3/2) = —sin (v3/2) =~
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More Examples For sin™ " x

Example Evaluate sin~!(sin 7).

Example Evaluate cos(sin(v/3/2)).
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More Examples For sin™ " x

Example Evaluate sin~!(sin 7).
» We have sint = 0, hence sin"!(sin ) = sin"*(0) = 0.

Example Evaluate cos(sin(v/3/2)).
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More Examples For sin™ " x

Example Evaluate sin~!(sin 7).

» We have sint = 0, hence sin"!(sin ) = sin"*(0) = 0.
Example Evaluate cos(sin(v/3/2)).

> We saw above that sin”'(v/3/2) = 3.
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More Examples For sin™!

X

Example Evaluate sin~!(sin 7).

» We have sint = 0, hence sin"!(sin7) = sin™'(0) = 0
Example Evaluate cos(sin(v/3/2)).
> We saw above that sin”'(v/3/2) = 3.

» Therefore cos(sin*(v/3/2)) = cos (g) =1/2.
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Preparation for the method of Trigonometric Substitution

Example Give a formula in terms of x for tan(sin~!(x))
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Preparation for the method of Trigonometric Substitution

Example Give a formula in terms of x for tan(sin~!(x))

> We draw a right angled triangle with 6 = sin~! x.
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Preparation for the method of Trigonometric Substitution

Example Give a formula in terms of x for tan(sin~!(x))

> We draw a right angled triangle with 6 = sin~! x.

_x2

» From this we see that tan(sin"!(x)) = tan(0) =

x
V1-x2 '
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Derivative of sin™ - x.

1
L1

—sinT T x = ——,
dx V1= x2
Please read through the proof given in your notes using implicit differentiation.
We can also derive a formula for < sin~!(k(x)) using the chain rule, or we can
apply the above formula along with the chain rule directly.

ExampleFind the derivative

-1 <x<1.

d
~sin! V/cos x
dx
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Derivative of sin™ - x.

1
L1

—sinT T x = ——,
dx V1= x2
Please read through the proof given in your notes using implicit differentiation.
We can also derive a formula for < sin~!(k(x)) using the chain rule, or we can
apply the above formula along with the chain rule directly.

ExampleFind the derivative

-1 <x<1.

d
~sin! V/cos x
dx

L1 1 d
> We have L sin"!\/cosx = —L 9 /cosx
dx 1—(+/cos x)2 dx
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Derivative of sin™ - x.

isin‘lxz# —1<x<1.

dx V1i—x2’
Please read through the proof given in your notes using implicit differentiation.
We can also derive a formula for < sin~!(k(x)) using the chain rule, or we can
apply the above formula along W|th the chain rule directly.

ExampleFind the derivative

d
~sin! V/cos x
dx

> We have L /cosx = \/ﬁdxx/cosx
COSX

» . .
1 —sinx —sinx

" V/1—cosx ‘ 2\/cosx  2\/cosxy/1 — cosx

Annette Pilkington Exponential Growth and Inverse Trigonometric Functions



Inverse Cosine Function

Inverse Cosine Function We can define the function cos™' x = arccos(x)

similarly. The details are given at the end of your lecture notes.
Domain(cos™') = [~1,1] and Range(cos™*) = [0, ).

cos 'x=y ifandonlyif cos(y)=x and 0<y <. ‘

cos(cos '(x)) = x for x € [-1,1] cos '(cos(x)) = x for x € [0, ].

It is shown at the end of the lecture notes that
1 d . 4 -1
—Ccos XxX=——sin " x =

dx dx V1= x2

and one can use this to prove that

sin"!x+cosix = >t

Annette Pilkington Exponential Growth and Inverse Trigonometric Functions



Restricted Tangent Function

The tangent function is not a one to one function.
The restricted tangent function s given by

tan x -3 <x<3%
h(x) =
undefined otherwise

We see from the graph of the restricted tangent function (or from its derivative)
that the function is one-to-one and hence has an inverse, which we denote by

h™'(x) =tan 'x or arctanx.
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Graphs of Restricted Tangent and tan~!x.

y= arctan(x)

~
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Properties of tan™"x.

Domain(tan™") = (—o0, 00) and Range(tan™") = (—%, 7).

Since h™'(x) =y if and only if h(y) =x, we have:

tan ' x = y if and only if tan(y) =x and — g <y< g

Since h(h™'(x))=x and h '(h(x)) =x, we have:

tan(tan '(x)) = x for x € (—o0,00) tan '(tan(x)) = x for x € (f g, g)

From the graph, we have: [tan™'(—x) = —tan"'(x). ‘
Also, since lim tanx =00 and lim tanx = —oo,
x—(E7) x—(=Z%)

. _ s . _ ™
we have | lim tan " 'x==| and lim tan ‘x=—=
X— 00 2 X— —00 2
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Evaluating tan~! x

Example Find tan™!(1) and tan’l(%).

Example Find cos(tan~!(v/3)).
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Evaluating tan~! x

Example Find tan™!(1) and tan’l(%).

> tan"'(1) is the unique angle, 0, between —% and % with
tanf = % = 1. By inspecting the unit circle, we see that 0 = 7.

Example Find cos(tan~!(v/3)).
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Evaluating tan~! x

Example Find tan™!(1) and tan’l(%).
> tan"'(1) is the unique angle, 0, between —% and % with

tanf = % = 1. By inspecting the unit circle, we see that 0 = 7.

> tanfl(%) is the unique angle, 0, between —% and % with

tanf = 1"5(; = \% By inspecting the unit circle, we see that 6 = %.

Example Find cos(tan~!(v/3)).
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Evaluating tan~! x

Example Find tan™!(1) and tan’l(%).
> tan"'(1) is the unique angle, 0, between —% and % with

tanf = % = 1. By inspecting the unit circle, we see that 0 = 7.

> tanfl(%) is the unique angle, 0, between —% and % with

tanf = 1"5(; = \% By inspecting the unit circle, we see that 6 = %.

Example Find cos(tan~!(v/3)).
> cos(tan*(v/3)) = cos(%) = ?
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Derivative of tan™

Using implicit differentiation, we get

itan71X*; —00 < X < 00
dx T X241 '

(Please read through the proof in your notes.) We can use the chain rule in
conjunction with the above derivative.
Example Find the domain and derivative of tan™!(In x)
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Derivative of tan™

Using implicit differentiation, we get

itan71X*; —00 < X < 00
dx T X241 '

(Please read through the proof in your notes.) We can use the chain rule in
conjunction with the above derivative.
Example Find the domain and derivative of tan™!(In x)

» Domain = Domain of Inx = (0, c0)
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Derivative of tan™

Using implicit differentiation, we get

itan71X*; —00 < X < 00
dx T X241 '

(Please read through the proof in your notes.) We can use the chain rule in
conjunction with the above derivative.
Example Find the domain and derivative of tan™!(In x)

» Domain = Domain of Inx = (0, c0)
>
N 1

itanfl(lnx) = = =
dx 1+ (Inx)?2  x(1+ (Inx)?)’
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Integration Formulas

Reversing the derivative formulas above, we get

dx =tan ' x + C,

dx =sin"'x + C, /X2+1

=

Example

12 4
4
/0 1rae ™
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Integration Formulas

Reversing the derivative formulas above, we get

dx =tan ' x + C,

dx =sin"'x + C, /

x2+1

=

Example
12 ¢
—— d
/0 1rae ™

> We use substitution. Let u = 2x, then du = 2dx, u(0)=0,
u(1/2) = 1.
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Integration Formulas

Reversing the derivative formulas above, we get

dx =tan ' x + C,

dx =sin"'x + C, /

x2+1

=

Example
12 ¢
—— d
/0 1rae ™

> We use substitution. Let u = 2x, then du = 2dx, u(0)=0,
u(1/2) = 1.

2 1/ 1 1, o0 1.
/0 de:E/O T+ du:Etan u|o:§[tan (1)—tan™'(0)]
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Integration Formulas

Reversing the derivative formulas above, we get

dx =tan ' x + C,

dx =sin"'x + C, /

x2+1

=

Example
12 ¢
—— d
/0 1rae ™

> We use substitution. Let u = 2x, then du = 2dx, u(0)=0,

u(1/2) = 1.
>
2 1/ 1 1, o0 1.
/0 md){7§/o T+ dufitan u|of§[tan (1)—tan™'(0)]
g 1
7r 7r
2y =5
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Example

/L d
V9 — x2
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Integration

Example

/—wa
V9 — x2

/—wa—/ggwa—l/gifw
s 312 3 i-2
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Integration

Example
/# d
V9 — x2
1 1 1 1

———dx= | ———dx == | ———dx

/ 9 — x2 / x2 3/ x2
Vo—x 3/1-% Ji-2

> Let u= 3, then dx = 3du
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Integration

Example

/L d
V9 — x2

/;dx—/¥dx—l/#dx
9— 2 o x?2 _3 x2
VI =X 3y/1-% V1-%
> Let u= 3, then dx = 3du

>

/\/—7)@ /mdu:sin_lu—i—C:sin_l%—kC
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