Lecture 9 : Trigonometric Integrals Extra Examples

/ cos® xdx

= /(cos2 r)% cos zdr = /(1 — sin® x)? cos zdw

Let uw = sinz, du = cos xdx
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/ sin® xdx

= /siansinxdx = /(1 — cos® z) sin wdx
Let w = sinx and du = — sin zdz or —du = sin xdx.
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1
sin?z = 5(1 — cos 2x)

1
cos’ T = 5(1 + cos 2x)
/ sin* z cos® xdx

= /(sin2 7)2 cos® wdr = /[%(1 — cos 21’)]2[%(1 + cos 2x)|dx
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=3 /(1 — cos(22))%(1 + cos(2z))dx = S /(1 — 0082(2:76))(1 — cos(2x))dx
you can deal with this in two ways
number 1:
1

- / §in(22)(1 — cos(22))dx — %[ / in?(22)dx — / in2(22) cos(22))da]

= %[/ %(1 — cos(4x))dx — %/SiHQ(w) cos(w))duw]



where w = 22 and dw = 2dz.
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where u = sinw.
1 sin(4z) 1 u?
16 4 16 3
1 [ sin(4aj)] 1 sin®w
16T T 6 3
1 | sin(4x)] 1 sin®(2z)
TR 6 3

Alternatively
1
3 /(1 — cos?(22))(1 — cos(2z))dx

= é/l — cos?(2x) — cos(2x) + cos®(2z)dx
= é[m - %/(1 + cos(4x))dx — sin(22) + /cosz(Zx) cos(2x)dzx]
1 1 sin(4x) sin(2z) 1

: S+ — ) — 5 t3 /(1 — sin?(w)) cos(w)dw]

1 1 sin(4x), sin(2z) 1 )
_g[x—ﬁ(x—l— ) — 5 +§/(1—U>du]

where w = 2z

where © = sinw
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/Sin2 xdx
= %/(1 — cos(2x))dx = g - %sin(;x) +C = % — smf:c) +C
/Sec4 tan xdx
= /sec2 r tan x sec® vdw

Let u = tanz, du = sec® xdx, sec?x = 1 + tan? x.
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tan? z N tant
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/ sec® x tan® xdx

= / sec? x tan? z sec z tan xdx

2

Let u = secx, du = secx tan xdx, tan® x = sec?z — 1.

= /uQ(u2 —1)%du = /u2(u4 —2u® + 1)du = /u6 — 2u" + uPdu
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sec’ x sec®r  secdx

= 2 C
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/ sec® x tan zdx

= /seCstecxtanxdx = /quu

where © = secx

/ sec™ z tan” zdx

If m odd and n is even we can reduce to powers of secant using the identity sec? x = 1 + tan® .

Example [ sec® z tan? xdx

= /sec‘5 z(sec® v — 1)dr = /sec5 x — sec® vdx

See how to deal with these below.

We have the following results for powers of secant

/secoxdx:/ldx:x-i-a

Example

Example

/secxdm =In|secz + tanz| 4+ C



Proof

secr + tanx sec? x + secx tan x
sec xdxr = seca:(—)dx = dx
secx + tanx secx + tanx
Using the substitution v = sec z+tan z, we get du = sec? x+sec z tan x giving us that the above integral

is
1

/—du =In|u| =In|secz + tanz| + C.
u

/ sec® xdx

use integration by parts with u = secx, dv = sec® xdz to get (a recurring integral)
du = secxtanx and v = tanx

Example

/socd xdr = secrtanz — /tanz xrsecxrdr = secxtanx — /(sec2 x — 1) sec zdx

secxtanx — /soc3 rdx + /SCC xdx

Solving for [ sec® zdx we get
2/se03 xdxr = secxtanx + /sec xdx
giving us

sec x ta 1 sec x ta 1
/sec3xdx:¥+§/Secla:dx:%+§ln\secx+tanxl+0.

In fact for n > 3, we can derive a reduction formula for powers of sec in this way (Using Integration by

parts):
sec" 2gxtanz n— 2
sec xdx = + sec" 2 zdz.
n—1 n—1

Powers of tangent can be reduced using the formula tan? z = sec’?z — 1

/tanoxdx:/ldx=x+0.

Example




Example
/tan:vd:v =In|secz| + C

Proof )
/tanxdm = / MY e
cos T

Using the substitution v = cosx, we get du = —sinx giving us that the above integral is

-1

/—du = —In|u| =In|secz| + C.

U

Example
/tan2 xrdr = /(sech — 1)dz =tanz —xz + C

Example

/tan3 xdx = /(sec2 r —1)tanxdr = /(sec2 x) tan xdzr — /tan xdx

t 2
= ar; x+ln\sec:1:\—i—C.

In fact for n > 2, we can derive a reduction formula for powers of tan z using this method (using just

substitution ) :
tan™ 1z
/tan" xdr = V1 /tam”_2 xdx
n J—

= /ta112 xtan" 2 rdr = /(Sec2 x — 1) tan" " zdx

/SCC2 rtan" % zdr — /tann_z xdx
= /u”_gdu— /tam”_2 xdr

“nfl
= — [ tan™ 2 xzdx
n—1

tan™ ! x .
=— " [ tan" % zdx

where ©v = tan x

n—1

To evaluate

/ sin(ma) cos(nz)dx / sin(maz) sin(naz)de / cos(ma) cos(nz)dx

we reverse the identities

sin((m — n)z) = sin(mz) cos(nx) — cos(mz) sin(nx)



sin((m + n)z) = sin ma cos nx + sin na cos mx
cos((m — n)x) = cos(mx) cos(nx) + sin(nz) sin(max)
cos((m + n)z) = cos(mx) cos(nx) — sin(nz) sin(max)

to get

sin(mz) cos(nz) = = [sin((m — n)z) + sin((m + n)z]

sin(mz) sin(nz) = = [ cos((m — n)z) — cos((m + n)z]

cos(mz) cos(nz) = = [ cos((m — n)z) + cos((m + n)z]
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Example [ sin 7z cos 3zdx

1
—/2 sin(4z) + sin(10z)]dx

B }[ cos(4x) L — cos(10z)
2 4 10
—cos(4z)  cos(10x)
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/ cos 8z cos 2xdx

1
— 2/ [ cos(62) + cos(10z] dx
1 [sin(Gx) sin(le)}
2 6 10
sin(6x) N sin(10x)

12 20

/ sin x sin 2zdx

= ;/ [ cos(—x) — cos(3z)]dx

_ l[sin(—x) B sin(3r1:)]

2 —1 3
_ —sin(—z) sin(3z)
2 6



