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It may often be tempting to take a fractional diffusion equation and simply create a fractional reaction-
diffusion equation by including an additional reaction term of the same form as one would include for
a standard Fickian system. However, in real systems, fractional diffusion equations typically arise due to
complexity and heterogeneity at some unresolved scales. Thus, while transport of a conserved scalar may
upscale naturally to a fractional diffusion equation, there is no guarantee that the upscaling procedure in
the presence of reactions will also result in a fractional diffusion equation with such a naive reaction term
added. Here we consider a multicontinuum mobile-immobile system and demonstrate that an effective
transport equation for a conserved scalar can be written that is similar to a diffusion equation but with
an additional term that convolves a memory function and the time derivative term. When this memory
function is a power law, this equation is a time fractional dispersion equation. Including a first-order re-
action in the same system, we demonstrate that the effective equation in the presence of reaction is no
longer of the same time fractional form. The presence of reaction modifies the nature of the memory
function, tempering it at a rate associated with the reaction. Additionally, to arrive at a consistent effec-
tive equation the memory function must also act on the reaction term in the upscaled equation. For the
case of a bimolecular mixing driven reaction, the process is more complicated and the resulting memory
function is no longer stationary in time or homogenous in space. This reflects the fact that memory does
not just act on the evolution of the reactant, but also depends strongly on the spatio-temporal evolution
and history of the other reactant. The state of mixing in all locations and all times is needed to accu-
rately represent the evolution of reactants. Due to this it seems impossible to write a single effective
transport equation in terms of a single effective concentration without having to invoke some approxi-
mation, analogous to a closure problem. For both reactive systems simply including a naive reactive term
in a fractional diffusion equation results in predictions of concentrations that can be orders of magnitude
different from what they should be. We demonstrate and verify this through numerical simulations. Thus,
we highlight caution is needed in proposing and developing fractional reaction-diffusion equations that
are consistent with the system of interest.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction [10,11], turbulence [12,13], biofilms [14], gels [15] and plasmas

[16]; optical media [17]; sediment transport [18-20]; surficial

Anomalous transport, that is, transport where dispersion, as
characterized by the spreading of a second centered moment, does
not display a scaling consistent with Fickian behavior, has been
observed in so many settings that Eliazar & Klafter were motivated
to write a paper entitled 'Anomalous is Ubiquitous’ [1]. Physical
systems where anomalous transport has been observed include
electron transport in semiconductors [2,3], flow and transport in
porous media [4-6], streams and rivers [7-9], fractured media
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earth processes [21,22]; biology [23,24]; ecology [25,26]; eco-
nomics [27,28] and many many more. The common thread across
all of these systems is that some initial distribution of a scalar
within (e.g., tracer concentration in turbulent flow) spreads at
sub- or super-diffusive rates, leading to fundamentally different
distributions displaying features such as heavy tailing, which are
unexpected with conventional Fickian models. These disparities
typically occur due to very broad distributions and separation of
spatial or temporal scales that arise due to structural complexities
associated with the systems of interest (e.g. imperfections in
semiconductors, hierarchical structure of eddies in turbulence and
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naturally occurring geologic heterogeneities that give rise to broad
distribution of permeabilities in porous media).

The literature on anomalous transport is vast and many differ-
ent approaches to modeling anomalous behaviors have emerged,
including, but in no way limited to, continuous time random
walks [29,30], multicontinuum models [31,32], projector for-
malisms [33,34], Markov chain random walks [4,6,35-38] and
fractional dispersion models [5,39,40]. Most of these frameworks
share commonalities, are different mathematical conceptualiza-
tions of the same problem, or are limit cases of one another.
In this paper, we will focus on a form of fractional transport
equations, whose application spans many of the aforementioned
physical systems (e.g. [24,41-44]), namely a specific form of time
fractional dispersion equation [45] that can be rigorously derived
as the equation for effective transport for a specific and important
microscale model system.

The bulk of work to date has focused on modeling the transport
of conserved scalar quantities. However, in almost all of the phys-
ical systems mentioned above, chemical reactions or reactive-like
processes are also important. These reactions may either be (i)
single species or (ii) multispecies interaction-based reactions. For
example, in the context of transport through highly heterogeneous
porous media (i) degradation reactions are commonly modeled as
first-order reactions (e.g. [46]) and (ii) mixing-driven multispecies
reactions can occur at the interfaces between two geochemically
distinct waters [47-50]. Similar applications of interest occur in
cell biology (e.g. [51-53]) and economics (e.g. [54,55]). However,
given that any observed anomalous transport typically occurs due
to complexity and heterogeneity at some unresolved scale, it is
not immediately clear how one should include chemical reactions
in anomalous transport models, or at least so we argue here.

In Fickian transport systems it is common to model chemi-
cal reactions by simply adding a reaction term r to the governing
equation for transport, i.e.

2

% _ % =T, (‘l)
at dx2
where C is concentration and D a dispersion coefficient. For a first-
order reaction i = 1 and r = AC; or for a second-order mixing drive
reaction i =1,2 and r = kC;C,. In this paper we will work with
a time-fractional dispersion equation, which was the focus of the
work of [45]. For transport of a conserved scalar the governing
equation is

2
06 L07G 0% )
ot aty dx2
where —the so-called capacity coefficient—is a measure of the ra-
tio of immobile to mobile mass at any moment, and 0 < y < 1 if
the exponent of the fractional time derivative. Thus, given (1) and
(2) it may be tempting to look at these equations and simply pro-
pose an equation of the exact same form, namely

2
%_HSE)VC,_DE) C’:—r (3)
ot aty dx2
where r takes the exact same form as above. We refer to this as the
naive approach. Indeed, in the broad and general context of frac-
tional dispersion equations, not only limited to the specific struc-
ture of (2), many authors, including us, have done precisely this
(e.g. [56-59]). Here we challenge this idea and pose whether it re-
ally makes sense to do so at all. It is already known in the litera-
ture that in certain instances just plugging in a reaction term r in
the same format as for a diffusion equation is not only a bad idea,
but can actually lead to unphysical results [60], including predic-
tions of negative concentrations in the context of time-fractional
diffusion-reaction equations. In the context of fractional dispersion
equations [61] developed a consistent manner of incorporating first
order chemical reactions, while in the context of a continuous time

random walk [62] demonstrated how to include mixing driven bi-
molecular reactions. While such progress is invaluable, open ques-
tions still remain. For example, is the upscaled equation unique?
Surely different microscale configurations can result in identical
upscaled frameworks for conservative transport, but not for reac-
tive systems. Also, some nonlocal model derivations, including that
of [62], require an assumption of perfect mixing at a certain scale
and without a rigorous upscaling it is not clear if and when such
an assumption might be valid. Here we add to this discussion in
the goal of ultimately developing more correct and accurate effec-
tive anomalous reactive transport models. In particular, we will fo-
cus on a physical problem setup where the time-fractional disper-
sion equation emerges very naturally as the governing equation for
the evolution of total concentration for a conservative species [45].
By working within the same framework we then try to derive the
appropriate reactive transport equation to see if it still emerges as
a fractional dispersion equation with a simple additional r term to
represent reactions. Note that for the sake of simplicity we have
not included a drift (advection) term in any of the above transport
equations, but it is relatively straightforward and does not change
the fundamental message we wish to convey here.

2. A system where a time fractional dispersion equation for
conservative transport emerges naturally

2.1. Theory - infinite parallel multicontinuum with power law
memory

One very natural and practically important way of obtaining a
fractional dispersion equation for transport of total concentration
was developed by [45] who then applied it to model two distinct
hydrologic systems: transport in highly heterogeneous porous me-
dia and transport in a mountain stream. By mixing their formalism
with some of the ideas developed in [63], we can readily derive a
time-fractional dispersion equation from first principles to describe
the concentration evolution of a conservative tracer. To begin, con-
sider a multicontinuum system made up of one mobile and a con-
tinuum of immobile regions that can exchange mass with the mo-
bile region. Transport of the mobile and immobile components are
governed by

2
83%” _Daa% = —,B/f(ot)a((fm — Cin(0))da (4)
%Z(X(Cm— m(@)) Yo 0<a <oo (5)

where the density function floe) describes the volume fraction of
immobile regions associated with exchange rate o, and B is the
ratio of immobile to mobile volume. Cp, is the concentration asso-
ciated with the mobile phase and Cj,(«) is the immobile concen-
tration associated with exchange rate «. Without loss of generality
here we set 8 = 1. Note that in (5) we have also neglected the
presence of any advection, which could be present in many real
systems. While these are important effects that can influence the
exact final outcome, neither of these assumptions affects the cen-
tral messages of this paper and so for the sake of simplicity we
do not consider them as they merely add length, but not content,
to the mathematics. Additionally, replicating conditions associated
with typical experiments (e.g. [9]), for all situations we consider
the initial concentration in the immobile regions to be zero; i.e.,
Cim (o, t =0) = 0. Thus (5) can readily be solved such that

Gim(at) = aCy 7", (6)

where * represents convolution in time. Taking the time deriva-
tive of this and defining the total immobile concentration

Please cite this article as: D. Bolster et al., Upscaling chemical reactions in multicontinuum systems: When might time fractional equa-
tions work? Chaos, Solitons and Fractals (2017), http://dx.doi.org/10.1016/j.chaos.2017.04.028



http://dx.doi.org/10.1016/j.chaos.2017.04.028

JID: CHAOS

[m5G;May 13, 2017;1:25]

D. Bolster et al./Chaos, Solitons and Fractals 000 (2017) 1-12 3

Cm = J f(a)Cyn (0)dar we can write

aCIM /f( )aczm(a) Cm

a=g(t)* —=— +&(t)Cno (7)

where g(t) = faf(x)e~*'da is known as the memory function.
Combining (4) and (5) we can write
2

%on gy« om pOCn — g, ®)
Except for some requirements on the form of g(t), such as mono-
tone decreasing [64], this is a very general formulation. However,
by choosing a specific distribution of exchange rates, such that
g(t) = F(t;ify) the second term above is a Caputo fractional deriva-
tive and (8) may be written as

0Cn  07Cp 9%Cn tr

ot "o Pae T Tra—poe (9)

Using (7), we can solve for Cp, and dC’" in terms of Cj;; combining
with (4) and (5) we can also write an equation for the transport of
immobile concentration such that

BCIM aqu_ BZC,M [
ac " atr e S Ta—po

Defining total concentration Gyt = Gy + Gy and noting that based
on our chosen initial condition for immobile concentration G (t =
0) = G (t = 0), transport for total concentration is governed by
actot + ayCmt _ 8 Ctot — O (11)
ot atvy 8x2

Thus we have a system where a time fractional dispersion equa-
tion emerges naturally as the equation describing transport of a
solute in this complex system. This equation, and related, has
had great success in replicating observed anomalous transport in
diverse systems including subsurface [45] and surface hydrology
[65] and surface processes in the earth sciences [41] among many
others.

(10)

2.2. Numerical example

As an example to visually highlight the rigorous link between
Egs. (4) and (5) and Eq. (11) we present some sample results by
solving the two distinct systems numerically. While the theoreti-
cal link is rigorous as shown, we develop this numerical capabil-
ity mainly for later comparison of the systems with chemical re-
actions. In all cases we consider a finite domain —5 <x <5 with
no flux boundary conditions at x = -5 and x = 5. For all exam-
ples we set D = 1. Egs. (4) and (5) are solved via finite differences
with backward differences in time and central differences in space.
The continuous density fla) is approximated by a discrete counter-
part following the methods of [66,67] and [68], who in the con-
text of conservative and reactive multicontinuum transport models
demonstrated how to generate power-law memory functions over
any desired range as the sum of a large number of discrete ex-
ponential ones. While they showed that using as few as 20 dis-
crete states was sufficient to obtain excellent results, we chose to
use 100 as we found that with this value our results converged for
all problems and remained unchanged if we included more (tested
against 103 and 104). By using a finite number, this means that the
memory function has some maximum truncation time, which was
chosen to be 6 orders of magnitude larger than the largest time
scales simulated, meaning that over the time scales of simulation
the truncation should play no role. Eq. (11) is also solved by finite
differences with the time derivative and diffusion term solved as
above. The fractional derivative term is numerically approximated
following the finite difference approximations presented by [69].

Fig. 1 shows a comparison of the solution for total concentra-
tion obtained by both approaches. Two different initial conditions

03r

Fig. 1. Numerical Solutions for Conservative Transport corresponding to a narrow
pulse (top) and step (bottom) initial condition. The solid lines correspond to the
solution of the full system as described in Eqs. (4) and (5) and the dots to the so-
lution of the upscaled fractional dispersion Eq. (11). The different colors correspond
to different times t = 0.1 (black), 0.5 (blue), 1 (red), 2.5 (green), 10 (cyan) and 50
(magenta). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

are considered, which were chosen as they best highlight some of
the features that will be important for the reactive system exam-
ples in the following sections. These are a step initial condition
where half the domain is filled unit concentration (i.e. C(x,t = 0) =
1 - ®(x)) and a narrow unit concentration pulse in the center of
the domain (i.e. C(x,t =0) = ©(x+0.1) — ©(x — 0.1)), where O(x)
is the Heaviside step function. In both cases we show results for
y = 0.25, which will be used in all subsequent examples. Various
other values of y were tested with similar outcomes and this value
was chosen as it lies in the heavier tail range enabling certain re-
sults to be highlighted visually in a more clear manner. As is clear
from the figure, for both initial conditions, the predictions by both
models are virtually identical as one would expect given the rig-
orous link between the two, suggesting our numerical approach is
robust.

3. First order reactions

3.1. A naive approach to including first order reactions and why it is
wrong

As noted in the introduction, now that we have a governing
equation for total concentration like (11), it may be tempting to
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simply write that the reactive counterpart for a first-order reaction
for this system would be

8Ct0t + ayctot a Ctot

ot otv 8 2
Before deriving a consistent equation for the total concentration,
following the methods in Section 2, let us point out an important
potential physical problem with the model in (12). If the system is
truly representing a first-order reaction, where concentration de-
grades at rate A in all compartments of the multicontinuum, then
if we inject a unit of mass into the system, the total mass in the
system must decay exponentially at rate A irrespective of where
that mass is located. Integrating (12) over all space, assuming natu-
ral boundary conditions at x = +oo or no flux boundary conditions
for a finite domain, we can write

oM . JYM
ot oty
where M = [ Crdx. Laplace transforming (t — s) we can write a
solution

~ 145771 1

M= imO s % svn

where the tilde denotes a Laplace transformed variable. Eq. (14) is
clearly not the correct exponential decay at rate A, suggesting that
(12) is not a physically consistent equation. In fact, for small s, cor-
responding to large times, to leading order M ~ s¥~!, which means
that at late time the total mass will decay as a power law in time
with scaling M(t) ~ t~7, much slower than the expected exponen-
tial decay.

= _)\Ctot‘ (]2)

——AM  M(=0)=1 (13)

(14)

3.2. Correct effective equation for total concentration from first
principles

Following all the steps for conservative transport in Section 2,
we start by writing transport equations for mobile and immobile
concentrations assuming a first-order reaction of rate X in all com-
partments of the multicontinuum such that

2
T 02 - [ f@wCn-Culenda 3G (19
ACm(@) _

T = (G —Cu(@) = 2Gn(@) Yo 0<a <oco.  (16)

Solving (16) we can relate immobile and mobile concentrations:

3C1M /f(oz) (aacm s e~ (@M acm.oe(awh)t)dw

Cm

= §(t) * o~ + 8(t)Cnoo, (17)

where g(t) =g(t)e*“ is now a modified memory function. Com-
bining (15) and (16) and solving for Cp,:

Cn Cn D 9%Cp,

Bt +8(t) % 3t Poe T —A(Gn + 8(t) % Cn) — ()G 0.

(18)

As before we can write an equation for the transport of the immo-
bile concentration by solving for Cp in (17) and substituting into
(18)

aC aC 0%Ciy " .
“p T8O x =5~ D=3t = (G + &() * ) +&(0)Crmo.
(19)
With this, the governing equation for total concentration is
8C 8C 092G, .
o &0 % =% = D= = A (G + &(t) * Cua)- (20)

This looks very similar to the time fractional dispersion equa-
tion for conservative transport in (11), but a careful look reveals
that this not entirely the case. First, the modified memory func-
tion g(t) is not the conservative memory function g(t), which is
what gave rise to the fractional derivative. Rather it is g(t)e=,
which merges a power law and a tempering effect. Physically, this
effect arises because after a sufficiently long time, particles are
more likely to have reacted than remain trapped in an immobile
phase and so will not be released back into the mobile region. An-
other important feature that is worth noting is that the reactive
term on the right hand side is not the naive term, discussed in
Section 3.1, but a more complicated expression that also includes
the new modified memory function. Because it acts on the concen-
tration and not the time derivative of concentration, this is more
like a fractional integral than a fractional derivative, although again
the exponential tempering must be noted. Now integrating (20) in
space and assuming an initial unit mass we can write an equation
for total mass, which in Laplace space reads

SM—1+8(M—1) = -A(M+3M) = M = #
(S+85+A+A9
1 At
= +)LﬁM(t)_e (21)

which is the correct exponential decay that we expect to occur and
is consistent with the first order reaction system we proposed.

3.3. Numerical comparison

Using the same numerical methods as described for the con-
servative transport case, here we present numerical results for a
first-order reaction problem. We chose the second initial condi-
tion setup, a unit concentration block in the center of the do-
main (i.e. C(x,t =0) = O(x+0.1) — ©(x—0.1)) as this best high-
lights certain features. Three different reaction rates A = 0.1, 1, and
10 are chosen. For this comparison we solve three model systems:
(i) Egs. (15) and (16), which represent the full multicontinuum sys-
tem, (ii) (12), which we argue is the naive and incorrect approach
to including chemical reactions in this system and (iii) (20), which
we argue should be the correct upscaled representation of case (i).

Representative concentration profiles for multiple different re-
action rates and at two distinct times are shown in Fig. 2. In all
cases except for the very smallest reaction rate at the smallest
time, it is abundantly clear that the concentrations predicted with
the naive approach in (12) do not match those of the full multi-
continuum system, while the consistently derived Eq. (20) matches
well everywhere. For the largest reaction rate at the largest con-
sidered time the mismatch in concentration is on the order of 40
orders of magnitude. It is unsurprising that all three models match
reasonably well for the smallest reaction rate at the smallest time,
because at that point very little reaction will actually have oc-
curred and transport is still close to conservative and so this agree-
ment needs to be taken with a grain of salt. Fig. 3 shows plots of
total mass against time. In these, the mismatches and agreements
stand out even more clearly. In particular, in the right-hand figure
where mass against time is shown a logarithmic scales, it is imme-
diately clear that for systems (i) and (iii) the total decay in mass is
exponential as we had predicted, while for naive model (ii) a late
time scaling of t=1/4, consistent with (14), emerges.

4. Bimolecular reactions

The previous example of a first-order reaction already high-
lighted significant complications in simply extending fractional
transport equations from conservative to reactive transport prob-
lems. While we were able to derive a consistent reactive transport
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Fig. 2. Numerical Solutions for a first-order reaction with a pulse initial condition. Concentration profiles at two different times t =1 and 10 are shown in the top and
bottom rows respectively. Three different rates of reaction A = 0.1, 1 and 10 are considered also. The magenta circular dots correspond to the solution of the full system as
describe in Egs. (15) and (16). The blue lines are associated with solving the naive incorrect approach equation in (12), while the green line corresponds to the numerical
solution of the consistently upscaled Eq. (20). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

1
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0 1073 5 "

0 10 20 30 40 50 102 10" 10° 10"
t t

Fig. 3. The evolution of total mass over time for a first-order reaction with the pulse initial condition. (11). The magenta circular dots correspond to the solution of the full
system as described in Eqs. (15) and (16). The blue lines is associated with solving the naive incorrect approach equation in (12), while the green line corresponds to the
numerical solution of the consistently upscaled Eq. (20). The figure on the right is the same as the one on the left, but with logarithmic axes to highlight the late asymptotic
time power law scaling of the red lines. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

equation and see commonalities with the conservative problem, formally be obtained. For example, for i = A

that system was remarkably simple, given that a first-order re-

action system is still linear and so benefits from superposition. Cmala) = (/ oG4 €XP [/ kCim p(t) +adt)]dt>
In this section, we attempt to extend the approach to a more

complex, but important and fundamental reaction: a kinetic ir- X eXp [_ f kCimn 5 (ct) +adt]
reversible bimolecular reaction A+ B — C. We do this to further
highlight that great caution must be taken when extending ideas = oG p # et~/ KCimp(e)dt (24)

from conservative transport to reactive scenarios. Consider trans-

port equations for species A and B in mobile and immobile regions but note the resultant expression is complicated and highly

such that coupled to the time-varying concentration of the other species
through the integral over time in the exponential term. It is com-
9Cn.i _Dazcm,i _ —/f(ot)ot(C i — Cm.i(@))da — kCy 4G, plex and, in principle, requires unknown knowledge, given that
ot ox2 b m A~ the concentration of the other species B will have a very similar
i=AB (22) solution that depends on the time history of the concentration
of species A in this same fashion. Nonetheless, for the sake at
3Gy () attempting completeness, let us continue as we diq for th(? con-
W = a(Gyi— CGmi(ot)) — kCima(ct)Cmp(et) Vo servative and first-order reaction cases. Taking the time derivative
0<a<oo (23) of (24)
where k is the rate of reaction and the term kC4Cp represents the 9Cima(at) = 9 x e = KCnp(@)dt 4 oy ) o= [ KCmg(e)dt
rate of reaction following the law of mass action. To proceed as ot at "

in the previous examples we need a solution for (23), which can (25)

Please cite this article as: D. Bolster et al., Upscaling chemical reactions in multicontinuum systems: When might time fractional equa-
tions work? Chaos, Solitons and Fractals (2017), http://dx.doi.org/10.1016/j.chaos.2017.04.028



http://dx.doi.org/10.1016/j.chaos.2017.04.028

JID: CHAOS

[m5G;May 13, 2017;1:25]

6 D. Bolster et al./Chaos, Solitons and Fractals 000 (2017) 1-12

Multiplying this by flar) and integrating results in

Lo _ gty « 214 4 g ) n0. (26)
t at

This resembles the solutions for the conservative and first-order
reaction systems, but like the first-order reaction system a new
modified memory function F(x.t) = [af(a)e %/ Kimp@dtgy
emerges. However, this memory function is much more struc-
turally complex than the previous cases. It depends explicitly on
the evolution of the other reactant B throughout all of the immo-
bile zones, which itself is governed by a similarly complicated ex-
pression. Recall, the memory function arises in these systems, be-
cause of memory effects that integrate time history. Thus it makes
sense that for a coupled reactive system, the time history of the
other reactant matters also, yielding a function that now also de-
pends on space, due to possible spatial variability of reactant B. In
particular, unlike the previous linear examples, it is not unique and
very dependent on the specific initial conditions of the problem,
meaning that it is perhaps not usefully predictable. Similar compli-
cations for upscaling of bimolecular reactions via volume averaging
have been noted by [70], who emphasize that for coupled reactive
systems initial condition is everything [71]. It may be possible, using
assumptions and approximations similar to [70], to simplify this
memory function and obtain a reasonable approximation. Similarly
a perturbation-type solution for small reaction rate, analogous to
that in [72], may yield a more manageable and decoupled system
and be reasonable for small reaction rates k. However, while pos-
sible, neither of these approaches is as universally satisfying as the
conservative and first-order reaction case, as they are not exact and
would require potentially strong and limiting assumptions (e.g., the
approximate models can only be applied over a small and restric-
tive range of Damkohler or Peclet numbers), which limit applica-
bility (e.g., [73]).

Also developing or proposing such a closure would distract
from the central question here, which is whether an effective
transport equation with the form of a fractional dispersion equa-
tion emerges naturally for this setup, as it did for conservative
transport. To this end, recall that the fractional derivative in the
transport equation for total concentration arises due to the struc-
ture of the memory function. While there may be a fractional-like
structure hidden in the new modified memory function g(x,t),
due to the tight coupling with the spatio-temporal evolution of
the other reactant, there is also an additional exponential temper-
ing that is non-homogenous in space and time. Combining (22),
(23) and (25) yields

Cn 0Cn 9%Cp,

B TEX O =Dy

- fk(cm.Acm,B - / F(@)Cims (a)Q-m,Bw)da) —&(x.0)Cno (27)

and unlike the previous cases it is much more difficult to write an
equation for the immobile concentration. Following the procedure
from the previous examples, solve for Gy in (26) and substitute
into (27), which in Laplace space yields

9 Gy
ax% g(x, s)

sCim — &(X, $)Cm,0 + SE(X. )Gy — DE(x, 5)

5 Cma G - .
= —kg(x.5) ( MO | F@imat@) « cim.g(a>da>.

(28)

While one might be able to formally invert the above, one has
to question what the utility of this would be and there are some
important features to be highlighted. In the previous two cases it
was critical to the derivation that the memory functions in the nu-
merator and denominator in the diffusive term canceled out. Since

the memory function now depends on space this can no longer
be done as it cannot be pulled out of the Laplacian, resulting in
a much messier system. Likewise the mobile reactive term, which
is a product in real space becomes a convolution in Laplace space
and it is not straightforward to get rid of the memory functions
there either, or invert back into real space.

Writing the mobile concentration equation in Laplace space

) o 52¢,
SCn — Cm,O +g(x, S) (SCm — Cm,O) - DW
= —kg(x.) (G # G - / f(@)Cina(@) *Cms(@)da)
— §(x.)Co. (29)

Following what we did for the conservative and first-order re-
active systems, we would add Eqgs. (29) and (28) to obtain a single
equation in Cyy. Clearly there is no immediately reasonable way
of adding these two equations together to yield a single transport
equation in terms of Cy: alone, and certainly not one that is an
obvious time-fractional dispersion equation for total concentration
with a reaction term resembling the law of mass action. While per-
haps frustrating that we cannot arrive at an elegant solution as we
did for our other cases, this is nonetheless important as it high-
lights that the tightly coupled evolution of species A and B com-
plicates writing an effective equation based on total concentration
alone.

Essentially, the total concentration is not a good measure of
actual concentrations taking place in the localized reactions. This
is very similar to the complications associated with upscaling bi-
molecular reactions in advective-diffusive systems in the presence
of incomplete mixing, an area of active research in many of the
fields where anomalous transport models are also popular (e.g.
[47,50,57,74-76]). While approximate solutions and improved clo-
sure models have enabled the development of improved predictive
and numerical models (e.g. [77-79]) a single governing equation
in terms of only average/total concentrations still does not, to our
knowledge, exist.

Thus for this particular problem that we focus on here, writing
a reactive transport equation in terms of only total concentration
seems impossible without making some further assumptions or in-
voking something analogous to a closure argument (e.g. [70,77,78]),
which could yield a reasonable approximation, but would still be
an approximation, unlike the results derived for the conservative
and first-order reactive systems.

4.1. The naive approach and numerical examples

While we have not been able to write a formal equation for
the evolution of total concentration in a single equation that only
depends on total concentrations, as we were able to in our previ-
ous two examples, it is still interesting to consider numerical solu-
tions for the bimolecular reaction case and compare those to what
would be obtained if one followed the naive approach and simply

wrote
2
d Ctot,i

0Cori  07Cror i
3t T o D5 = KGaaGus

As noted in the introduction, such naive approaches, in the gen-
eral context of anomalous transport models and for fractional dis-
persion equations, have been taken in the past and it is important
to understand what the consequences of such an approach may be,
as well as if it might ever be at least a reasonable approximation.
Thus, using the same numerical methods as listed previously, we
will solve (30) and compare this to the results of the full system,
obtained by solving (22) and (23). We consider a step-like initial
condition, where half of the domain is filled with unit concentra-
tion of A and the other half with unit concentration of B. We con-
sider four reaction rates of k = 0.1, 1, 10 and 100.

i—A,B. (30)
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Fig. 4. Numerical solutions for the bimolecular reaction system. Concentration profiles at time ¢ = 10 are shown for four different values of reaction rate k = 0.1, 1, 10 and
100. Magenta colors correspond to concentrations of species A, while red to species B. The circular dots correspond to the solution of the full multicontinuum set of Eqgs.
(22) and (23), while the solid lines correspond to the solution of naive Eq. (30). (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)

Concentration profiles for the four cases at a single time t = 10
are shown in Fig. 4. In all four cases a similar trend is observed.
The model built with naive equation (30) has much lower concen-
trations of the species invading into the other half of the domain
than the concentrations calculated with the full multicontinuum
formulation (i.e. concentration of species A in the right hand side
of the domain). As the reaction rate becomes larger this disparity
becomes more apparent with deviations in predicted concentra-
tions as large as ten orders of magnitude for the highest reaction
rate. Again, for the smallest reaction rate the differences between
the two models look relatively minimal, but this is likely due to
the limited amount of actual reaction that has actually happened,
meaning that the behavior is still close to conservative.

Fig. 5 shows the evolution of total mass of the reactants over
time for the two models and the results may be somewhat sur-
prising relative to what was just discussed about the concentration
profiles. The differences in total amount of mass predicted by the
naive and full multicontinuum model look smallest for the highest
reaction rate system. This is likely because even though concen-
tration differences appear very large for the highest reaction rate
system, the concentrations in these tail regions are small and neg-
ligible in terms of the total mass in the system and the bulk of
reaction is happening at the interface between the two reactants
focused around x = 0. Once solute passes into the other half of the
domain due to dispersion, its likelihood of reaction is very high
and so concentrations there are very low. Indeed for the case of
infinitely fast chemical reactions for this particular setup, it can be
shown that the naive and full multicontinuum equation approach
are analogous (see Appendix A). This is likely not universally true
and initial condition specific. For example, the inclusion of a drift
with the exact same initial condition would break the require-
ments. Additionally in the limit of k — oo the entire problem can
be recast in terms of solutions to conservative transport equations,
for which the connection between the fractional dispersion equa-
tion and multicontinuum model have been shown to be rigorous.
In Appendix A we explain these details and highlight conditions

that must hold, which again appears to be initial condition and
problem specific and thus likely not universal.

5. General discussion - a generic reactive system

The previous examples have already yielded some interesting
insights into limitations of extending fractional transport equations
for conservative transport to a reactive counterpart, but we have
focused on some important, but specific examples. For the sake of
a more general discussion, let us consider a generic reactive sys-
tem, where reactions occur in mobile and immobile parts of the
domain. We follow the same procedure as above with the hope of
getting an effective equation for transport of total concentration.
We denote the reaction in the mobile zone as rp and rj, () as that
associated with the immobile region with exchange rate «. Given
the local nature of reactions, these are assumed to only depend on
concentrations in that same zone; i.e. rn(Cn) and ry,(c, Cip(a)),
but their form remains unspecified. Now the governing equations
for mobile and immobile concentration are

aG 092G

G -DS T = - [ )G - Cnl@)da ~ (1)

% =o(Ch—GCpu(a)) —rin(@) Vo 0<a <oo. (32)
Eq. (32) can solved such that

Cm(a) = aCp x e —rip () x e~ %, (33)

Note that because we have not chosen to specify the form of r;,
that this may be an implicit solution. Taking the time derivative of
(33)

aij (Dt) _ 8Cm _at _at
8rim (O[) —

- xe ¥ —rimo(a)e . (34)

at
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Fig. 5. Evolution of total mass of reactant A from numerical simulation of the bimolecular reaction system. Four different values of reaction rate k= 0.1, 1, 10 and 100.

The red circular dots correspond to the solution of the full multicontinuum set of Eqs. (22

) and (23), while the blue lines correspond to the solution of naive Eq. (30). (For

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Since concentration in immobile regions is initially zero, so too
is reaction r; o = 0. Multiplying by flar) and integrating yields

3C]M 8Cm

O g(0) 52+ 8O — [ S 2 et (35)

Combining (31) and (32) it is clear that

dCn  dICy 02%Cp _
ot "o Pe T mmw (38)
where 1 = [ f(a)ri, (o¢)dee. Substituting in (35)
aG aC 092G,
Ttm +8(t) * J - DW;’ = —Tm — T — &(t)Cn,0
/f( )8“"'(“) e da. (37)

As before we can write an equation for the transport of the
immobile concentration by solving for G in (35) and substituting
into (36)

aC 1@ 092G
o HEO) x =5t =D 3 = —g(t) T — () * Tt +8()Cno
0 92
/f( ) r,m(a) x e~ da +DW</f(ot)nm(a)*e*°“da>.

(38)

Combining these last two equations the governing equation for
total concentration is

aG BC
arot +g(t) * tot _D = o — T

2
Cg(E) T — () # Ty + D% ([ f@rm@=«eda). 39)

While the structure of the equations presented for first-order
and bimolecular reactions might look different than this, it is
straightforward to rearrange those equations to recover something
resembling this one. The reason we choose to write the equa-
tion this way is that it does show that one can always write
an equation for reactive transport that resembles the conservative

9%Cror

fractional dispersion equation for conservative transport, namely a
fractional dispersion equation for total concentration, with a slew
of additional sources and sinks as seen from the right-hand side.
Unless all of these terms on the right-hand side can be combined
and written as an expression that exclusively depends on the to-
tal concentration, then our objective of writing a fractional disper-
sion reaction equation that depends on only Cy; cannot be met. For
the case of a linear first-order reaction, this is relatively straightfor-
ward as once we write the solution to (16) we immediately have a
simple linear relationship between mobile and immobile concen-
trations and thus for total concentrations also, meaning that all of
the terms on the right hand side can be written straightforwardly
in terms Cy;. However, for the bimolecular reaction in (24) and in-
deed the more generic case in (32) the relationship is not as clean,
meaning that a straightforward expression for total concentration
in terms of just immobile concentration or mobile concentration
may not be possible.

Some particularly interesting features of the right-hand side
source-and-sink terms stand out and are worthy of discussion:

+ One cannot just throw a generic reaction term ry; on the right
hand that has the same functional form as ry,. While for a lin-
ear reaction it is straightforward to argue that 1 =1 + 1y
will preserve its functional form, it is likely the exception rather
than rule for complex coupled and nonlinear reactions. This, as
already noted, is directly analogous to upscaling of reactions in
incompletely mixed systems.

As had already been noted for the case of the first-order re-
action, the reaction on the right-hand side must also include
convolution with the memory function. Memory clearly also
influences the reaction process and any effective model that
does not account for this is likely incorrect. Unless the reac-
tion rate is proportional to the time derivative of concentration,
rather than yielding a fractional derivative, it results in some-
thing more closely resembling a fractional integral. Thus the
way that memory acts on transport and reaction manifests in
a different manner and must be accounted for in the reaction
terms, explaining why an ad hoc inclusion of a generic reaction
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term is likely to fail. This is consistent with the discussion of
[60] who obtain a time fractional dispersion equation by subor-
dinating a diffusion equation, but demonstrate that if one does
not take care with how one handles the reaction term, that un-
physical negative concentrations can be predicted. In our case,
having the memory function convolved with the reaction term
on the right-hand side is what ensures consistent conservation
of mass. Integrating (39) over all space we can write an equa-
tion for total mass

oM oM o
Se O = e == [t e+ 80 i+ 80 xrandx
(40)
which ensures
M o0
% = —/ (rm + rim) dx; (41)

i.e. that the total change of mass in the system occurs because
of all the reactions that are happening in the mobile and immo-
bile regions of the domain. Were the convolution not included,
the incorrect amount of mass would be removed as was the
case for both of the specific reactive systems considered here.
While not immediately obvious, the last term on the right-hand
side of (39) is the term in the two specific reaction problems
that leads to the modification of the structure of the memory
function. This can be inferred by looking at (33) and recogniz-
ing that when r;;, (o) was written in terms of Cj,() it could be
brought to the left-hand side of the equation, lumped together
and then the term that is divided across gives rise to the tem-
pering of the exponential or similar modified effect.

6. Conclusions

In this paper, we set out to show that one must be cautious
even in proposing fractional reaction diffusion equations for sys-
tems where transport of a conserved scalar can be shown to be
governed by a fractional diffusion equation. Typically fractional
diffusion equations, or for that matter any anomalous transport
model, arises due to complexity and heterogeneity at some small
(unresolved) scales and so one has to be careful in simply assum-
ing that the influence on reaction is trivially upscaled.

To this end we consider a simple physical system, where for
a conserved scalar one can formally derive a fractional dispersion
equation as the consistent effective equation for the evolution
of concentration. Leveraging two previous studies, we connect a
multicontinuum mobile immobile model system and following
[45] rigorously demonstrate that one can derive an effective single
transport equation for the evolution of total concentration where
all terms depend only on the total concentration. For a specific
distribution of exchange rates between the mobile and immo-
bile continua this equation can be written as a time fractional
dispersion equation. Next we considered the same setup, but
with the addition of reactions. Two specific reaction types were
considered, namely a first-order decay reaction and bimolecular
kinetic reaction.

For the first-order reaction, following the same procedure in de-
riving the fractional dispersion equation for conservative transport,
we showed that an effective equation can be written for total con-
centration that only depends on total concentration. However, in
going through the procedure a modified memory function arises
that tempers the power law that gives rise to the fractional deriva-
tive with an exponential whose rate depends on the rate of reac-
tion, thus modifying the structure of the effective equation. Phys-
ically this tempering reflects that if a particle remains immobile
for too long it is more likely to react that to re-emerge into the
mobile continuum. Additionally this memory function acts on the

reaction term. If one were to naively write a reaction term without
this memory function, one would incorrectly predict the spatial
distribution of concentration and rather than obtain an exponen-
tial decay in total mass over time, mass would decay much more
slowly as a power law t~7 in time, where 0 < y < 1 is the ex-
ponent of the time fractional derivative. This was confirmed with
numerical simulations. It should be noted that the naive approach
does not yield an unphysical equation, as was for example the con-
cern of [60]. Indeed it can be shown that it is the correct effective
equation, were one to say that a first order reaction happened only
in the mobile part of the domain, which for some systems of in-
terest might be the case (e.g.[80]). However, it is not the correct
effective equation for the conceptual system which we aimed to
represent.

For the case of the bimolecular reaction, going through the
same procedure, we demonstrated that there is not a straightfor-
ward way of starting from the multicontinuum equations and de-
riving an effective equation for the evolution of total concentra-
tion in terms of only total concentration. In particular, the same
procedure results in a new modified memory function, which for
one reactant depends explicitly on the time history of the concen-
tration field of the other reactant, which occurs because of the
tightly coupled nature of this system. What happens to one re-
actant depends heavily on what has happened not only to itself,
but also to the other reactant; it itself in turn strongly affects the
fate of the other. While one can formally write this memory func-
tion, it is now nonstationary and dependent on space. This means
that many of the required steps to obtain a final equation for to-
tal concentration performed in the derivations for the conservative
and first-order reaction systems simply do not work. Via numerical
simulations we demonstrated again that if one were to simply and
naively include a reaction term on the right-hand side of a frac-
tional dispersion equation this would result in erroneous predic-
tions of concentration and total amounts of mass, except for some
unique infinite reaction rate conditions highlighted in Appendix A.

We conclude by performing the procedure of deriving an effec-
tive equation for total concentration on a completely generic reac-
tion system, where the form of the reactive term remains unspec-
ified. We show that while it is possible to always arrive at an ef-
fective equation that resembles a fractional dispersion equation, a
large number of source-and-sink terms emerge that depend on the
specifics of the reactions in the mobile and immobile parts of the
domain. Importantly, one of the features that stands out strongly
is that any effective equation must have the memory effects act
on transport and reaction terms, and not just the transport terms
alone. For the case of linear reactions, such as the first-order ones
considered here, it is relatively straightforward to combine these
into terms that depend only on total reactions, but for more com-
plex coupled and nonlinear reactions this is less straightforward.
This problem essentially faces many of the same issues that have
been plagued volume averaging and upscaling studies of incom-
plete mixing effects on chemical reaction, where promising clo-
sure approaches exist, but are typically not exact and often carry
strong restrictions on regimes of applicability. Thus, we hope that
we have made it clear with this work that great caution is needed
in proposing fractional reaction dispersion equations, purely on the
grounds that conservative transport in a system displays fractional
dispersion behaviors. While we focused on one specific form of
fractional dispersion equation, our findings likely hold for most all
anomalous transport models.
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Appendix A. Appendix: Why as k — oo does the naive approach
look more and more correct?

Interestingly as k gets larger and larger the discrepancy be-
tween the full system and the naive approach becomes smaller.
Here we demonstrate that for the unique limit of k — oo they
do indeed yield the same results. Consider the irreversible reaction
A+ B — C. The transport equations for species A and B are given
by

0Cn i 9%Cpi :
oot =D =~ [ F(@)t(Ci = Cini(@))dot 4 1 i=AB
(A1)
Ci
@) _ (G — o) +Tim(@) Yo O=a=oo (A2
and for the product C
aG 92C
€ =D = [ f@)a(Cnc ~ Cincle))det = T
i—AB (A3)
Himc@) _ (G~ Cme(@) ~ Tin(@) Ve 0=a <o
(A4)

Taking the limit of infinite reaction rate means that nowhere in
the domain can the reactants coexist, which is equivalent to

CnaCng=0 GCua(@)CGpp(a)=0 Va. (A5)

Defining conservative components 4 = C4 + Cc and ug = Cg + C¢
then
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Now, since A and B cannot coexist it means that everywhere
and anywhere in the domain either C4 = 0 or Cg = 0. Therefore it
is always true that C- = min(uy, ug). For conserved quantities we
know we can write

= o(Up;— Umi(@)) Ya 0<a <oo. (A7)

Ol 0V Uggr i 0% Ugor i _ .
3 +pB 307 -D 52 =0 i=AB (A8)
We also know that
Cetor = Min(1tp . ) + [ F(e)min 1t (@), () de
(A9)

If we can show that the right hand side is the same as
min(uga, o, tor) then this would be equivalent to showing that in
the limit of infinite reaction the naive approach works just fine.

For our particular example problem, from symmetry arguments,
it is possible to show that u,(x) = ug(—x) (we deliberately include
no subscript for mobile or immobile as this refers to any u any-
where in our domain and multicontinuum). For our given initial
condition at all times u(—x) > us(x) for x < 0 and ug(x) > ug(—x)
for x > 0. Thus anywhere where u, p, is smaller than ug , so too
Uy im(c) is smaller than ug ,(a), meaning

min(tg . tn) + [ £(@)minGugm (@)t (@) et
= min(ua tor, Up.tor) (A10)

To verify this result, we follow the same numerical methods
outlined in the main manuscript we conducted. Sample concen-
tration plots are shown in Fig. A.6 and the temporal evolution of
mass of reactants over time is shown in Fig. A.7. Both show identi-
cal agreement between the system where the full set of multicon-
tinuum equations are solved and the fractional dispersion model,
providing some validation of what we have presented in this ap-
pendix. Note that this outcome is very specific to this set of ini-
tial conditions. It gives rise to the circumstances where these two
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Fig. A6. Numerical solutions for the bimolecular reaction system. Concentration profiles at time t = 0.1, 1, 10 and 100 are shown for reaction rate limit k — oo. Magenta
colors correspond to concentrations of species A, while red to species B. The circular dots correspond to the solution of the full multicontinuum set of Eqs. (22) and (23),
while the solid lines correspond to the solution of naive Eq. (30). (For interpretation of the references to color in this figure legend, the reader is referred to the web version

of this article.)
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Fig. A7. Evolution of total mass of reactant A from numerical simulation of the bi-
molecular reaction system for reaction rate limit k — oo. The red circular dots cor-
respond to the solution of the full multicontinuum set of equations, while the blue
lines correspond to the solution of naive fractional dispersion equation. (For inter-
pretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

models produce identical results and it is not difficult to conceive
of a similar problem where the right set of conditions, such as the
symmetry argument, do not hold; e.g. the inclusion of a drift in
the mobile region would break the symmetry. Thus the finding of
this appendix should only be considered legitimate for this very
specific system. We only present it here in this appendix to aid in
interpreting the results from Section 4 for the bimolecular reac-
tions in the main manuscript.
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