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We study mixing and spreading in a very simple heterogeneous system: a numerical flow cell comprised
of two homogeneous porous media separated by a sharp angled interface. The two media have identical
porosity, but differing permeability and dispersivity characteristics representing a fine and a coarse med-
ium. We focus on transport in advection-dominated systems as the primary role of the angled interface is
to distort the velocity field. We demonstrate that the angle of the interface influences spreading in the
system as observed by depth averaged breakthrough curves, but that the direction of flow does not
appear to have a significant role on this. We also study evolution of mixing in the system as quantified
by the dilution index. We demonstrate that when transverse dispersion is neglected global rates of mix-
ing appear very similar for all considered interface angles, despite discernible differences in spreading. As
a consequence this paper demonstrates that systems with quite different spreading characteristics can
have similar mixing characteristics, and likewise systems with identical spreading characteristics can
have quite different mixing. This work reinforces the limited applicability of using information from
depth averaged breakthrough curves in assessing mixing and mixing driven phenomena.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Mixing is an essential driver of chemical reactions in groundwa-
ter; however its quantification in practice is challenging [37,29,91].
In the context of contaminant transport, mixing describes the rate at
which reactive species meet, and its accurate representation is
becoming increasingly recognized as critical in better understanding
various geochemical and biogeochemical processes [5,41,64,78].
Effective in situ remediation for example can depend largely on
the interplay between injected masses [27,51,61,75,74,77,89]. In
previous works, two common metrics applied to study global mixing
include (i) the dilution index [63], a metric related to entropy that
describes the overall mixing state of a system, and (ii) the scalar dis-
sipation rate, an integrated form of the local mixing rate [36,46,70].

Complexities inherent in porous media such as heterogeneous
permeability are commonly observed in natural systems [33].
These can distort groundwater flow, impacting spreading and mix-
ing rates [39]. The specific relationship between intrinsic heteroge-
neities and characteristic mixing rates has received some attention,
yet macroscopic models that predict reactive transport often still
rely on upscaled parameters and are not always capable of captur-
ing observed reaction rates [53,73,85]. Previous modeling work has
shown that the amount of mixing depends largely on velocity
fluctuations [82,7,40,70,24,17,35]. Although mixing can be difficult
to measure, much research has been devoted to predicting spread-
ing, and many successful models have emerged [31,32,50,79]. A
variety of modeling approaches including volume averaging [95],
the method of moments [45], homogenization [57] and method of
multiple scales [6] have emerged to predict asymptotic dispersion,
a measure of spreading. It is also worth noting that pre-asymptotic
(non-Fickian) transport characteristics can also be a measure of
spreading, especially in highly heterogeneous porous media where
asymptotic transport may not be attained. Several alternative the-
ories that aim to capture spreading in these non-Fickian systems
also exist (e.g. [12,13,68,69,76]). Most work on spreading has
focused on matching the evolution of a plume’s second centered
moment, which is not necessarily a good measure of mixing. Some
recent papers [7,8] highlight that one of the difficulties of extending
these approaches to predicting mixing and mixing driven reactions
lies in the ability to accurately capture mixing effects as quantified
by the local mixing rate mentioned above [16,36,43], which are
nonlinear in nature. Thus, the questions we pose to motivate this
work is how much information, if any, about mixing one can actu-
ally attain solely from information on spreading?

Solute spreading and mixing are two different, but connected
processes. Spreading quantifies the spatial extent of the solute,
while mixing is a mechanical measure, which drives the dilution
state and describes the degradation of gradients in concentration.
While spreading characterizes the deformation and stretching of
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a solute plume, increases in spreading can subsequently enhance
mixing if a larger interfacial area develops between chemical spe-
cies. In field studies, spreading is typically inferred through con-
centration breakthrough measurements, which are collected via
tracer tests. This approach has been shown to be questionable
when estimating mixing rates because concentration breakthrough
curves are generally depth-averaged, implying that information on
vertical concentration gradients vanishes [17,56,73,84]. Further-
more, a typical field site may have few measurement points
(wells). Thus, even in the case where concentration is measured
over a relatively small fluid volume, the spatial resolution of con-
centration data may allow one to approximate macrodispersion,
but may be too low to evaluate mixing. Since spatial variations
in concentrations and solute fluxes can be important controllers
of reactive transport, one naturally wonders what physical mecha-
nisms drive mixing and under which conditions breakthrough
curves are valuable in the assessment of mixing.

Estimating transport parameters in heterogeneous velocity
fields from calculated concentration breakthrough curves has been
previously discussed [28,59,60,63] and found in several cases inac-
curate in the determination of true mixing trends. Even for a rela-
tively simple heterogeneity, this is evident: A recent numerical
study by Luo and Cirpka [73] indicated that in an isotropic, homo-
geneous medium of high Peclet number with intermediate con-
trasts in permeability due to an elliptical inclusion, concentration
breakthrough curves of reactive components can differ greatly
from those of a calibrated numerical model.

Since variations in mixing are clearly related to complexities in
porous media, previous work has been dedicated to understanding
their fundamental relationship [17,24,35,39,70,71]. It has been
shown that the even the simplest form of heterogeneity, such as
discontinuities between segments of a porous medium, can lead
to differences in mixing behavior: Sternberg [88] suggested that
mixing is strongly driven by discontinuities in composite media
between layered segments of glass beads in a one-dimensional col-
umn experiment, and recently Berkowitz et al. [13] concluded from
lab experiments that even flow across a sharp interface between
two differing media can dramatically affect solute transport
depending on the direction of the flow. Cortis and Zoia [30] inter-
preted this phenomenon using a modified CTRW model. Appuham-
illage et al. [3] numerically showed that for low Peclet number
systems, asymmetries can exist in the flux-averaged breakthrough
curves across a discontinuity, which Appuhamillage et al. [4] sub-
sequently explained through the concept of an a-skew Brownian
motion. Experiments by Castro-Alcala et al. [22] demonstrated
clearly by use of image reflectometry that interfaces are regions
of enhanced mixing as these interfaces can induce sharp gradients
in solute concentration. Other interfaces, ubiquitous in hydrogeo-
logical contexts, such as saltwater intrusion systems [2,15,23,38,
80,94] will also alter velocity fields and impact mixing. Also, inter-
faces with contrasts in permeability that are not directly perpen-
dicular to flow direction are well known to cause refraction of
streamlines [49].

Drawing inspiration from the simple setups of Berkowitz et al.
[13] and Appuhamillage et al. [3,4], as well as the observations of
Castro-Alcala et al. [22], we consider a very simple heterogeneity
with the intent of studying possible links between spreading and
mixing. It is a two-dimensional flow cell comprised of two
homogeneous porous media of contrasting hydraulic properties
separated by a sharp sloping interface. While this heterogeneity
is incredibly simple, it allows us to probe several important fea-
tures of flow with the goal of discerning their influence on mixing
processes when considering a small, manageable number of
dimensionless parameters. For example the presence of the sloping
interface gives rise to features like flow focusing and defocusing,
which have been shown to have a profound effect on mixing
Please cite this article in press as: Schneider B et al. A numerical investigation
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([86,93]). Flow focusing regions correspond to regions of high
velocity gradients; de Barros et al. [34] recently connected local
mixing rates to the Okubo-Weiss parameter, a metric that quanti-
fies local stretching and folding by velocity gradients. As noted our
primary motivation for wanting to better understand mixing is
that it is a primary driver of many chemical reactions (e.g.
[7,8,10,16,36,37,73,92,19,42,25,26]). Without accurate and better
understanding and descriptions of mixing, which can often be
interpreted from conservative transport data, our capacity to
understand and predict mixing driven reactions is limited.

The main interests of this work are to identify key drivers of
mixing in addition to examining if breakthrough curves are useful
in the assessment of mixing for the simple system presented when
varying the characteristic Peclet number, flow direction, transverse
dispersivity, and interface angle h. In particular we probe for differ-
ences in mixing behavior when depth-averaged breakthrough
curves are discernibly similar or situations where mixing is similar
despite quite different spreading characteristics. This aims to give
indications as to (i) instances in which concentration breakthrough
curves reveal little information about true measures of mixing be-
tween the inlet and outlet of the flow cell, (ii) physical mechanisms
that impact global and local mixing measures, and (iii) particular
configurations where trends in mixing are not a function of the
spreading. To study these important relations, we rely on numeri-
cal simulations of solute transport through the defined system.
2. System

The model considered in this work is schematically illustrated
in Fig. 1: a two-dimensional domain of aspect ratio 10 comprised
of two homogeneous porous media (e.g. made up of uniformly
packed grains) separated by a sharp angled interface. Porosity is as-
sumed constant throughout the whole domain.

We assume that hydraulic conductivity Ki and longitudinal dis-
persivity aL can be related through a characteristic grain diameter
relationship, since hydraulic conductivity is often taken as propor-
tional to grain diameter squared [54,55] and the longitudinal dis-
persivity for a uniform grain size can be assumed proportional to
the characteristic grain diameter [20,21,44,81,96]. Therefore

Ki ¼ Ad2
i ð1Þ
aLi ¼ Bdi ð2Þ

where A and B are constants; these relationships have been shown
to be applicable to a uniformly packed homogeneous porous med-
ium with a coefficient of uniformity equal to 1. With (1) and (2)
contrasts between the flow and transport parameters of each med-
ium are characterized entirely by contrasts in characteristic grain
size.
2.1. Dimensionless parameters

The system presented can be described in terms of a finite num-
ber of dimensionless parameters. Three dimensionless parameters
here largely control solute transport: h, d1

d2
and Pei ¼ Ly

aLi
where h is

the interface angle, di the characteristic grain size in domain i, Pei

the Peclet number of domain i, where i = 1 and 2, and Ly the width
of the domain (Fig. 1). Subscripts 1 and 2 refer to the left and right
porous medium, respectively. d1

d2
describes the grain size ratio,

which reflects contrasts in hydraulic conductivity and dispersivity
values. The Peclet number measures the ratio of advective to dis-
persive effects. In this study, media of high Peclet numbers are con-
sidered mainly to examine the role of the interface in affecting
solute spreading and mixing as a function of h. If the system were
of mixing and spreading across an angled discontinuity. Adv Water Resour
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Fig. 1. Schematic of the numerical setup with boundary conditions and inherent properties. The longitudinal dispersivity, aL , is the defined component here, while the
transverse dispersivity, aT , is specified as a certain percentage of aL throughout the study.
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dispersion dominated, the influence of the interface, which distorts
the velocity field, is expected to be small.

2.2. Velocity field

The velocity field is solved using a cell-centered finite volume,
two-point-flux-approximation, where the head h is obtained in
two dimensions by combining Darcy’s Law and the continuity
equation for steady state:

r � ðKrhÞ ¼ 0: ð3Þ

The domain is discretized and fluxes are then calculated at the
cell boundaries using cell-averaged values. Details of the numerical
methods can be found in Aarnes et al. [1].

Figs. 2 and 3 show the magnitude of the computed pore
water velocity fields for h = 0, 30, and 60 degrees for the
coarse-to-fine and fine-to-coarse flow directions respectively. In
all cases the outlet heads are set to zero and the inlet head is
set to a constant such that the mean horizontal flow pore water
velocity is equal to one. Note the velocity fields of the fine-to-
coarse and coarse-to-fine flow directions are reflections of one
another. This is because the direction of flow is simply reversed
(Fig. 3).
3. Transport

The transport of a non-sorbing solute in a porous medium is
modeled using the traditional advection–dispersion equation
(ADE):
(iii)

(i)

(ii)

1

0

Fig. 2. The magnitude of the velocity field for Pe 102–103 (coarse-to-fine media) where:
velocity field are normalized by �ux and streamlines are shown in white. Note that the
velocity contrasts.
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þr � ðucÞ ¼ r � ðDrcÞ ð4Þ

where u is the seepage velocity and c the concentration of a conser-
vative solute. In the coordinate system perpendicular to flow, the
diagonal hydrodynamic dispersion tensor is assumed to be given
by Bear [9]:

Dij ¼ dijaT juj þ ðaL � aTÞuiuj=juj ð5Þ

where aL and aT are the longitudinal and transverse dispersivity,
respectively. Molecular diffusion is neglected in this study because
only advection-dominated systems are considered.

The random walk particle tracking method (RWPT) is used to
numerically solve the ADE. RWPT offers a mass conservative,
numerical-dispersion-free procedure in the simulation of solute
transport. It is based on the analogy between the random walk
Langevin equation and the Fokker-Plank equation for diffusion
[58,62]. We consider the methodology presented by LaBolle et al.
[65,66] to handle transport across discontinuous media. When dis-
persion is anisotropic, assuming porosity is constant within the
flow cell, the discrete-time random walk is given by:

xiðt � DtÞ ¼ xiðtÞ þ uiðx; tÞDt þ 1
2

X
j;k

Bijkðxþ Dŷ; tÞDWj

þ 1
2

X
j;k;m;n

Zimnðx; tÞBmjkðxþ DUn; tÞDWj ð6Þ

where

Dŷl ¼
X
m;n

Blmnðx; tÞDWm
Normalized velocity 

10

(i) h = 0 degrees, (ii) h = 30 degrees, and (iii) h = 60 degrees. Both components of the
velocity field colorbar is truncated at a maximum velocity of 3 to better visualize

of mixing and spreading across an angled discontinuity. Adv Water Resour
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(iii)

(i)

(ii)

Normalized velocity 

1

0 10

Fig. 3. The magnitude of the velocity field for Pe 103–102 (fine-to-coarse media) where: (i) h = 0 degrees, (ii) h = 30 degrees, and (iii) h = 60 degrees. Note that the velocity field
colorbar is truncated at a maximum velocity of 3 to better visualize velocity contrasts.
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Bijkðx; tÞ ¼ k
1
2
kðx; tÞZijkðx; tÞ
Zimnðx; tÞ ¼ ½enðx; tÞ�i½enðx; tÞ�m
DUnl ¼ k
1
2
nðx; tÞDWl
DWj ¼ nj

ffiffiffiffiffiffi
Dt
p

and i, j, k, l, m, n = 1,2 for a two dimensional system. nj is a
standard normal random variable of zero mean, unit variance
and enðx; tÞ is the eigenvector corresponding to kn, the nth eigen-
value of the dispersion tensor k1ðx; tÞ ¼ 2DL, k2ðx; tÞ ¼ 2DT . This
method is based on evaluating the advective displacement at
the current particle position with the dispersive displacement
recalculated at an intermediate step, representing the current po-
sition summed with the initial dispersive displacements; this cir-
cumvents the calculation of gradients in dispersion to maintain
similarity between the Fokker-Plank and advection dispersion
equations. Further details can be found in LaBolle et al. [66],
Lim [72], and LaBolle and Zhang [67]. To filter noise, all concen-
tration and concentration gradient fields are calculated using a
kernel regression method (Takeda et al. [90], Fernàndez-Garcia
and Sanchez-Vila [47]).
3.1. Measures of mixing

To study mixing at the local scale, we consider the mixing fac-
tor, presented by Pope [82] and that arises naturally in the context
of mixing driven reactions (De Simoni et al. [36]):

fmix ¼ rT cðx; tÞDrcðx; tÞ ð7Þ

where fmix can be thought of as a measure of dispersive flux. Eq. (7)
is clearly related to the concentration variability within a solute
plume, which can be pronounced in heterogeneous porous media
with complex flow fields [17,18,22,35,70]. Increases in spreading
can often lead to more dispersive mass transfer, and thus enhanced
mixing [41,70].

In addition, we consider the dilution index [63] as a global mea-
sure of mixing. The dilution index characterizes the overall mixing
Please cite this article in press as: Schneider B et al. A numerical investigation
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state and measures the apparent volume occupied by a solute; it is
given by

EðtÞ ¼ e
�

Z
V

plnðpÞdV

ð8Þ

where

pðx; tÞ ¼ cðx; tÞR
V cðx; tÞdV

is the normalized concentration. V is the volume of the domain.
Large values of EðtÞ represent well-mixed systems where the solute
is more uniformly dispersed and the maximum concentration is re-
duced. The dilution index helps one distinguish between dilution
and macrodispersive spreading, which for many systems are not
identical [60,63]. The concept has recently been extended to reac-
tive systems [25]. Note that the mixing factor derived by De Simoni
et al. [36] is consistent with the dilution index proposed by Kitani-
dis [63], as an increase in the system entropy, driven by an increase
in the volume occupied by the solute, implies that concentration
gradients are smoothed and the system is more well-mixed [41].

We also studied the scalar dissipation rate [70], a spatially inte-
grated measure of the local mixing factor (10). These results are
not presented here, as the behaviors of the dilution index and sca-
lar dissipation rate are analogous, providing little additional in-
sight. This is unsurprising as the two metrics are closely related
[36,37] and evolve in very similar manners (e.g. [18]).

For all simulations numerical grids were refined while time
steps were reduced and particle numbers increased until further
refinement altered measured values of the dilution index by less
than 0.1% based on an L2 norm relative error [83]. Acceptable
convergence typically occurred with a spatial grid resolution of
dx = 0.01 and half a million random walk particles, although for
convergence testing we also ran simulations with dx = 0.001 and
as many as 40 million particles.
4. Results and discussion

In all simulations conservative particles are tracked through
time and space by relations (6). Initially at t = 0, the particles are
uniformly distributed across the y-dimension at the inlet (x = 0)
of mixing and spreading across an angled discontinuity. Adv Water Resour
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(v)

(vi)

(iii)

(iv)

(i)

(ii)

1

0 10

Fig. 4. Snapshots of concentration fields for aT = 0.2aL at t = 1, 5, and 9, where: (i) h = 0�, (ii) h = 30�, (iii) h = 60�, coarse-to-fine media; and (iv) h = 0�, (v) h = 30�, (vi) h = 60�,
fine-to-coarse media. The Peclet number is Pe = 102 (coarse) and 103 (fine). Distortion of the plume and enhanced spreading by the angled interface is clearly evident.
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Fig. 5. Vertically-averaged concentration breakthrough curves calculated at the outlet for flow from Peclet number 102–103 (coarse-to-fine media) and 103–102 (fine-to-
coarse media), where aT = 0.2aL . Differences in the concentration breakthrough curves are predominantly driven by differences in the interface angle, h.
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Fig. 6. Dilution indices for flow from Pe 102–103 (coarse-to-fine media; C ) F) and 103–102 (fine-to-coarse media; F ) C), where aT = 0.2aL .
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Fig. 7. Vertically averaged breakthrough curves for flow from Pe 102–103 (coarse-to-fine media) and 103–102 (fine-to-coarse media), where aT ¼ 0 and aT ¼ aL . Fitted
solutions to the one-dimensional ADE are given in green for the 0 and 30 degree case. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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to represent a line source initial condition. In this discussion, re-
sults corresponding to media with grain size ratios of d1=d2 ¼ 0:1
(‘‘fine to coarse’’) or 10 (‘‘coarse to fine’’) are considered. The media
for these cases have Pe numbers of 102 (coarse medium) and 103

(fine medium). These are chosen to highlight central observations;
we conducted a comprehensive study that spanned values across
the spectrum of 10 < Pe < 104 with grain diameter contrasts d1=d2

up to 1000. We found all cases to behave in a comparable manner
with similar observations to those we highlight here. As noted we
focus exclusively on advection-dominated systems and thus smal-
ler Pe values are not included.

In Section 4.1, we consider the case aT=aL = 0.2, which is a com-
monly assumed value [52,11,87]; for the chosen Peclet numbers
this should be reasonable, but it is important to note that this ratio
can depend on Peclet number. In Sections 4.2 and 4.3, cases where
aT = 0 as well as aT ¼ aL are also considered. These two values are
chosen, because aT = 0 is a value often taken in analytical solutions
(e.g. Fernandez-Garcia et al. [48], who studied mixing driven reac-
tions in a stratified aquifer) and likewise many previous studies
have considered the case of aT ¼ aL or indeed constant dispersion
coefficient (e.g., [70]). We also choose these extreme values in or-
der to gain a broader understanding of the impact of transverse
dispersion on mixing.
Please cite this article in press as: Schneider B et al. A numerical investigation
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4.1. Similarities in spreading: the importance of flow direction

Displayed in Fig. 4 are concentration fields for three considered
values of h at three distinct times for the coarse-to-fine and fine-to-
coarse flow directions respectively. Fig. 5 shows depth-averaged
concentration breakthrough curves measured at the outlet of the
flow cell with both flow directions considered and h equal to 0,
30, and 60 degrees. From Figs. 4 and 5, it is clear that increasing
h results in progressively enhanced spreading, characterized by
earlier arrivals, broader distributions of arrival times and lower
concentration peaks. When examining the spatial distribution of
concentration and concentration breakthrough curves of h = 30
and h = 60 degrees, it is clear that broader arrival time distributions
arise as h progressively increases because velocity components can
vary considerably near the interface (see Figs. 2 and 3). Note that
reversing the direction of flow does not appear to significantly im-
pact the breakthrough curves. Only minute differences exist in the
curves presented in Fig. 5 between alternate flow directions with
identical interface angles. This is presumably a reflection of the fact
that particles statistically sample the almost same velocity fields
independent of direction (see Figs. 2 and 3). The main interest here
is to highlight the discernible differences in spreading, which are
demonstrated by lower concentration peaks and broader arrival
of mixing and spreading across an angled discontinuity. Adv Water Resour
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Fig. 8. Horizontal concentration profile (top), and mixing rate, fmix(bottom, i–ii), for h = 0 degrees, t ¼ 7, and the following transverse dispersivities: (i) aT ¼ 0; (ii) aT ¼ aL . The
concentrations are clearly independent of aT .
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time distributions, as exhibited clearly in Fig. 5 when varying h.
Noting that concentration breakthrough curves are nearly identical
between reversed flow directions for a given h is important be-
cause effective transport parameters calibrated solely on concen-
tration breakthrough data would be similar [28].

Global mixing trends, as quantified by the dilution index (11),
EðtÞ, are shown in Fig. 6. As expected the dilution index grows with
time, indicative of the monotonic increase in the volume occupied
by the solute with time, due to dispersion. Notice the growth rate
of EðtÞ before t = 4 scales like t

1
2 and reflects a constant spreading of

the tracer. Disruptions in the dilution indices thereafter correspond
to the time when the flow focusing caused by the interface is felt
by the plume. For all calculations of the dilution index presented,
particles that leave the domain through the right boundary con-
tinue to be tracked by assuming that they continue to move in a
uniform horizontal velocity field. This is done to see how the dilu-
tion index would continue to evolve, but the primary focus in this
work will be on the evolution before particles reach the right
boundary.

Distinct global mixing trends exist when considering a reversal
of the flow direction; after t = 4, dilution indices follow a trend
dependent upon h, where larger values of h enhance dilution due
to the solute occupying a larger area. A drop in the slope of EðtÞ
after t = 4, for all values of h of the coarse-to-fine flow direction,
is driven by the already disperse distribution reaching the fine
medium, where the rate of change of the area occupied by the
Please cite this article in press as: Schneider B et al. A numerical investigation
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solute is subsequently lowered. Alternatively, an increase in the
dilution indices rate of growth occurs in the fine-to-coarse flow
direction once the tracer begins entering the flow-focusing zone.
The difference in time of the initial jumps can be attributed to
the angle of the interface, where for h = 60 degrees especially, the
high velocity zone distorts the solute plume at a slightly earlier
time. Disruptions in the dilution indices due to the interface, for
all values of h, subsequently diminish and dilution rates return to
a constant slope, scaling like t

1
2, at some given time. This reflects

the fact that when the plume is completely within a homogeneous
medium, transport returns to be one-dimensional and Fickian.
Note t = 10, the mean arrival time based on average flow speed,
in Fig. 6. Based on identical breakthrough curves, independent of
the flow directions, one might expect the degree of mixing to be
independent of flow direction as well. While it is clear that for
the h = 0�, 30� case this is approximately true there are notable dif-
ferences for the h = 60� case, despite the fact that the breakthrough
curves do not vary significantly with flow direction (Fig. 5).

4.2. Role of transverse dispersion on mixing when 0 6 aT 6 aL

In this section and the following we explore the role of trans-
verse dispersivity, a quantity that can be highly uncertain in
practice (e.g. see the discussion in [14]), but well known to impact
mixing in a dominant and important manner [24]. Consider Fig. 7,
where vertically-averaged concentration breakthrough curves
of mixing and spreading across an angled discontinuity. Adv Water Resour
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Fig. 9. Temporal evolution of the mixing rate, fmix , for h = 60 degrees at t = 1, 4.5, 8. (top) Coarse-to-fine media, (Pe 102–103), where (i) aT ¼ 0; (ii) aT ¼ aL; (bottom) fine-to-
coarse media (Pe 103–102), where (iii) aT ¼ 0; (iv) aT ¼ aL .
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Fig. 10. Temporal evolution of the mixing rate, fmix , for h = 30 degrees at t = 1, 4.5, 8. (top) Coarse-to-fine media, (Pe 102–103), where (i) aT ¼ 0; (ii) aT ¼ aL; (bottom) fine-to-
coarse media (Pe 103–102), where (iii) aT ¼ 0; (iv) aT ¼ aL .

8 B. Schneider et al. / Advances in Water Resources xxx (2013) xxx–xxx
measured at the outlet are displayed for all angles and both flow
directions, with aT = 0 and aT ¼ aL. It is evident that small
differences can occur when aT ¼ aL as h becomes progressively
Please cite this article in press as: Schneider B et al. A numerical investigation
(2013), http://dx.doi.org/10.1016/j.advwatres.2013.09.003
larger. However these changes are very small and the break-
through curves are nearly identical to those presented in Fig. 5,
implying that the specific value of aT does not significantly impact
of mixing and spreading across an angled discontinuity. Adv Water Resour
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Fig. 11. Dilution indices for h = 0, 30, and 60 degrees for the fine-to-coarse (F ) C) and coarse-to-fine (C ) F) flow directions where aT ¼ 0.

Table 1
Qualitative summary of the dependencies in the system. For example, the dependence of the BTC on h is strong, regardless of aT .

Dependence of/on System parameters

Interface slope, h Flow direction

Breakthrough curves (BTC) Strong dependence Very weak (for aT ¼ 0)/weak (for aT ¼ aL)
Dilution Index Weak (for aT ¼ 0)/significant (for aT ¼ aLÞ Strong dependence
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Fig. 12. Dilution indices for h = 0, 30, and 60 degrees for the fine-to-coarse (F ) C) and coarse-to-fine (C ) F) flow directions where aT ¼ aL.

B. Schneider et al. / Advances in Water Resources xxx (2013) xxx–xxx 9
concentration breakthrough measurements. Fitted solutions of the
one-dimensional advection dispersion equation (ADE) are also
shown for the 0 and 30 degree case, where the effective dispersion
coefficient for the 30 degree case is approximately double the 0 de-
gree case. This result will be discussed in greater detail in Sec-
tion 4.3. A fit of the ADE to the 60 degree case is not presented,
because while performed it is not a particularly good one.

Fig. 8 shows the depth-averaged concentration profile at t = 7
and local mixing calculations (fmix) for the coarse-to-fine flow
direction where h = 0 degrees. It is clear that when examining the
overlying horizontal concentration profile the local mixing factor
is zero at the plume center because no gradients in concentration
exist in the horizontal and transverse direction [36]. Notice that
the local mixing rates for h = 0 degrees are independent of the
Please cite this article in press as: Schneider B et al. A numerical investigation
(2013), http://dx.doi.org/10.1016/j.advwatres.2013.09.003
value of aT as one would expect because no transverse gradients
in concentration should exist.

Consider now the comparison of the local mixing factor fmix

from Eq. (10) between coarse-to-fine and fine-to-coarse flow direc-
tions of h = 60 degrees at three distinct times in Fig. 9. Examining
images (i) and (ii) in Fig. 9, it is evident that differences in the mix-
ing rate exist, due to differences in transverse dispersivity, most
notably near and past the interface. Mixing is additionally en-
hanced in images (iii) and (iv) due to the specified flow direction;
higher concentration gradients inherent in the fine media, leading
up to the interface, allow for transverse dispersion to more greatly
impact mixing slightly after the interface where streamlines di-
verge. Differences between images (i) and (ii), in addition to (iii)
and (iv) are distinct after the interface where amplified transverse
of mixing and spreading across an angled discontinuity. Adv Water Resour
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mixing is present. An enhanced area of mixing just above the
interface in the fine-to-coarse direction for image (iv) and less so
for image (iii), at t = 8, is not seen in the reversed flow direction
(images (i) and (ii)). Notice also that around the center of the
concentration distribution, localized zones of non-mixing persist
throughout time even when the interface distorts and stretches
the solute plume. Similar results have been identified for a variety
of other Peclet number ratios. In regions near the interface, where
flow focusing occurs, heightened transverse dispersivity acts to en-
hance mixing in image (ii) where the distance between streamlines
is diminished, complimenting results discussed in previous works
[86,93]. Note however the role of transverse dispersion in the flow
defocusing zone in image (iv), especially just after the interface,
where high mixing rates are observed in comparison to image
(iii). Also observe that at late times, the stretched plume allows
for transverse dispersion to enhance mixing rates at the plume
edges.

4.3. Similarities in mixing

Fig. 10 is similar to Fig. 9, but for h = 30 degrees. Unlike the
h = 60 case, there is a much weaker dependence of local mixing
rate on aT. The reason for this seems to lie in the fact that the inter-
face causes the plume to only rotate slightly meaning that vertical
concentration gradients are relatively small. Corresponding dilu-
tion indices are shown in Fig. 11 (aT ¼ 0) and 12 (aT ¼ aL). For
the case with no transverse dispersion, global mixing trends, as
quantified by the dilution index, are virtually identical for all inter-
face angles as clearly shown in Fig. 11. This result is quite remark-
able given the strong and discernible differences in spreading as
observed in the breakthrough curves in Fig. 5. These results have
strong implications for quantifying mixing in situations where
transverse dispersion is much smaller than longitudinal dispersion
and truly highlights the critical role that transverse dispersion
plays in mixing as suggested by previous authors (e.g. [93]). The re-
sults are summarized briefly in Table 1.

In Figs. 6 and 12, where transverse dispersion is present, clear
and different global mixing trends emerge for different interface
angles. The differences between the 0 and 30 degree cases, while
discernible are not that large and not as large as one might expect
from the differences in spreading as shown in the breakthrough
curves of Fig. 5. This is likely because the 30 degree case, while dis-
torting the uniform velocity field, does not appear to distort it rota-
tionally all that significantly; rotation, or better said velocity
gradients and vorticity is critical to the enhancement of mixing
rates as shown by de Barros et al. [34].

5. Conclusions

In this work we numerically probe for specific drivers of mixing
and question the relationship between spreading and mixing. We
consider solute transport through a very simple heterogeneous
porous medium in an advection-dominated context: a flow cell
comprised of two homogeneous media separated by a sharp,
angled interface. From this study we draw several broad conclu-
sions, which may have practical implications for more complex
heterogeneous systems:

� Vertically averaged breakthrough curves provide relatively little
valuable information about mixing:
� Flow direction matters for mixing. For this configuration

nearly identical breakthrough curves can be obtained for fine
to coarse or coarse to fine flow directions, which in terms of
an effective model would provide virtually identical fitting
parameters, while mixing patterns and rates can be quite
Please cite this article in press as: Schneider B et al. A numerical investigation
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different. This may have important implications for remedi-
ation efforts, where enhanced mixing may be desirable; e.g.
imagine a remediation process that requires injection and
mixing of a treatment solution between two wells (i.e. the
boundaries of our numerical domain). In this system it could
be preferable to inject this solution in one specific well and
extract from the other instead of the other way around, even
though this would not be discernible from breakthrough
curve results alone.

� Spreading, as inferred by fitting the depth averaged break-
through curves to the ADE, can suggest greater degrees of
mixing than actually observed. Thus one must be cautious
inferring mixing rates from effective parameters obtained
from depth averaged breakthrough curves.

These conclusions are consistent with the observations of Luo
and Cirpka [73], who studied predictability of mixing driven reac-
tions from calibration of model parameters to vertically averaged
breakthrough curves.

� Accurate knowledge of transverse dispersivity is critical to pre-
dicting mixing accurately.
� Breakthrough curves for the systems studied here are rela-

tively insensitive to transverse dispersion. Only small differ-
ences in breakthrough curves are observed as transverse
dispersivity is changed all the way from 0 to a maximum
value equal to longitudinal dispersivity. Any small changes
that are observed only occur for the most heterogeneous
case considered, i.e. the 60 degree interface angle. This sug-
gests that, even with detailed knowledge of the heterogene-
ity, vertically averaged breakthrough curves do not provide
valuable information that could be used to accurately quan-
tify transverse dispersivity.

� By contrast mixing rates, as quantified by the dilution index,
are extremely sensitive to transverse dispersivity. When we
set transverse dispersivity to zero the temporal evolution of
the dilution index was very similar and independent of
interface angle. This is despite the fact that increased inter-
face angles lead to significantly different spreading, which
one might expect to suggest greater mixing. As the trans-
verse dispersivity is increased from zero discernible differ-
ences in dilution index emerge.

This is consistent with the idealized predictions of Bolster et al.
[18] and more general theory of de Barros et al. [34], whose local
analytical expressions for the evolution of the dilution index
clearly demonstrate the dependence on transverse dispersion for
enhanced mixing. It further demonstrates the critical need to bet-
ter evaluate transverse dispersivity values, which are known to be
quite uncertain [14]. It is also well known that flow focusing, or
convergence of streamlines, can significantly enhance mixing
[93]. The mechanism for this is that as streamlines get closer, both
the concentration gradients and velocity increase, and transverse
dispersion is enhanced. In other words, as streamlines get closer,
it is easier for solute particles to traverse them. This enhanced mix-
ing mechanism is clearly driven by transverse dispersion and our
results highlight and reinforce this critical point.

Our work demonstrates that while there may be links between
spreading (as inferred from a depth averaged breakthrough curve)
and mixing of solutes (as quantified by the dilution index), which
has received much previous attention, the connection between
the two is not an obvious one and highly sensitive to transverse
dispersivity, which it is practically impossible to infer from a depth
averaged breakthrough curve. In particular we demonstrate using a
very simple form of heterogeneity that systems with identical
of mixing and spreading across an angled discontinuity. Adv Water Resour
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spreading can have quite different mixing and systems with very
different spreading can have very similar mixing.

It is important to note that the results obtained here assume
that the conditions imposed for flow and transport across the
interface are the correct ones, i.e. that the method of LaBolle
et al. [66] and Eq. (9) reflect the physics of transport across the
interface correctly. This is a currently conventional and accepted
model for such transport. However, there is experimental evidence
that for smaller Peclet number systems these may not be correct
[13] and that other conditions may be appropriate [30]. However
for the large Peclet numbers considered here the evidence from
these studies suggest any problem associated with this condition
should be small. This is an issue we are currently further exploring
experimentally in our research group. Likewise the initial and
boundary conditions, corresponding to a linear flood condition,
which was motivated by the observations of [13] and [4], obviously
play an important role in our observations and so caution must be
taken in extrapolating any conclusions.
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