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Abstract

This paper establishes a product rule for fractional derivatives of a real-
valued function defined on a finite dimensional Euclidean vector space. The
proof uses Fourier transforms.
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1. Introduction

The purpose of this paper is to prove a product rule for vector fractional
derivatives. The product rule for scalar fractional derivatives is known. The
proof in Podlubny [I5] uses a finite difference approach, and the proof in
Osler [14] uses the Cauchy integral formula. We provide a simple proof
using Fourier transforms, and then extend to vector fractional derivatives,
using the same approach.

The one dimensional Fourier transform

fo = [ e ds
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is defined for any integrable function f(z), i.e., a function such that

| @l <oc.

If f(z),Df(z) = f'(z),...,D"f(x) are all integrable, then it is well known

(e.g., see [I3, Section 1.1)) that (ik)"f(k) is the Fourier transform of the
nth derivative D" f(x). Then it is natural to define the fractional derivative
D f(x) as the function with Fourier transform (ik)® f(k) for some a > 0.
The fractional derivative can also be defined as the limit of a difference
quotient. The first derivative is

f@) — fle—h)

D = f'(z) = li
fl@) = f'(@) = Jim 225
when the limit exists. Higher order derivatives are defined by

D ste) = iy 0

where
Af(z) = f(x) = flx = h)
A’f(z) = AAf(z) = Alf(x
= fz) = 2f(x—h)
A’ f(x) = f(x) = 3f(zx —h)

) = f(z—h)]
+ f(z —2h)
+

3f(x —2h) — f(z — 3h)

A f) =3 (%) 17 s = im)

j=o \J
using the binomial formula. The fractional difference operator

Af) = (5) st n),

=0\

<a> _ I'(a+1)
J JT(a—j+1)
extends the usual definition, since I'(n + 1) = n! for positive integers n.

Then the Grinwald-Letnikov fractional derivative can be defined as

D te) = iy =0

where

(1.1)

whenever the limit exists. If f(z) is bounded, and if f(z) and its derivatives
up to order n > 14 « are integrable, then [I3, Proposition 2.1] implies that
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the Griinwald fractional derivative (LIl exists, and its Fourier transform
also exists, and equals (k) f (k).

Some alternative forms of the fractional derivative are also useful in
applications. If 0 < a < 1, then an explicit computation [13, Proposition

3.10] shows that

(ik)* = ﬁ /000 (1 - e_iky) oy~ Ldy.

Invert the Fourier transform (ik)® f(k), and use the fact that

[ @ = gy do = 0 fw),
to see that

D (x) = /O T @) — fla—y) oy (12)

«
'l —«)
This is called the generator form of the fractional derivative. If f, f’ are
integrable, and vanish at infinity, then the generator form of the fractional

derivative exists and has Fourier transform (ik)® f(k), see [13l Example
3.24]. For 1 < a < 2, a computation [13| Proposition 3.12] shows that

N a—1 o —iky . —a—1
(ik)* = 7“2 —) /0 (e 1+ zky) oy dy.

Then it follows that

ala—1)

ERA R

o0
| e=n—-r@ @)y a0
If 1 <a<?2 andif f, f/, f” are integrable and vanish at infinity, then the
generator form of the fractional derivative exists and has Fourier transform
(ik)® f (k), see [I3, Theorem 3.17, Example 3.25].
One important application of fractional derivatives is the fractional
advection-dispersion equation (FADE)

oCc vac n aaac
ot ox ozr™
that models the flow and transport of pollutants in underground water.
Here C' = C(z,t) represents the concentration of pollutants at time ¢ > 0

at location x € R, and 90%/9z% = DY, the fractional derivative D* applied
to the x variable. See Benson et al. [2] for more details.

(1.4)
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2. The one variable case

The product rule states that if f(z) and g(z) are two differentiable
functions, then

D[f(z)g(x)] = [fg]' = f'g+ fg' = DIf(@)lg(x) + f(z)D[g(z)]-

For higher order derivatives, the product rule follows by repeated applica-
tion of the first derivative formula:

D?[f(x)g(x)] = [D*f(2)]g(x) + 2[Df (x)][Dg()] + f(z)[D?*g(x)]
D[f(2)g(x)] = [D°f(x)]g(z) + 3[D*f (2)][Dg ()] + 3[Df (2)][Dg(x)]
+ f(2)[D%g(2)]

D) = Y- (1) @l Dg(o)

J=0

A fractional product rule can be found in the book of Podlubny [15]:

Df()a(a)] = 3 <a> D ()] D gl (2.1)

=0 \J

When j > «, the term DI f(x) is called a fractional integral and is also
denoted by I7=% f(x). The fractional integral is defined as

T f(z) = ﬁ/_x Fu) (@ — )~ du.

The proof in Podlubny [I5] uses an expansion of the Griinwald formula
(CI). A different proof, using the Cauchy integral formula, is given in
Osler [14]. Liouville [9] proved (2.I) using Fourier series, while Griinwald
[4] and Letnikov [8] proved (Z.1)) directly from the definition of I/ =% f(x).
This paper provides an alternative proof, using Fourier transforms. Then in
Section 3], the product rule (2.1) is extended to vector fractional derivatives,
using the same approach.

First note that the Fourier transform of a product is (up to a constant)
a convolution:

Fatk) = / e ) g de = = f(k) % (). (2.2)

To see this, apply the Fourier inversion formula [13, Theorem 1.4]: If
J Ih(z)|dz < oo, the Fourier transform h(k) exists. If [ |h(k)|dk < oo
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as well, then
h(z) = - / ek, (k) dk (2.3)
27

for all z € R. Now we will apply this result to the function h(z) = f(z)g(z).
A substitution z = k — y shows that the inverse Fourier transform of

S ) <90 = o [~ k= ity

is

() [ ([ >>dk
( > ellzty)e / f(2)§(y) dy dz=

6= f(z) dz o /_ () dy

27T _ T
=f (l’)g(w)-
Then under certain conditions (see Theorem [2.1]), the fractional deriva-
tive D[f(x)g(x)] can be defined as the function with Fourier transform
(ik)* 5z [f (k) * g (k)].
We will prove the fractional product rule in the sense of tempered dis-
tributions, which is the natural setting for Fourier transforms. Recall that

the space of rapidly decreasing functions S(R?) consists of the infinitely
differentiable functions g : R¢ — R such that

sup [2"Dyg(x)| < oo,

z€RY
where n = (n1,...,nq) and m = (mq,...,mg) are vectors of non-negative
integers, and
n _ . ni . ,Nd mo_ m1 ... D"
T =z z,?, and D" = Dy} Dy

The space S’(R?) of continuous linear functionals on S(RY) is called the
space of tempered distributions. The Fourier transform, and inverse Fourier
transform, are linear continuous mappings of S’(R?) into itself. If f : RY —
R is of polynomial growth, meaning that

/ @)L+ |2])Pde < oo

for some p > 0, then Ty(p) = [ f(z)p(x)dz = (f,¢) is a tempered dis-
tribution, also called a generahzed functlon The Fourier transform of this
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generalized function is defined as Tf(go) = (f,0) = (f,¢) = Ty (p) for
¢ € S(RY). See Yosida [19, Ch.VI] for more details. If f is a tempered
distribution, then the fractional integral I7=% f (x) always exists as the con-
volution with the tempered distribution 2/~*~1I(x > 0)/T'(j — a).

THEOREM 2.1. Suppose that f(z)g(x) is integrable and has a contin-
uous integrable first derivative that vanishes at infinity if 0 < a < 1, or
continuous integrable first and second derivatives that vanish at infinity if
1 < a < 2. Suppose that D*7J f(z) exists and is of polynomial growth for
every integer j > 0, g € S(R), and the series

> ( > D g (2.4)
° J

7=0

converges in S'(R). Then (Z1]) holds in the sense of generalized functions.
If the series (2.4)) converges pointwise, then (2] holds pointwise.

P r o o f. The binomial series

o0
a .
1+2)%= | 27 2.5
e+ =3 (9) 25)
7=0
converges for any complex |z| < 1 and any a > 0 (e.g., see Hille [0, p.
147]). Since this is a power series, the convergence is uniform on |z| < 1.

It follows that
o
a . .
z+w) = ) 2w 2.6
e =3 (9) 26)
7=0
for any complex numbers z,w. To see this, suppose (without any loss of
generality) that |w| < |z|. Then we may write

(z4+w)* =21+ (w/2))”

5 (e

which agrees with (2.0)).

Under the theorem assumptions, f(z)g(z) and its derivatives (of or-
der one if 0 < a < 1, or up to order two if 1 < a < 2) are contin-
uous and integrable and vanish at infinity. Then the fractional deriva-
tive D[f(x)g(x)] can be defined as the function with Fourier transform
(ik)*(2m) L [f (k) = §(k)], see for example [I3, Examples 3.24-3.25]. Then
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the generalized function D®[f(x)g(x)] defines a linear functional on S(R)
such that

(e.e]

D (fgl, o) = / D[ (x)g())p(x) da

—0o0

for any ¢ € S(R). Its Fourier transform satisfies

i) = [ Bl de = [ DUl

and hence - o
B+ iFaher = [ " [f(k:);r é(k:)] o) di

- /_OO % _oo (ik)* f(k — v)3(y)p(k) dy dk

N /_OO % _OO {(ik —iy) + (i)} f(k = y)g(y) (k) dy dk

- %/_Z/_Z ]Z(:) (?) (ik—ay)*~ (iy)’ f(k—y)3(y)e(k) dy dk
The series

> (%) -y
=0 ]
an be integrated term by term with respect to

j
converges unlformly, nd ca
)o(k) dy dk, see [17, Theorem 7.16]. Then it follows

F(dy,dk) = f(k—y)d(y
that

—

SIS () 3 [ [ =it ) nYatreth) dy an

()277/ / (i2)* 7 f(2)(i(k — 2)Y §(k — 2)(k) d= dk
7=0

:i;( >27T/ / Do T F(2)(i(k — 2)) §(k — 2)o(k) dk d=.

The jth integral term is the action of De—J f on the function

/ ik — 2k — 2)o(k) di,

This function belongs to S(R), since S(R) is closed under convolutions, and
since 27§(z) € S(R), in view of the fact that g € S(R). The Fourier trans-
form of the generalized function D®~7 f(x) is (ik)*~7 f(k), and (ik)?g(k) is
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the pointwise Fourier transform of D/ g(z), since g € S(R). Then it follows
from (2.2)) that the convolution

L™ ik — i) F(k — )iy o) dy

21 J o

is the Fourier transform of the generalized function D~/ f(x)D7 g(z). Hence

[e.e]

Dalfgl ) =3 () (D3 fDig, ),
9 ]ZZ:O <;> 9,
and i,
(D°[fgl, @)= () (D7 fDig, ) (2.7)
9.¢ ;) <]> 9,

which agrees with ([2.1J), provided that (2.4)) holds.
Now suppose that the series (2.4]) converges pointwise. For any fixed y,
define ¢(z) = we(x — y), where the approximate identity

we(z) = ccexp{—€?/(e® — °)H {z1<c}»

and the constant ¢, is chosen so that [ we(z)dz = 1. Then for any locally
integrable function h(z), [we(z —y)h(y)dy converges to h(z) uniformly on
compact sets as € — 0. Since (2.7) holds for every ¢(z) = we(z — y), it
follows that the product rule (2.1I)) holds pointwise. 0

REMARK 2.1. An alternative proof of Theorem [2.1] can be written us-
ing pointwise Fourier transforms, and the Fourier inversion formula. How-
ever, to apply this result, it is required that D~/ f(x) and D/g(x) are
integrable for every j > 0. There are few (if any) practical examples of
functions f(x) whose (fractional) integrals exist and are integrable for all
j = 0. Consider for example the step function f(z) = ljo<|g<1y (or a
smooth approximation of this function). For this reason, we use general-
ized functions, and then we only require that D7 f(x) is of polynomial
growth for every non-negative integer j. The interpretation of fractional
derivatives and Fourier transforms as generalized functions is common in
applications, see for example [5] [7, [18].

REMARK 2.2. A different proof of Theorem [2.1] can be written using
Laplace transforms. This only requires that D7 f and /g are exponen-
tially bounded, so that the Laplace transforms exist. The proof is quite
similar to Theorem [2.1] after smoothing so that f, ¢ and all their deriva-
tives vanish at at z = 0 . However, for applications to functions on R! or
R?, the Fourier approach is most useful.
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ExaAMPLE 2.1. For an explicit example where Theorem [2.1] applies,
take f(z) = 2PI(x > 0) for some p > «, and g(z) = e **I(x > 0) for some
b > 0. An explicit computation shows that

a—j _ P(p+1>
D f(x)_r(p+1+j—a)

and of course Dig(x) = (=b) e ®I(x > 0). Then all the conditions of
Theorem [2.7] are satisfied (using a smoothed version of g(z) at x = 0), and
the series (2.4]) converges pointwise, so that the product rule (2.I]) holds
pointwise.

2PTOI (x> 0)

ExAMPLE 2.2. The product rule for fractional derivatives has been
applied to chemical mixing in a heterogeneous porous medium [3]. In a
simple chemical reaction C7 + Cy — Cj, the local concentrations c¢;(x,t)
satisfy a coupled system of space-fractional reaction-diffusion equations:

dci(x,t) _ Oci(w,t) 0%c;i(z,t)

ot - Vo T e Tr@) fori=12, (2.8)
803(33)15) — —T’(IL‘ t)
ot !

since the precipitant C3 remains immobile. The reactants are in local equi-
librium: c¢jco = K. Then the local concentration difference u = ¢ — ¢
satisfies the conservative FADE ([L4]). Note from (2.8]) that the local reac-
tion rate is

_ 861 861 8a61

R T

Write u = ¢; — K/c; and solve for ¢; as a function of w. Use the chain rule
to write

dcy Ou dcy Ou o1 [801 8u]
r=———+Vv7—5 —a -7 | >

Ou Ot ou Ox v ou Ox
using the fact that D® = D !'D!. Using the semi-analytic solution to
the constant coefficient FADE (L.4) for u in terms of a smooth a-stable
probability density function [2], an explicit solution for the local reaction
rate can be obtained using the fractional product rule (2I). To apply
Theorem [2.7] with f = 0¢;/0u and g = Ju/dx, approximate the stable
density u(x) by a tempered stable [1, [16], so that g € S(R), and then let
the tempering constant go to zero.

3. Vector fractional derivatives

Suppose that f(x) = f(z1,...,24) is a scalar-valued function of the
vector argument x = (x1,...,24)" in d dimensions. Its Fourier transform is
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defined by
f = [ e pa)da
where k = (k1,...,kq)" is also a d-dimensional vector, and
I
kex=Ko=(k,... ko) | 1 | =D Kz,
Tq

is the scalar product (dot product, inner product). The gradient

0

8—381 (xla"'vxd)

Vf(z) =
0
8—mdf($1’ e a-’Ed)
is a vector-valued function whose Fourier transform is
()F(0) = [ 9@ do

where the integral is defined componentwise. The proof is a direct applica-
tion of the corresponding one dimensional formula.
The product rule for two such functions f, g is

0
6—901 (x)g(x)]
Vif(z)g(z)] =
0
8—xd (z)g(x)]

f()]()Jrf()[a

|:8xd 81’[1

= [Vf(@)]g(z) + f(2)[Vy(z)].
The Laplacian
Af(w) =V Vf(x Z o 2f

is a scalar-valued function whose Fourler transform is (ik) - (ik)f(k) =
—||k||2f(k). It is also customary to write Af(x) = V2f(x) by an abuse of
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notation. The product rule for the Laplacian is
Alf(z)g(x)] = V- V[f(x)g(x)]
=V AVf(@)lg(z) + f(z)Vg(x)}
= [V f(2)]g(z) +2[Vf(2)] - [Vg(x)] + f(2)[Vg(z)]  (3.1)

—Z()vz (@) Vigla).

The scalar-valued fractional derivative D$, f(z) can be defined as the
function with Fourier transform

/ (ik - 6)° (k)M (d6),
[16]]=1

where M (df) is an arbitrary (positive) Borel measure on the unit sphere,

and o € R. When M is uniform, D, f(z) reduces to a constant multiple of

the fractional Laplacian. The fractional Laplacian A%/2 f(x) can be defined

as the function with Fourier transform —||k||®f(k). When o = 2, this

reduces to the traditional Laplacian. The vector-valued fractional gradient
9 f(x) can be defined as the function with Fourier transform

/ O(ik - 0)° (k) M (d6).
Joli=1

If « = 1 and the mixing measure M assigns unit mass to the positive
coordinate vectors, then this reduces to the traditional gradient. Using
these Fourier transform definitions, it is easy to check that D$,f(z) =
VSt V(z). See [12] for more details.

The fractional derivative Df, f(x) is a weighted average of fractional
directional derivatives. The directional derivative

Dhf(@) = 0- V() = 2 1w+ 01)

t=0

has Fourier transform (ik - 0) f(k). The fractional directional derivative can
be defined by

)

of(x) =D"f(x+0t)
t=0

where the fractional derivative D¢ is taken with respect to the variable t €
R. Using the generator form (L.2]) of the fractional derivative for 0 < o < 1,
or the form (3] for 1 < a < 2, it is not hard to check [13] Section 6.5]
that DY f(x) has Fourier transform (ik - §)*f (k). Then we can also write

@ () = /” DS aran), (3.2)
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For 0 < a < 1or 1l < a < 2, this formula is valid when f and all of
its partial derivatives up to order two exist, are integrable, and vanish at
infinity, see Examples 6.28-6.29 in [I3]. A very similar argument shows
that
Vi) = [ 0D M)
=1
When j > «, the fractional integral

L7 f(w) =70 f(a + 16),

where we integrate with respect to the variable ¢ € R, and
D) = [ B M)

The multi-variable FADE model for pollution migration is

%—f = —v-VC + aD$,C, (3.3)

where 1 < o < 2, C = C(x,t) is the pollution concentration at location
z € R% at time ¢t > 0, v € R? is the velocity vector that gives the average
velocity of the pollution plume, and a > 0 is a constant. Note that we can
also write

oC

o= —v-VC +aV§ - VO,

in which the dispersive term is the fractional divergence of the concentration
gradient [12]. The fractional partial differential equation ([B.3)) governs the
long-time limit of a random walk with jumps X = RO, where we assume
P(R>7r)~ Cr~@ and P(© € B) = M(B) for any finite Borel subset B of

the unit sphere. See [13] for more information.

The product rule for the fractional derivative D}, f(x) and the fractional
gradient V¢, f(z) can now be stated and proven using Fourier transforms.
The next theorem is the main result of this paper.

THEOREM 3.1. Suppose that f(x)g(x) is integrable and has con-
tinuous integrable first order partial derivatives that vanish at infinity if
0 < a < 1, or continuous integrable partial derivatives up to order two
that vanish at infinity if 1 < o < 2. Suppose that, for a fixed 6 on the
unit sphere, Dy~ f(z) exists and is of polynomial growth for every integer
j >0, g€ SRY), and the series

o0

3 (j‘) DY fDig (3.4)

J=0
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converges in S'(R?). Then

(o)

D3 (elate) = Y- () 05 (@ Dlata). 35

J=0

holds in the sense of generalized functions. If the series ([B.4]) converges
pointwise, then ([3.5]) also holds pointwise. If (3.4 converges uniformly in
0 on the unit sphere, then

Dils@) =3 () [ 057 r@hote) Mias),

=0 \J

v, f Z( > / " 62 (2)Dlg(x) M(d6).

7=0

(3.6)

P r oo f The proof is similar to Theorem [2.3] using Fourier trans-
forms. The Fourier inversion theorem for real-valued functions on R? is
stated in [11, Theorem 1.3.7]: If [ |h(x)|dz < oo, then the Fourier trans-

form h(k) exists. Then if [ |h(k)|dk < oo, we have
h(z) = (2m)~ / e* (k) dk (3.7)

for all z € R%. Now a substltutlon z = k —y shows that the inverse Fourier
transform of (2m)~[f (k) = §(k)

(2m)~ / </f (k—v)g > dk
= (2m)" 2d/ Wzty)z /f y)dy dz

— (2m)~¢ / e f(2)dz (2m)~" / eV TG(y) dy
= f@)g(e).

Use the fractional binomial formula (2.6]) to write
, a . . o (o) iy ;
ik 0) = {Glk = o] 0)+ w0} =3 (§) il =11 6)° iy -0y
j=0
for any o > 0. Since f(x)g(z) and its derivatives (of order one if 0 < o < 1,
or up to order two if 1 < o < 2) are continuous and integrable and vanish
at infinity, the fractional directional derivative D§[f(z)g(x)] can be defined
as the function with Fourier transform (ik - )*(2m)~¢[f (k) * §(k)], see [13]
Examples 6.28-6.29]. For a function ¢ € S(R?), write
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—

(D59l )
_ / (ik - 0)*(2m) [ F (k) * §(k))ip ()

-//x @ (ilk = y] - )" (iy - ) (2m)~f (k — )3 ()o(k) dy
j=0

= 3 <) (2m) (i[k — y] - )7 f(k — y) (iy - 0)7g(y)p(k) dy dk.
]2(]) // y y) (iy - 0)74(y) (k) dy

Continuing as in the proof of Theorem [2.1] using the Fourier inversion
formula (3.7]), we have
[e.e]

. o R
®5isel0) = () @57 1Dl ). 55)
j=0
As in the one-variable case, if the series[3.4] converges in the ordinary sense,
then for a fixed y we take ¢(z) = we(z — y), where

we(w) = ceexp {=€*/(* — [2[*) L (ju)<e)
and constant ¢, is chosen so that [we(z)dz = 1. Then for a locally in-
tegrable function h(z), [we(z — y)h(y)dy converges to h(z) uniformly on
compact sets as € — 0. Since ([B.8) holds for every ¢(z) = we(x — y), it
follows that the product rule (3.5]) holds pointwise. Finally, if the series

in ([34) converge uniformly in # on the unit sphere, we can apply ([B.2)) to
show that (B.6]) holds. O

REMARK 3.1. In the special case a = 2, if the mixing measure M (df)
assigns unit mass to the positive coordinate vectors, then the fractional
product rule (B.6]) reduces to the product rule (B.I)) for the Laplacian.

ExaMPLE 3.1. An application to chemical mixing in one dimension
was explained in Section [2l In higher dimensions, the local reaction rate

_ Ocy Ou Oci Ou a1 |Oc1
= 8ua+v%%—avM |:—VU:|,

and the fractional product rule in Theorem [3.1] can be applied, along with
the semi-analytic solution to the multi-variable FADE ([B.3]) for u in terms
of a multi-variable a-stable probability density function [10], to solve for
the local reaction rate r(z,t). To apply Theorem B.I] with f = d¢y/0u and
g = Vu, approximate the stable density u(x) by a tempered stable as in
Remark

" ou ou
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