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Overview of the four lectures:

1 Polish groups and ample generics (w/ A. S. Kechris)

2 Topological rigidity of automorphism groups (w/ A. S. Kechris)

3 Coarse geometry of Polish groups

4 Geometry of automorphism groups
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A geometric approach to topological groups

The goal of the last two lectures is to present a new geometric approach
to the study of automorphism groups and more general Polish groups.

As it turns out, this theory will extend geometric group theory of finitely
and compactly generated groups and thus permit a full scale import of the
vocabulary, tools and problems of that theory to our more general setting.

The ultimate aim is to

provide a geometric picture of topological groups as we have of say
f.g. groups, Lie groups and Banach spaces,

identify new computable isomorphic invariants of topological groups,

relate the model theoretical properties of countable structures with
the geometry of their automorphism groups.
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Geometric group theory

Consider a group G with a fixed symmetric generating set 1 ∈ S ⊆ G .

We may define a length function on G by letting

‖x‖S = min(k
∣∣ ∃s1, . . . , sk ∈ S : x = s1 · · · sk).

From this, we define a left-invariant metric on Γ, called the word metric, by

ρS(x , y) = ‖x−1y‖S = min(k
∣∣ ∃s1, . . . , sk ∈ S : y = xs1 · · · sk).

The fundamental observation of geometric group theory is that any two
finite generating sets S and S ′ for a finitely generated group G , induce
quasi-isometric word metrics, i.e.,

1

K
ρS − C 6 ρS ′ 6 KρS + C

for some constants K ,C .
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To see this, note that since S ′ is finite, there is some k so that every
s ′ ∈ S ′ can be written as a product

s ′ = s1 · · · sk

of si ∈ S .

Thus, S ′ ⊆ Sk and therefore,

‖x‖S ′ 6 m ⇒ x ∈ (S ′)m ⇒ x ∈ Skm ⇒ ‖x‖S 6 km.

Therefore ‖ · ‖S 6 k · ‖ · ‖S ′ and hence ρS 6 k · ρS ′ .

An identical argument shows the other inequality.
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For example, let F2 be the free non-abelian group on generators a, b and
set S = {1, a, b, a−1, b−1}.

• •

•

•

•

•

•
a−1

bba−1 ba

1

b−1

a

aba−1b

a−1b−1 ab−1

b−1a−1 b−1a

b−2

b2

a2a−2
• •

• •

• •

•

••

•
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Consider first (Z,+) with generating set S = {−1, 0, 1}.

• • • • • • • • • •
−2 −1 0 1 2 3

Whereas, with generating set S ′ = {−2,−1, 0, 1, 2}, we have
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Then
1

2
ρS 6 ρS ′ 6 ρS .

So there is a clear large scale or quasi-metric geometry inherent to the
group, independent of the choice of generating set.
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Proper metrics on locally compact groups

If G is a compactly generated locally compact Polish group, then we can
similarly equip G with the word metric ρK of a compact symmetric
generating set K 3 1.

By the Baire category theorem, some power Kp has non-empty interior, so
if K1, K2 are two such sets, then

K1 ⊆ Kn
2 , and K2 ⊆ Km

1

for some n and m.

Therefore,
1

n
ρK1 6 ρK2 6 m · ρK1 .

So, up to quasi-isometry, ρK is independent of K .
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If G is not compactly generated, there is no obvious choice of generating
set, so the above strategy doesn’t work.

Instead, a result of R. Struble provides a metric d on G that is

compatible, i.e., induces the topology of G ,

left-invariant, i.e., d(zx , zy) = d(x , y) for all x , yz ,∈ G ,

proper, i.e., closed bounded sets are compact.

Any two such metrics d and d ′ will be coarsely equivalent, that is,

κ
(
d(x , y)

)
6 d ′(x , y) 6 ω

(
d(x , y)

)
for functions κ, ω : R+ → R+ with limt→∞ κ(t) =∞.

Observe that this is weaker than being quasi-isometric, but still a
non-trivial notion of equivalence between metrics.
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Uniform vs coarse equivalence

To gain a better understanding of the notion of coarse equivalence,
observe that two metrics d and d ′ are coarsely equivalent if and only if, for
all sequences (xn), (yn),

d(xn, yn) −→
n→∞

∞ ⇔ d ′(xn, yn) −→
n→∞

∞.

On the other hand, the metrics are uniformly equivalent, meaning that the
identity maps (G , d)→ (G , d ′) and (G , d ′)→ (G , d) are uniformly
continuous, if and only if, for all sequences (xn), (yn),

d(xn, yn) −→
n→∞

0 ⇔ d ′(xn, yn) −→
n→∞

0.

For this reason, coarse equivalence is sometimes called uniform equivalence
at infinity.
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A. Weil’s Uniform spaces

For the general framework, let us recall the concept of uniform spaces.

A uniform space is a set X equipped with a family U of subsets
E ⊆ X × X called entourages verifying the following conditions.

1 Every E ∈ U contains the diagonal ∆ = {(x , x)
∣∣ x ∈ X},

2 U is closed under taking supersets, finite intersections and inverses,
E 7→ E−1 = {(y , x)

∣∣ (x , y) ∈ E},
3 for any E ∈ U , there is F ∈ U so that

F ◦ F = {(x , z)
∣∣ ∃y (x , y), (y , z) ∈ F} ⊆ E .

A uniform space is intended to capture the idea of being uniformly close in
a topological space and hence gives rise to concepts of Cauchy sequences
and completeness.
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Pseudometric spaces

The canonical example of a uniform space is when (X , d) is a metric or,
more generally, a pseudometric space.

Recall here that an écart on X is a map d : X × X → R+ satisfying

d(x , x) = 0,

d(x , y) = d(y , x),

d(x , z) 6 d(x , y) + d(y , z).

A pseudometric space is a set X equipped with an écart.

In this case, we may, for every α > 0, set

Eα = {(x , y)
∣∣ d(x , y) < α}

and define a uniformity Ud by

Ud = {E ⊆ X × X
∣∣ ∃α > 0 Eα ⊆ E}.
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J. Roe’s Coarse spaces

A coarse space is a set X equipped with a collection E of subsets
E ⊆ X × X called entourages satisfying the following conditions.

1 The diagonal ∆ belongs to E ,

2 if E ⊆ F ∈ E , then also E ∈ E ,

3 if E ,F ∈ E , then E ∪ F ,E−1,E ◦ F ∈ E .

Again, if (X , d) is a pseudometric space, there is a canonical coarse
structure Ed obtained by

Ed = {E ⊆ X × X
∣∣ ∃α <∞ E ⊆ Eα}.

The main point here is that, for a uniform structure, we are interested in
Eα for α small, but positive, while, for a coarse structure, α is often large,
but finite.
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Left-uniform structure on a topological group

If G is a topological group, its left-uniformity UL is that generated by
entourages of the form

EV = {(x , y) ∈ G × G
∣∣ x−1y ∈ V },

where V varies over all identity neighbourhoods in G .

A basic theorem, due essentially to G. Birkhoff (fils) and S. Kakutani, is
that

UL =
⋃
d

Ud ,

where the union is taken over all continuous left-invariant écarts d on G ,
i.e., so that

d(zx , zy) = d(x , y).
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Left-coarse structure on a topological group

Now, coarse structures should be viewed as dual to uniform structures, so
we obtain appropriate definitions by placing negations strategically in
definitions for concepts of uniformities.

Definition

If G is a topological group, its left-coarse structure EL is given by

EL =
⋂
d

Ed ,

where the intersection is taken over all continuous left-invariant écarts d
on G.
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Coarsely bounded sets

The definition of the coarse structure EL is not immediately transparent
and it is thus useful to have alternate descriptions of it.

Definition

A subset A ⊆ G of a topological group is said to be coarsely bounded if

diamd(A) <∞

for every continuous left-invariant écart d on G.

One may easily show that the class of coarsely bounded sets is an ideal of
subsets of G stable under the operations

A 7→ A−1, (A,B) 7→ AB and A 7→ A.
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Proposition

The left-coarse structure EL on a topological group G is generated by
entourages of the form

EA = {(x , y)
∣∣ x−1y ∈ A},

where A is coarsely bounded.

Though this applies to all topological groups, going forward we only
consider Polish, that is, separable and completely metrisable topological
groups.
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By the mechanics of the Birkhoff–Kakutani metrisation theorem, we have
the following description of the coarsely bounded sets.

Proposition

A subset A of a Polish group G is coarsely bounded if and only if, for every
identity neighbourhood V , there are a finite set F ⊆ G and k > 1 so that

A ⊆ (FV )k .

• For example, the coarsely bounded subsets of a countable discrete group
are simply the finite sets.

• More generally, in a locally compact σ-compact group, they are the
relatively compact subsets.

• Similarly, in the underlying additive group (X ,+) of a Banach space
(X , ‖ · ‖), they are the norm bounded subsets.
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Metrisability

As with the topology and left-uniformity on a topological group,
metrisability of the left-coarse structure is not automatic.

Here a coarse space (X , E) is metrisable if there is a metric d on X so that

E = Ed .

Theorem

The following conditions are equivalent for a Polish group G.

1 The left-coarse structure EL is metrisable,

2 there is a compatible left-invariant metric d on G so that EL = Ed ,

3 G is locally bounded, i.e., there is a coarsely bounded identity
neighbourhood V ⊆ G.
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In case d is a compatible left-invariant metric inducing the coarse
structure on G , that is,

EL = Ed ,

we say that d is coarsely proper.

Then the following two conditions are equivalent for a compatible
left-invariant metric d ,

d is coarsely proper,

sets of finite d-diameter are coarsely bounded.

For example, on a locally compact group the coarsely proper metrics are
simply the proper metrics.
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A canonical of a non-locally bounded Polish group is an infinite product∏
n∈N

Z.

But many other familiar groups are locally bounded and thus have coarsely
proper metrics:

finitely generated groups with their words metrics,

locally compact groups with proper metrics,

additive groups (X ,+) of Banach spaces (X , ‖ · ‖) with the norm
metric.

In the last lecture, we shall present a number of locally bounded
automorphism groups.
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Quasimetric spaces

Recall that, in a finitely or compactly generated group, the word metrics of
finite, respectively, compact generating sets are all quasi-isometric.

On the other hand, in countable, locally compact or locally bounded Polish
group, the coarsely proper metrics are only coarsely equivalent.

How about the word metrics given by coarsely bounded generating sets?

Proposition

Suppose that S and S ′ are two symmetric closed and coarsely bounded
generating sets for a Polish group G.
Then the word metrics ρS and ρS ′ are quasi-isometric.
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Up to quasi-isometry of metrics, we may therefore unequivocally talk
about the geometry induced by the word metrics of closed, coarsely
bounded generating sets.

The corresponding notion of embeddings and isomorphisms are as follows.

Definition

A map φ : (M, dM)→ (N, dN) between metric spaces is said to be a
quasi-isometric embedding if there are constants K and C so that

1

K
· dM(x , y)− C 6 dN(φx , φy) 6 K · dM(x , y) + C .

Moreover, φ is a quasi-isometry if in addition φ[M] is cobounded in N,
that is, supy∈N dN(y , φ[M]) <∞.

It is a small exercise to see that being quasi-isometric is an equivalence
relation of metric spaces.
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Example

Let Fin denote the normal subgroup of S∞ consisting of all finitely
supported permutations.

Viewing Fin as a countable discrete group, the action S∞ y Fin by
conjugation is continuous.

Also, as S∞ is coarsely bounded, a simple calculation shows that the
semidirect product

S∞ n Fin

is quasi-isometric to Fin equipped with the word metric ρS given by the
generating set

S = {transpositions}.
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Example

Let F∞ denote the free non-Abelian group on countable many generators
a1, a2, a3, . . ..

Again, S∞ acts naturally on F∞ by permuting the generating set
{a1, a2, a3, . . .}.

As in the previous example, one may now see that the semidirect product

S∞ n F∞

is quasi-isometric to F∞ equipped with the word metric ρS given by the
generating set
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Example

Let T∞ denote the countably regular tree which may be seen as the Cayley
graph of F∞ with the generating set S = {a1, a2, a3, . . .} from before.

We equip T∞ with the path-metric, which again simply is the
corresponding word metric from F∞.

Now consider the automorphism group Aut(T∞) and fix some vertex
r ∈ T∞.

Then the evaluation mapping

g ∈ Aut(T∞) 7→ g(r) ∈ T∞

is a quasi-isometry between Aut(T∞) and T∞.
Thus,

Aut(T∞) ≈QI T∞ ≈QI S∞ n F∞.
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Example

Let QU denote the rational Urysohn metric space, i.e., the Fräıssé limit of
the class of finite rational metric spaces.

Now consider the isometry group Isom(QU) and fix some point p ∈ QU.

Then the evaluation mapping

g ∈ Isom(QU) 7→ g(p) ∈ QU

is a quasi-isometry between Isom(QU) and QU itself.

So, for example, Isom(QU) and Aut(T∞) are not quasi-isometric and
therefore must be non-isomorphic groups.
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