Math 1B, Section 108, Fall "09
Quiz 1, September 2 Name:
SID:

Show all work clearly and in order! You have 15 minutes to take this quiz.

1. (3 points) First make a substitution and then use integration by parts to evaluate the
integral

/cos(\/f)d:n.
Solution. Make the substitution y = \/z. We have y? = z and 2y - dy = dz, thus

/cos(ﬁ)dm = 2/ycos(y)dy.

Use now integration by parts, with u = y, dv = cos(y)dy, v = sin(y):

[ weosturdy = ysin(y) [ sin(y)dy = ysingy) + cos(y) + C.

It follows that

/cos(ﬁ)da: = 2(y/sin(y/z) + cos(v/z)) + C.

2. (a) (2 points) Prove the reduction formula

/cos”(w)d:c _ 1 cos"(xz) sin(x) + n—l /COSnQ(w)d:U.

n n
(b) (2 points) Evaluate /cos?’(x)d:r:.

Solution. (See also Stewart, Example 6, Section 7.1) (a) It suffices to prove that after
taking derivatives we get an identity. We have

I

( / cosn(x)dm> = cos™ (),

/

<:L cos" 1(x) sin(:r)) = l((n — 1) cos™ %(z)(—sin®(x)) + cos™(z)),

n

!/

( / cos”_Q(az)d:E> = cos"%(z).



It follows that we need to check the following identity
1

n—1

cos"(z) = = ((n — 1) cos"?(x)(—sin®*(x)) + cos™(z)) + cos" % (x),
n n
which follows easily by replacing — sin?(z) with cos?(z) — 1.
(b) Letting n = 3 in (a) we get
s 1 1, 2
cos®(z)dx = 3 cos® 1 (2) sin(z —|— = [ cos® = 3 cos (x)sin(x) + 3 sin(x).

O]

. (3 points) Evaluate
1
/ V11— a?de.
0

(Hint: Let u = V1 — 22, dv = dx, and use integration by parts. Alternatively, make the
substitution x = sin(y) and use the reduction formula 2(a).)

First solution. Letting u = V1 — 22, dv = dx, we have du = and v = x. Using

1— a2
integration by parts we get
22

1—a22dx = 2v1 — 22 /
I =2l [
The function zv/1 — 22 is zero when z = 0,1, so we are left with evaluating
1 2 1
- 1—a?
- ——dz = —/ —dx +/
/0 1—22 0o V1—a? \/1—3;2
- / V1 — a22dz + arcsin(z) |g
0
! ™
- [ Visstae
0 2
1 1
It follows that 2/ V1—a22de = g, or / V1—ax2dx = Z
0 0

O

Second solution. The substitution x = sin(y) yields v'1 — 22 = cos(y) and dz = cos(y)dy.

Therefore ) B
/ V1—a2%dr = /2 cos?(y)dy,
0 0

which, using the formula from 2(a) with n = 2, is equal to
1 = 1 [2
0

5 cos(y) sin(y)
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