Name: Date: 09/14/2023

M20580 L.A. and D.E. Tutorial
Worksheet 4

1. Let by = [ﬂ, b, = E} ;and ¢ = B}, Cy = [ﬂ be two bases for R?. Find Pr. 5.

Solution: One method to solve is by putting the matrix [ C, Cy ‘ b; by ] in re-
duced row echelon form. Another solution is to recall that Pe, g = Pp. g Pe. g where

£ is the standard basis. We know that Pe,_ g = [i g] and Pe_ ¢ = 3 . Calculate

2 1
1 1 o : 1 -1
FPeee=Pg poas | 9 3| Bringing it all together gives Pr, 5 = 9 5|
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1 3 1
2. Consider the following set of vectors { vi = |1| ,vo = [0] ,v3= |—=2]| . If possible
1 0 -2
0
write the vector v.= |1]| as a linear combination of the given vectors. Does the given
0

set span R3? What is the dimension of the span of these vectors?

Solution:

A linear combination a,vy + agvy + azvsy = v gives to a system of linear equations
in the variables a;, as and az. Let us solve for this system:

1 3 110 1 3 110 1 3 110
10 2|1 | ~]0 -3 =3|1|~|0 =3 =31
1 0 =210 0 -3 =30 0 0 0 ]-1

We see that the system is inconsistent and thus there is a no way to write v as a
linear combination of the given vectors.

This tells us that the given set does not span R? since v is a vector in R? but v is
not in the span.

Let us check if the vectors are linearly dependent.

1 3 110 1 3 110 1 0 =210
10 —2|{0f{~]0 -3 =3/0|~({01 110
1 0 =210 0O 0 010 0 0 010
This tells us that a;vqy + asvy + azvs = 0 where ag is free, ay = —a3, and a; = 2as.

So for example 2v; — vy +v3 = 0. So we can write vz as vo — 2vy, and so the span of
the original three vectors is the same as the span of {vyvy}. These two are linearly
independent, and thus they form a basis for Span({vyvy}). Thus the dimension is 2.

(An alternative approach would be arguing that the span of the 3 vectors is the

1 3 1
column space of the matrix |1 0 —2| and remembering that the dimension of the
1 0 -2

column space is the same as the rank of the matrix, and this matrix has rank 2. )
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3. (a) Suppose that B = {by,bs} and C = {c;,c2} are two bases for a vector space V.
Also suppose that the change-of-basis matrix from B to C is given as

2 1

For v = 2b; + by, what is [v]¢, the C-coordinates for v?

Solution: This question is graded for correctness. 1 point.

1

Me=reaa=| 5 5 || 1] =12

i.e. [v]e = 5cy + 8co.

v = 2by + by means that [v]g = [ 2 ] )
So

(b) Find the standard coordinates for C if B = { Lﬂ : E} }

Solution: This part is worth 3 points. 1 point for using a suitable method,
and 1 point each for c¢; and c,.

We compute Pg, ¢ = PC_iB = {_23 _21} . So

1 2
[c1]s = Pseclei]e = Psec {O} — [_3}
—1
So Ci = 2b1 — 3b3 = |:_9:| .
Similarly
0 —1
[c2]s = Pseclca]e = Psec M — { ) }

7
An alternative approach would be to use the fact that Pe. 3 = Pe pPep and
solve for Pe_c.

So C, = —b1 —|—2b3 = |:1:| .

(c) Calculate the standard coordinates for v from (a) using the standard coordinates
for B given in (b) and also using the standard coordinates for C using your answers
for (a) and (b) and check that they agree.

Solution: 1 point for the correct answers.
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Using B : )
1 1 3
2+ ] = o)
Using C: )
—1 1 3
o]+l = o)
1 3 1]
4. Consider the basis B= ¢ [1]|, (4] . [3] p for R3.
1 3 0]
2
(a) If [x]g = [—1] , find x (its coordinate representation in the standard basis).
4
Solution:
2 2
[x]g = |—1| means that the coordinates of x relative to the B basisis [—1],
4 4
1 3 1 3
x=2-|1| +(=1)- [4] +4- (3] = |10
1 3 0 -1

(b) What is Pg. ¢ where £ is the standard basis?

B

1
Solution: We know that Pe,_ g = |1
1

W = W

1
3| and that Pg_¢s = Pgl Com-
0

9 -3 =5
puting (using Gauss-Jordan elimination) gives |—3 1 2

1 0 -1




