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M20580 L.A. and D.E. Tutorial
Worksheet 6

. . 1 0 1 -1 1
1. Consider the basis B = {Ml = [0 0] , My = {O 0 } ,Ms = {_1
of Myys. Find the coordinate vector of A = g g

[Alg = such that A = aM; + bMy + cMs + dM,.
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with respect to B, i.e. the vector

Solution: (First method) Consider the equation

23 :A:aM1+bM2+cM3+dM4: a+b+c+d
5 8 —c—d
Then d =8,¢c = —13,0 =2, and a = 5. Thus
)
2
8
(Second method) Recall that
2 3 a+b+c+d
5 8 IAIG,M1+bM2+CM3+dM4I —C—d

This equivalents to the following system of equations

a +b +c +d = 2
—b —c —d = 3
—c —d = 5

d = 8

That is we have the augmented matrix

1 1 1 12
0 -1 -1 —-1]|3
0 0 -1 —-1/5
0 0 0 1|8

Thus d =8,c = —13,b =2, and a = 5.
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2. In each of the following, V' is a vector space and W is a subset of V. Determine if W is
a subspace of V. Justify your answer.

u
(a) V=Rland W= |—7u| [u€eR;,
0

(b) V =P3 and W = {a + bz + ca? + dz*|ab = cd},

(€) V = Mays(R) and W = HZ Z} ya,b,c,deR,adzo}.

Solution:
1
(a) Since W = span{ | —7| }, it is a subspace.
0

(b) Consider p(x) = 1 and ¢(z) = z. We have p(z),q(z) € W but p(z) + q(z) =
1+ x ¢ W. Hence, W is not a subspace.
: 10 0 0

(c¢) Consider p = 00 and ¢ = 0 —1l° We have p,q € W but p+q =

[é _01} ¢ W. Thus W is not a subspace.

Recall A vector space is a nonempty set V' with objects vectors and two operations, addition
and multiplication by scalars, such that for any u,v,w € V and scalar ¢ and d

l.u+veV (cloesure under addition)

u+v=v+u (commutativity of addition)

u+ (v+w)=(u+v)+w (associativity of addition)

there exists an element 0 in V', the zero vector such that u+ 0 =u
for any u € V' there exists an element —u € V' such that u+ (—u) =0
cu €V  (closure under scalar multiplication)

c(du) = (cd)u  (associativity of scalar multiplication)
clu+v)=cu+cv (distributivity)

(c+du=cu+du (distributivity)

Al B I A

—_
e

lu =u.




Name: SOLUTIONS Date: 02/23/23

3. Let M = {f(x) = ae** + be~**|a,b € R}. Define T : M — R? by
f (0)]
T(f(z)) = .
(rn = | 140
(a) Show that M is a vector space with the usual addition and scalar multiplication.

(b) Show that T is a linear transformation.
(c) Find the kernel and range of 7. Show that M is isomorphic to R?.

Solution:
(a) Fori=1,2,3,let fi = a;e* + be > € M and c,d be scalar. Then

1. fl + f2 = ((11 + CLQ)GQI + (b1 + b2)€72‘r ceM
2. fl +f2 = <a1+a2)e2x+(b1 +b2)672m = (a2+a1)62x+(b2+b2)672x = f2+f1

fi+ (fo+ f3) = (a1 + (a2 + az)) €** + (by + (by + b3)) e
= ((a1 + az) + az) e* + (b1 + ba) + bg) e "
=(fit+f2)+ fs

consider 0 =0 Then fi+0=fi1+0=f;
consider fy +(—fi) = fi— fr =0 =0
cfi = ca1e®® +chie™** ¢ M
c(dfr) = c(da1€*® + dbje ") = cda,€** + cdbie™** = (cd) fy
c(fi + fo) = clar + b1)e* + c(by + br)e ™ = cf) + cfy
(c+d)fi = (c+ d)are** + (c+ d)bie™* = cfy + df;
10. 1f, = f.
(b) Let ¢c € R and f(x),g(z) € M.

S A

T(efa) +9(a) = | 0 LU0 =) + Tlate,

Then T is linear.

(c) Let f(z) = ae* + be~?*. Then

Since

1 1 1 1

2 =2 0 —4|’
then Ker(7T') = {0} and Range(T') = R?. Then T is a bijective linear transfor-
mation from M to R?. Hence M is isomorphic to R2.
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4. Determine whether the set B is a basis for the vector space V.

o o={fy I A s

{B —01}{_01 g}[g é]}andVZ{AeMQXﬂAT:A},

(c) B={1+22 1422+ 32?} and V = {a + bz + cx®|a+ b= c and a,b,c € R}

Solution:

11 01 00 10 a+d a+b
O_“{o 0}“’{0 1]“{1 1}*0[{1 0}_L+d b+c]'
We have the following system of equations
a+d =0
a+b =0
c+d =0
b+c =0
That is we have the augmented matrix
1 00 1|0 1 00 1|0 100 110
1 10 0/]0 1 1.0 0|0 01 0 —1]0
001110 011010 001 110
01 10(0 00110 000 010
Thus, B is not a basis.
Note that AT = A implies that A = {Z Z where a,b,c € R, i.e. dim(V) = 3.
We will show that B is linearly independent. Consider
o—al? O]t 9L [0 1] [2a—b ¢
—%0 -1 0 2/ T o0 T ¢ 2-a

Then ¢ = 0 and the following augmented matrix for a and b

2 —-110
-1 210

Thus, B is a basis for V.

2 —110
0 15(0

(a) Note that dim(V') = 4. We will show that B is linearly dependent. Consider

Note that for any f(z) = a+bx+caz? € V, we have f(z) = a+bzr+ (a+b)a?* =
a + ax?® + bx + bz? where a,b € R, i.e. dim(V) = 2. Consider

0=a(l+2%) +b(1+2x+32%) =a+b+ 20z + (a+ 3b)2”.
Then b = 0 and a = 0. Thus B is a basis for V.
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5. Let &€= {e** e **} and M = {f(z) = ae* + be **|a,b € R} = span &. Consider a basis

B = {sinh(2z), cosh(2x)} of M, where

20 _ 2z

e

62x + 672:):
T’ -

sinh(2x) = cosh(2x) =

(a) Find the change of basis matrix Pe, g.

(b) Find the matrices [D]¢ and [D]p of the linear transformation D : M — M given

by D(f(x)) = f"(x).

Solution:

(a) In terms of &, the basis B is

o AL L

Then the change of basis matrix

Pecs= [ 2, Y]

(b) Recall that
[D]g = Ppeg[D]ePep.

We have
_ 1 -1
(Peep) ' = Paee = L 1 ] :
Now, the operator D acts upon e?* and e~%* as

D(e**) = 4e*,
o= 1)

o S

D(e ") = 4e7 2.

Then

Thus,

1

[D]g = Pgeeg[DlgPeen = L

|

b i




