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1. The auxiliary equation for 4" +y = 0 is r2 + 1 = 0, with solutions +i. It follows that the
general solution of ¢’ +y = 0 is given by

y = c1 cos(z) + cosin(z).

a) y(0) = 0 implies ¢; = 0. y(27) = 1 implies ¢; = 1, i.e. there is no y satisfying the given
boundary conditions.

b) y(0) = 1 implies ¢; = 1, and y(27) = 1 also implies ¢; = 1. It follows that ¢; = 1 and
co is arbitrary, i.e. y = csin(z) for some real number c.

2. The auxiliary equation for y” + Ay = 0 is 72 + X\ = 0. We analyze the possible cases \ = 0,
A < 0and A > 0, corresponding to the auxiliary equation having a double root, distinct
real roots, or complex conjugate roots.

Case A = 0. We have that 72 = 0 has a double root » = 0. This means that Yy = c| + cox
for some c1,c2. We analyze a) and b) separately:

a) y(0) = 0 yields ¢; = 0, while 3/(7) = 0 yields ¢o = 0, i.e. y = 0 is the unique solution
in this case.

b) y(0) —4/(0) = 0 yields ¢; — c2 = 0, and y(7) = 0 yields ¢; + com = 0. This means that
c1 =cp and (1 +m)cg =0, i.e. ¢ = cg = 0. Therefore y = 0 is the unique solution in this
case also.

Case A\ < 0. We have that 2 = —\ has distinct real roots r12 = £v—A. This means that
y=c eV 4 026_‘/_7)‘”6 for some ¢, co. We analyze a) and b) separately:
a) y(0) = 0 yields ¢; 4+ ¢z = 0, while 3/(7) = 0 yields

c1V eV oV eV — .

Dividing by v/—A and substituting co by —c1, we get

c1(eV N 4 eV =0,

yielding ¢; = 0, and hence co = 0. We get that y = 0 is the unique solution in this case.

b) y(0)—%/(0) = 0 yields c1+ca—(c1vV/—A—cavV/—A) = 0,i.e. c1(1—v—=X)+c2(14+v/=X) = 0.
y(m) = 0 yields

cle\/j‘7T + 026‘/77)‘7T =0.

This means c1, co satisfies a homogeneous system of equations whose coefficient matrix is

1-vVoA 1+vVA
A= v v



This is an invertible matrix, since its determinant is nonzero:
det(A) = (1 — V=X)e VM — (1 4+ vV=X)eV 7.
If this was zero, multiplying by eV we'd get
1—vV-A=(1+ \/TA)eQHW.
This is impossible, since the LHS is smaller than 1, whereas the RHS is larger than 1.

Now because A is invertible, its null space is zero, i.e. the vector [ 21 } which is in Nul(A)
2

has to be the zero vector. We get ¢; = co = 0, and hence y = 0 is the unique solution of
the problem.

Case A\ > 0. We have that r?> = —\ has complex conjugate roots T2 = +iy/X. This means
that 3 = ¢; cos(VAz) + ez sin(v/Az) for some ¢y, co. We analyze a) and b) separately:

a) y(0) = 0 yields ¢; = 0, so y(z) = casin(v/Az). y'(7) = 0 yields cov/Acos(vAr) = 0. If
COS(\ATK’) # 0, then ¢ must be equal to zero, and therefore y = 0.

In order to get a nontrivial solution y, we must have cos(v/Ar) = 0. We know that
cos(ar) = 0 if and only if « = n + % for some integer n. Since v/\ is positive, we must
have VA = n + % for some nonnegative integer n. This implies that for

1
)\:(n+§)2, n=012,---

the problem has a nontrivial solution, and the set of solutions is given by

Yn = csin((n + %)x)

b) 4(0) — 4/(0) = 0 yields ¢; — c2v/A = 0. The condition y(7) = 0 yields
¢1 cos(VAT) + ea sin(vVAr) = 0.
Using that ¢; = cov/A, this gives
ca(VA cos(VAT) + sin(Var)) = 0.

If VA cos(VA) + sin(v/Ar) # 0, then c3 = 0 and hence ¢; = 0, i.e. y = 0.
In order to get a nontrivial solution y, we must have v/ cos(v/Ar) + sin(v/Ar) = 0, i.e.

VA + tan(VAr) = 0.

Unfortunately, there are no formulas for the A’s that satisfy this equation. The first few
N's are given by 1.29,2.37,3.41,---.

3. We look for a solution

(0.9}
u(x,t) = che_ﬁnztsin (?) ,
n=1



where 6 =3 and L =, i.e.

Z cne " tsin(nr).
Letting t = 0, we get

0) = Z e sin(n).
n=1

a) u(z,0) = f(z) yields ¢; = 1, ¢4 = —6 and ¢, = 0 for n # 1,4. This shows that
u(z,t) = e 3 sin(x) — 618 sin(4z).
b) u(z,0) = f(z) yields ¢; = 1, c3 = =7, ¢s = 1 and ¢, = 0 for n # 1,3,5. This shows

that
u(z,t) = e 3t sin(x) — Te 2" sin(3z) + e~ sin(5x).

. We look for a solution

i (an cos ( > + by, sin (nzat» sin (?) ,

n=1

where L =7 and o = 3, i.e.

u(z,t) = Z(an cos(3nt) + by, sin(3nt)) sin(nz).
n=1
We get
0) = Zan sin(nz) = f(z),
n=1
and
8u

875 Z 3nby, sin(nz) = g(x).

a) Since g(z) = 0, we get b, = 0 for all n. The condition u(z,0) = f(x) yields as = 3,
a13 = 12 and a,, = 0 for n # 2,13. It follows that

u(z,t) = 3cos(6t) sin(2z) + 12 cos(39¢) sin(13z).
b) The condition u(z,0) = f(z) yields ag = 6, ag = 2 and a, = 0 for n # 2,6. The
condition %(m,O) = g(x) yields 27bg = 11, 45b15 = —14 and b, = 0 for n # 9,15. This
gives bg = 11/27, bys = —14/45 and therefore

11 14
u(z,t) = 6 cos(6t) sin(2z) + 2 cos(18¢) sin(6z) + 77 sin(27t) sin(9zx) — T sin(45¢t) sin(15x).



5. The coefficients in the Fourier series are given by the formulas

an = ;Lif(x) cos (L;a:) dx,

by, = ;/_C; f(z)sin (%) dx.

a) Since T'=m, and f is even, we get b, = 0 for all n, and

_2 chosmc xzw
ap = /0 (nz)d 5 :

™ ™

b) Since T'=2, f(x) =1 for x < 0 and f(z) =z for x > 0, we have

1 0 2
</ ldx —|—/ a:dm) =2,
2 \J-2 0

ag = =
1 0 2 2((-1)" -1
an:2</ cos(TZ;m)d:c—i—/O xcos(m;c)da:):((ﬂ)ﬂ),nzl

and
by, = % (/Zsin <ﬂ) dx+/02xsin (%) d ) = % (2((_27: = + 4(_7:7?:1“)
e



