Introduction

The projectivization of the space of matrices of rank
one coincides with the image of the Segre embedding
of a product of two projective spaces. Its variety of
secant (r—1)—planes is the space of matrices of rank
at most r, whose equations are given by the (r+41) x
(r + 1) minors of a generic matrix. A fundamental
problem, with applications in complexity theory and
algebraic statistics, is to understand rank varieties
of higher order tensors. This is a very complicated
problem in general, even for the relatively small case
of o4(IP? x P° x %), the variety of secant 3-planes
to the Segre product of three projective 3—spaces
(also known as the Salmon Problem). Inspired by
experiments related to Bayesian networks, (Garcia,
Stillman and Sturmfels (|GSS05]) gave a conjectural
description of the ideal of the variety of secant lines
to a Segre product of projective spaces. The case
of an n—factor Segre product has been obtained for
n < 5 in a series of papers ([LM04],|LW07],|AROS]).
We have proved the general case of the conjecture

in ([Rail0)).

Flattenings and the GSS Conjecture

For a field K of characteristic zero and K—vector
spaces Vi, - - -, V,,, we consider the Segre embedding

Seg PV x -+ - xPV' - PV ®--- V"),
given by ([e!], - ,[e"]) — [e! ® -+ ® €"]. We
write X for the image of this map. Its £—th secant
variety is the closure of the set

HZ?ZOCZ- VR @vﬂ ¢ €K, vl € VJ*}
in P(V{*®---® V"), which we denote by a;.,1(X).
For a partition I LI J ={1,--- ,n} =: |n|, we write
Vi = ®ic1Vi, V; = ®jesVj, so that any tensor in
Vi®---®V, can be flattened to a 2—tensor, i.e. a
matrix, in V7 @ V. We get
or(X) C op(Seg(PV; x PV7)),

so the (k+1) X (k+1) minors of the generic matrix
in V7 ® V; give some of the equations for o(X).

GSS Conjecture. The ideal of the variety

of secant lines to X s generated by 3 X 3 mi-
nors of flattenings.
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Equations for o;(X)

The coordinate ring of P(V*®- - -®V*) is the poly-
nomial ring R := Sym(Vi®- - -®V,,) = K|z,|, where
Zo = T, 1 Q-+ ® x4, for some bases B; = {z;;};
of Vi, a = (a1, -+ ,a,) € Z%, The ideal of
on(X) is a GL(V) == GL(V}) x -+ x GL(V,))-
subrepresentation of R. The irreducible GL(V )-re-
presentations that will concern us will have the form
S\V = SuVi®- @SV, for X' partitions of some
d, where S\: are Schur functors. We write A " d.

Theorem A. The GSS conjecture holds and

Kloo(X)|g = AI@d(Sﬂ/)mA for d >0,

where my 1s as follows. Consider
b=max{\y, -, Al and e =\ + -+ \J.

If some N\ has more than two parts, or e < 2b,
then my=0. Ife>d—1, then m) = |d/2]| —
b+ 1, unless e is odd and d is even, in which
case my = |d/2| —b. Ife <d—1 and e > 20,
then my = |(e+1)/2| —b+ 1, unless e is odd,
in which case my = |(e+1)/2| —b.

For a partition g = (uq,- -+, py) of d > 0, written
i = d, we consider the set P, of all partitions A of
d| of shape u, ie. A={A,---, A} with |A;| =
p; and Lt A; = [d]. We write = (ult - - - u%) with
pi # (i, and consider the map

Tt Hag — j§1s(ij)(s(uj)v1 Q- S(Mj)v”)>

oiven by

S
e 2 D Il m(z:ie B
I d AEPMJ(§>1 |g|€A (Z = )’
=L

where m denotes the usual multiplication map

m: (Vi@ @ Vo)™ — Su)Vi® -+ ® 5V

The intersection of the kernels of the maps m,, for

1 = d with at most £ parts, gives all the equations
of degree d of o;(X) (|Rail0], Prop. 3.3).

[fn=3 pu= (27 1)7 21 = 2(1,1,1) 22 = <(1,2,1) and
L3 = Z(27172)7 then

Tu(21 - 22+ 23) = 211} {123 41.1)) * Z(21.2)F
FHL23{L1{12)) T F1.2,1) T A{L21{1.20{1.2)) T A1)
where Z({1,1},{1,2},{1,1}) — x%l Q) T19T92 & $%3 etc.

The “Generic’ Case

The induced representation U} := Indgg (1), with 1
the trivial representation of the symmetric group
Sq, and Sy included in S} diagonally, has a ba-
sis of monomials M = 24, . a1,) """ Z(ag, ag,)> With
{aij, -+ ,aq4} = |d] for each 5. S} acts on U} by
letting the j—th copy of Sy act on {ayj, -+ ,aq}-
For fixed A, we identity m with an n—tableau T =
T'® .- ®T" of shape \, where the a;;—th box of
T7 has entry 7. We identify two n-tableaux if their
entries differ by a permutation of |d|. E.g.

2(1,1,2) * #(2,3,1) " #(3,2,3) —

£(3,2,3) © A(1,1,2) * #(2,3,1) —

For = (@ > b) = d, we consider the space U}
spanned by monomials z(4, ... ,) " 2B, B,), Where

A; U B; = |d], with |A;| = a, |B;] = b. We define
the map 7, : Uj — U] by
/

T, (m) =

10 Z(Ah-",An) ° Z(B1,---,Bn)7

(A, BYeP,,|Al=a,| B|=b
Aj:{aij:iEA},Bj:{aij:iEB}

For m = 2(1,1,2) * #(2,3,1) * <(3,2,3) and p = (27 1)
/

T,(M) = Z({12).013},{12}) * 2(3.23)F
2({131.{1,2).{23)) * 223.0) T Z({2.3}.42.3}.{1,3}) * 2(1,12)-

For I U J = |n], F;; C U} denotes the “ideal” of
3 x 3 minors of generic (I, J)—flattenings
F],J — Sp&ﬂ([@él, 9, Oé3|617 627 63] ) Z’M S Z’Yd))

where |, ag, as| 01, B2, B3] = det(za,46,), @i =
(aij)i—1, Bi = (bij)7—1, vi = (cij)j=y, with a;; = 0
for2 € J and b;; = 0 for ¢ € I, and for each j,
Ui{CLZj, bij; Cij} — {O, 1, T ,d} Forn=d= 3,

<(1,1,2) #(1,1,1) <(1,1,3)

= 1%(2,3,2) #(2,3,1) ©(2,3,3) | -
£(3,2,2) #(3,2,1) #~(3,2,3)

We let I} := X FT ; be the space of all generic flat-
tenings and [} := N, Ker(7,) for p = (a > b) - d.

Generic GSS

Theorem A follows by a specialization argument
from its generic analogue below (1), denotes the irre-
ducible S’—representation corresponding to A =" d)

Theorem B. F} =17 and

Ui/ = M@dVAmA for d >0,

where my 1s as in Theorem A.

Let ¢, be the Young symmetrizer corresponding to
A If some X, > 0, Q) :=cy- (U}/F}) = 0. Other-
wise, we associate to an n—tableau 71" of shape A a
X

y —

edge (x,y) of color ¢. If we write G =c¢)-T € Q),

.
253
G = 0 if it contains an odd cycle, or if it has a
bipartition (a,a), an odd number of edges, and is
connected. G1 = %G5 if they are connected and

bipartite, with the same bipartition (a > b). We
cet from (1 to Gy by a sequence of basic operations:

TR

A set B of nonzero GG’s, which are connected and bi-
partite with distinct bipartitions, generates () and
its image via @,m, is a linearly independent set,

L4
hence F} = I}, and B is a basis of Q)y.

of some T, GG has an

oraph G: for each column

—_
DNO
—_
Qo
DO
—_

C) - &) X
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