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ABSTRACT

This paper presents a general method to construct a singularity trace for single degree-of-freedom, closed-loop

linkages that include prismatic, in addition to, revolute joints. The singularity trace has been introduced in the

literature as a plot that reveals the gross motion characteristics of a linkage relative to a designated input joint

and design parameter. Previously, singularity traces were restricted to mechanisms composed of only rigid bodies

and revolute joints. The motion characteristics identified on the plot include changes in the number of solutions

to the forward kinematic position analysis (geometric inversions), singularities, and changes in the number of

branches. To illustrate the adaptation of the general method to include prismatic joints, basic slider-crank and

inverted slider-crank linkages are explored. Singularity traces are then constructed for more complex Assur IV/3

linkages containing multiple prismatic joints. These Assur linkages are of interest as they form an architecture that

is commonly used for mechanisms capable of approximating a shape change defined by a general set of closed
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curves.

1 Introduction

A singularity trace has been introduced as a tool to classify the general motion characteristics of a single-degree of

freedom (DOF) linkage containing revolute joints [1]. For a designated input angle and design parameter, the general motion

characteristics include the singularities, circuits and critical points, which are described below. Li et al. [2] generated the

singularity trace for complex linkages, such as Stephenson and double-butterfly linkages.

Forward (direct) kinematic position analysis of a single DOF linkage involves determining all possible joint positions at

a certain position of the input link [3]. The set of position equations defines a motion curve, which exhibits the relationship

between the joint variables. For a given position of the input link, multiple positions of the other joints are expected since

the governing loop equations are non-linear. Erdman et. al. [4] refers to each solution of the forward kinematic analysis

as a geometric inversion (GI). The conventional method for solving the forward kinematic problem uses tangent-half-angle

substitution for the output variables [5]. Porta et. al. [6] used relaxation techniques for position analysis of multiloop mech-

anisms. Alternatively, Wampler [7] presents the use of isotropic coordinates to formulate a set polynomial equations which

determine the locations of the links.

The study of parallel mechanisms called attention to the importance of determining singular configurations during the

design phase, and avoiding them while operating the mechanism [8]. Gosselin and Angeles [9] and Park and Kim [10] defined

kinematic singularities as configurations in which the degrees of freedom of a linkage changes instantaneously. At singularity

configurations, the instantaneous kinematics become undetermined [11, 12]. Gosselin and Angeles [9] classify singularities

into three types, based on the instantaneous input-output relationship. The first type of singularity occurs when the output

link is at a dead point. The second type occurs when the input link is at a dead point, and the third type requires a certain

condition on the parameters of the linkage that leads to a moving output when the input is locked or no motion of the output

when the input is moving. The presented work uses singluarity traces to determine the motion characterisitcs associated

with a proposed single-degree-of-freedom linkage design. Accordingly, the second-type singularities (those related to the

motion of the actuated joint) are of interest during solution rectification [13]. These input-related singularities are referred

to as dead center positions, where the input link is no longer able to move the linkage and the mechanical advantage of the

mechanism goes to zero [14]. These singularities appear on the motion curve as turning points with respect to the input

link displacement. Chase and Mirth [15] defined the circuit of a linkage as the set of all assembly configurations achievable

without disconnecting any of the joints. The region on a circuit between two singularities is defined as a branch.

JMR-15-1261 Almestiri 2



When a physical parameter of a linkage becomes a variable, the singularities form a curve whose projection is called the

singularity trace. The turning points on the singularity curve with respect to the design parameter are called critical points,

where many correspond to the transition linkages as described by Murray et. al. [16].

Linkages, where one or more physical parameter is considered a variable, have been addressed in the literature. Larochelle

et. al. [17,18] refer to them as reconfigurable planar motion generators. Toa [19] calls them adjustable mechanisms and Kota

et. al. [20] describe them as adjustable robotic mechanisms or programmable mechanisms.

Determining linkage positions, singularities, and critical points requires solving polynomial systems. Solutions for

such systems are possible through numerical algebraic geometry, which involves the application of numerical methods to

determine all solutions of polynomial systems, generally over C. Homotopy continuation is a numerical algebraic geometry

technique that is able to determine all isolated solutions of a polynomial system [21]. Another approach for solving kinematic

polynomial systems is interval analysis [22], also known as a subdivision technique [23]. A procedure is used to evaluate a

set of conditions within interval analysis bounds, such as the existence of a workspace singularity [24,25]. Unlike homotopy,

interval analysis uses local information related to the initial bounds to locate the real roots of the system. Interval analysis is

ideally suited for systems with more real roots than complex roots [26].

This paper extends the general methodology to generate motion curves and singularity traces for single DOF mechanisms

that include prismatic joints as well as revolute joints. The remainder of the paper is organized as follows. Section 2 presents

the general methodology incorporating prismatic joints. Examples of the method are given in Section 3 with an offset slider-

crank that has a fixed line of slide, and Section 4 with an inverted slider-crank having a moving line of slide. The method is

applied to a three-loop, Assur IV/3 mechanism that is a common architecture used in rigid-body shape change.

2 GENERAL METHOD

This section presents the general method used to create singularity traces. Isotropic coordinates are used to represent

the links as vectors in the complex plane, which are well suited for homotopy continuation. Loop closure equations are

generated for a single DOF mechanism that includes revolute and prismatic joints. Subsequent methods are used to identify

the singularities and determine the critical points of the linkage.
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2.1 Loop Closure

Isotropic coordinates can be used to represent the vectors that form a linkage that includes only rotational joints [1]. A

unit vector in the complex plane defined by θ j can be represented in polar form by the variable and its conjugate as

T j = eiθ j , and T j = e−iθ j , (1)

which are called isotropic coordinates [7]. By substituting the Euler equivalents into Eq. (1), T j = cosθ j + isinθ j and T j =

cosθ j− isinθ j. When constructing loop closure equations, the two variables T j and T j can be considered as independent

variables under the condition that T jT j = 1. When rotated in the plane by angle θ j, a rigid link of length a j has isotropic

coordinates (a jT j,a jT j).

If the mechanism includes a prismatic joint j, a j is a joint variable while T j is a function of Tk, where k denotes the link

that defines the line of slide. As outlined by Wampler [7], new variables S j = a jTk and S j = a jTk are defined to represent a

prismatic joint.

 

a2 

γ 1 

2 

a1 

AB 

Fig. 1. Prismatic joint on a moving line of slide.

To illustrate with an example, Fig. 1 shows a portion of a mechanism where link 2 (the block) translates along a moving

line of slide defined by θ2. As the block moves, the joint variable a2 changes. The angle γ is a link parameter, which is fixed.

The angle of the moving line of slide is related to the revolute joint variable θ1,

θ2 = θ1 + γ. (2)

The vector AB can be written as

AB = a1T1 +a2T2. (3)

JMR-15-1261 Almestiri 4



Substituting Eq. (2) into Eq. (1), T2 = T1Tγ . Further substitution into Eq. (3) yields

AB = a1T1 +a2T1Tγ . (4)

Defining S2 = a2T1 and S2 = a2T1, then

AB = a1T1 +S2Tγ , (5)

and the complex conjugate,

AB = a1T1 +S2Tγ . (6)

An identity equation can be written as 0 = T1a2T1−T1a2T1 = T1S2−T1S2.

In summary, a prismatic joint j is incorporated into the general method by introducing S j and S j into the loop closure

equations to represent the variable a j. An identity equation is also appropriately formulated. The method to determine

singularities and critical points remains unchanged from Ref. [1], and is reviewed in the following sections for completeness.

2.2 Forward Kinematics

In the general analysis methodology, the linkage input variable is designated as x ∈ C and the design variable is p ∈ C.

All the remaining passive joint variables are y ∈ CN . Loop closure equations are formulated as

f (p,x,y) = 0, f : C×C×CN → CN . (7)

Considering a linkage that includes both m revolute and n−m prismatic joints, the ` loop equations of Eq. (7) convert to

2`+n−1 equations in isotropic coordinates as:

m

∑
j=1

a jT j +
n

∑
k=m+1

SkTγk = 0,

m

∑
j=1

a jT j +
n

∑
k=m+1

SkTγk = 0, (8)

T jT j =
(

eiθ j
)(

e−iθ j
)
= 1, j = 2, . . . ,m,

Tk−1Sk−Tk−1Sk = 0, k = m+1, . . . ,n.

In its most general form, the coefficients a j ∈ C in Eq. (8) correspond to the line segments that connect the joints. The

complex conjugates of the link edges a j also appear. For a binary link, the vector T j lies along the line that connects the
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joints, in which case a j is real, and a j = a j. This is done throughout the examples in this paper. Also, note that T jT j = 1,

where j corresponds to any ground link, is not included as its angle θ j is known. The system in Eq. (8) consists of N + 1

equations in N +2 unknowns and for a given value of x produces a set of y values that correspond to geometric inversions of

the linkage. Methods for solving the system of equations are discussed in [27]. The solutions in this paper were produced

using numerical polynomial continuation homotopy methods implemented in using the Bertini software package [28].

2.3 Singularity Analysis

Finding all branches of the motion with respect to x is desirable. The branches on the motion curve meet at a singularity

point. The singularity is a mechanism configuration where the driving link is unable to move the mechanism. For a fixed

design parameter p, the tangent [∆x,∆y] to the motion curve is given by

fx∆x+ fy∆y = 0, (9)

where fx =
∂ f
∂x ∈ CN×1 and fy =

∂ f
∂y ∈ CN×N . The singularities occur when ∆y 6= 0 with ∆x = 0, which implies that

D(p,x,y) := det fy = 0. (10)

Combining the loop closure and singularity conditions,

F(p,x,y) =

 f (p,x,y)

D(p,x,y)

 . (11)

This system of N +1 equations in N +1 unknowns is solved to find the singularities.

2.4 Critical Points

To this point in the analysis, the design parameter p is considered fixed. As the design parameter is altered, the gross

motion behavior of the linkage changes at critical points. The singularity curve consists of the singularities as p changes. The

projection of the singularity curve into the plane of the input joint x and the design parameter p is known as the singularity

trace. At certain values of p (termed critical points) the number of singularities change. The process of determining the

critical points is analogous to the singularity problem, but replacing x by p, y by (x,y), and f by F . The tangency condition

from Eq. (9) becomes

∂F
∂ p

∆p+
∂F
∂x

∆x+
∂F
∂y

∆y = 0. (12)

JMR-15-1261 Almestiri 6



Defining

Fxy =

[
∂F
∂x

∂F
∂y

]
=

 ∂ f
∂x

∂ f
∂y

∂D
∂x

∂D
∂y

 . (13)

Critical points occur when ∆(x,y) 6= 0 with ∆p = 0, which implies

E := detFxy = 0. (14)

Combining loop closure, singularity and critical point conditions generates a system of N +2 equations


f (p,x,y)

D(p,x,y)

E(p,x,y)

= 0 (15)

in N +2 unknowns that include p, x, y. As before, the system is solved using Bertini and produces all critical points.

3 OFFSET SLIDER-CRANK LINKAGE

An offset slider-crank linkage is shown in Fig. 2 and provides a basic example of generating the singularity trace and

motion curves. The linkage consists of four links, three revolute joints, and one prismatic joint on a fixed line of slide. The

linkage input variable is designated as x = θ1. The other joint variables are y = {θ2,a3}, and the design parameter is p = a1.

The physical parameters include a2, θ3, a4, and θ4. The line of slide and offset are orthogonal, making γ = θ3−θ4 = π/2

 2 

3 

4 

1 

a3 

a1 

a2 

a4 

Fig. 2. The position vector loop for an offset, slider-crank linkage.
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3.1 Loop Closure

As described in the previous section, a variable S3 = a3T4 is defined to facilitate analysis of a linkage that include a

prismatic joint. Note that in this example, T4 is a fixed value as the line of slide is fixed. Examples with a moving line of

slide are provided in later sections. The loop closure equations are

g := a1T1 +a2T2 +S3Tγ +a4T4 = 0,

g := a1T1 +a2T2 +S3Tγ +a4T4 = 0,

h j := T jT j−1 = 0, j = 1,2,

q3 := T4S3−T4S3 = 0.

(16)

Since θ3 and θ4 are fixed with the frame, h3 and h4 are not required.

3.2 Forward Kinematics

The system in Eq. (16) is rewritten to eliminate T2 and T2,

R2 :=−a2T2 = a1T1 +S3Tγ +a4T4,

R2 :=−a2T2 = a1T1 +S3Tγ +a4T4.

(17)

Since a2 6= 0, a2
2h2 = 0, which leads to R2R2−a2

2 = 0. Expanding,

H2 := (a1T1 +S3Tγ +a4T4)(a1T1 +S3Tγ +a4T4)−a2
2 = 0. (18)

In this example, θ4 = γ = π/2, producing T4 = Tγ = i and T4 = Tγ =−i.

When solving the forward kinematic problem, the design parameter is considered fixed. The designated input angle,

θ1 is selected making T1 known. Equation (18) and q3 establish a system of two equations (one linear and one quadratic),

which can be readily solved for {S3,S3}. The joint variables are determined by using a3 =
√

S3S3 and T2 =−R2/a2. Each

solution to the direct kinematic problem corresponds with a GI.

3.3 Singularity Points

To find singularity points, the input angle θ1 becomes a variable and the design parameter remains fixed. Applying the

singularity condition of Eq. (10) to the slider-crank gives

D : = det
[

∂H2
∂a3

]
= a1(T1Tγ T4 +T1Tγ T4)+a4(Tγ +Tγ)+2S3T4 = 0. (19)
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Equations (18), (19), h1 and q3 establish a system of four equations for {T1,T1,S3,S3}. Because the isotropic coordinates

are treated as independent variables, actual solutions are those where |T1|=
∣∣T1
∣∣= 1, and S3S3 ∈ R.

3.4 Critical Points

To determine the critical points, the design parameter a1 is considered variable. Applying the singularity condition of

Eq. (14) to the offset slider-crank,

E : = det

 ∂H2
∂θ1

∂H2
∂a3

∂D
∂θ1

∂D
∂a3

= T1(Tγ S3 +a4T4)−T1(Tγ S3−a4T4) = 0. (20)

When solving for the critical points, Eqs. (18), (19), (20), h1 and q3 establish a system of five equations for {a1,T1,T1,S3,S3}.

As before, actual solutions are those where |T1|=
∣∣T1
∣∣= 1, and S3S3 ∈ R.

3.5 Motion Curve and Singularity Trace

Using the critical points and singularity conditions, the methods presented in Ref. [1] were used to generate the singu-

larity trace of the offset, slider-crank mechanism shown in Fig. 3. The physical parameters selected are a2 = 6.00, a4 = 1.00,

θ3 = π , and θ4 = π/2. The singularity trace for the slider crank mechanism is observed to be an open ended singularity

trace, meaning that GI’s exist for any length of a1. The critical points occur at (θ1,a1) = {(1.57,5.00),(−1.57,7.00)}. As

shown in Fig. 3, the plot contains regions bounded by the singularity curve and have the same number of GIs. Critical points

represent values of the design parameter that are associated with a change in the number of singularities. Since each of these

critical points occur on the singularity trace where the slope is zero, a change in the number of circuits is observed at the

critical points (see [1]). Horizontal lines at values critical values of a1 divide the singularity trace of Fig. 3 into three zones

and have the same number of circuits. In the first zone is 0 < a1 < 5, two GI are possible for any value of θ1. This represents

two assembly circuits, where both segments of the motion curve run smoothly from −π to π with no singularities. The

second zone of the singularity trace is 5 < a1 < 7. Selecting a1 = 6.0, the motion curve has one circuit and two singularities

at θ1 = 0.99 and 2.16. Over the period when −π < θ1 < 0.99 and 2.15 < θ1 < π , the linkages has 2 GIs. The linkage has

0 GIs for 0.99 < θ1 < 2.15, which means the mechanism cannot be assembled. The third zone of the singularity trace is

a1 > 7. Selecting a1 = 8.50 the motion curve has two circuits and four singularities at θ1 = −2.17,−0.97,0.63, and 2.51.

The linkage can only be assembled and has 2 GIs over −π < θ1 <−2.17, −0.97 < θ1 < 0.63, and 2.51 < θ1 < π .
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Fig. 3. The slider-crank singularity trace. Red markers represent the critical points. Regions of equal GI and circuits are identified. Singu-

larities at different values of a1 are indicated. Both circuits within the gray zone exhibit a fully rotatable crank.

3.6 Validation

Being a very common and basic mechanism, most machine theory texts manipulate the loop closure equations for the

offset, slider-crank linkage to form a single equation [3, 4]. One version relates a3 and θ1,

a2
3 +Ba3 +C = 0, (21)

where B = −2a1 cosθ1 and C = a2
1 + a2

4− a2 + 2a1a4 sinθ1. The motion curve resulting from Eq. (18) and Eq. (21) are

identical. Further, Murray et al., [16] outline the transition conditions for the offset, slider-crank as being a1 = a2−a1 and

a1 = a2 + a4. Substituting a2 = 6.00 and a4 = 1.00 result in a1 = 5.00 and 7.00, which correspond with the critical points

identified in Fig. 3.

4 INVERTED SLIDER CRANK LINKAGE

An inverted slider-crank linkage is shown in Fig. 4. This linkage includes a prismatic joint that translates along a moving

line of slide. The linkage input variable is designated as x = θ1, the other joint variables are y = {a2,θ3}, and the design

parameter is p = a1. The physical parameters include a3, γ , a4, and θ4.
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a1 

1 
 

a3 

γ 

2 

a2 

a4 

4 

3 

Fig. 4. Inverted slider-crank linkage position vector loop.

4.1 Loop Closure

The variable S2 = a2T3 is defined to include the prismatic joint. The loop closure equations are

g := a3T3 +Tγ S2−a4T4−a1T1 = 0,

g := a3T3 +Tγ S2−a4T4−a1T1 = 0,

h j := T jT j−1 = 0 j = 1,3,

q2 := T3S2−T3S2 = 0.

(22)

Since the frame is designated j = 4 and θ2 depends on θ3, then h2 and h4 are not required.

4.2 Forward Kinematics

Eliminating S2 and S2 from Eq. (22),

R2 := Tγ S2 = a1T1 +a4T4−a3T3,

R2 := Tγ S2 = a1T1 +a4T4−a3T3.

(23)

Using q2 with the identity Tγ Tγ = 1, T3Tγ R2−T3Tγ R2 = 0. Expanding,

H2 :=T3Tγ(a1T1 +a4T4−a3T3)−T3Tγ(a1T1 +a4T4−a3T3) = 0. (24)

When solving the forward kinematic problem, the design parameter is considered to be fixed. With designated input

angle, θ1 (ie., T1 known), Eq. (24) and h3 establishes a system of two equations for {T3,T3}. The prismatic joint variable is

determined by using a2 =
√

S2S2. Each solution to the direct kinematic problem represents a GI.
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4.3 Singularity Points

To determine the singularity points, the input angle θ1 becomes a variable and the design parameter remains fixed.

Applying the singularity condition of Eq. (10) to the inverted slider-crank gives

D :=det
[

∂H2
∂θ3

]
= T3Tγ(a1T1 +a4T4)+T3Tγ(a1T1 +a4T4) = 0. (25)

When solving for the singularity points, Eqs. (24), (25), h1 and h3 establish a system of four equations for {T1,T1,T3,T3}.

Because the isotropic coordinates are treated as independent variables, actual solutions are those where |T1|=
∣∣T1
∣∣= |T3|=∣∣T3

∣∣= 1.

4.4 Critical Points

To determine the critical points, the design parameter a1 is considered a variable. Applying the critical point condition

of Eq. (14) to the inverted slider-crank,

E := det

 ∂H2
∂θ1

∂H2
∂θ3

∂D
∂θ1

∂D
∂θ3

= T1T4−T1T4 = 0. (26)

When solving for the critical points, Eqs. (24), (25), (26), h1 and h3 establish a system of five equations for {a1,T1,T1,T3,T3}.

Actual solutions are those where a1 = a1 and |T1|=
∣∣T1
∣∣= |T3|=

∣∣T3
∣∣= 1.

4.5 Motion Curve and Singularity Trace

Using physical parameter values of a3 = 0.6, a4 = 1, θ4 = π , γ = 1.2, the singularity trace of the inverted slider-crank

mechanism is given in Fig. 5. Again, each of these critical points occur on the singularity trace where the slope is zero. Thus,

a change in the number of circuits is observed each critical point: (θ1,a1) = {(0,0.44),(0,1.56)}. Also observed is that for

values of a1 < 0.44 and a1 > 1.56, the linkage has a fully rotating crank.

Regions in the singularity trace bounded by the singularity curve have the same number of GIs. The singularity trace is

further divided into three zones based on the values of a1 at the critical points. The first zone is 0 < a1 < 0.44, the second is

0.44 < a1 < 1.56, and the third zone a1 > 1.56. By generating the motion curve for the mechanism at a certain values of a1,

the number of GIs and circuits are identified for each zone and region in the the singularity trace.

Figure 6 shows traces of the motion curve at a1 = 0.2, 0.3, and 0.4, projected onto θ1-θ3 plane. For each value of a1,

two assembly circuits exist and 2 GIs are possible for any value of θ1. For each circuit, the linkage has a fully rotating crank
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Fig. 5. The inverted slider-crank singularity trace. Red markers denote the critical points. Region of equal GIs and circuits are identified.

Singularities at different values of a1 are indicated. Both circuits within the gray zones exhibit a fully rotatable crank.

as all GI branches extend from −π to π . This zone on the singularity trace has two GIs, two circuits, and no singularities.

Thus, a first zone linkage contains two circuits that have an oscillating output with a fully rotational input.

−3 −2 −1 0 1 2 3
0

1

2

3

4

5

6

θ
1

θ 3

 

 
a

1
 = 0.2

a
1
 = 0.3

a
1
 = 0.4

Fig. 6. Traces of the motion curve at various lengths of a1 = 0.2, 0.3, and 0.4, from the first zone on the singularity trace.

In the second zone of the singularity trace, two singularities exist for a selected value of a1. Figure 7 shows traces of

the motion curve at a1 = 0.5, 1.0, and 1.5, projected onto θ1-θ3. For each value of a1, the motion curve has one assembly

circuit and two singularity points denoted with red markers. Outside the red markers, the linkage has two GIs. In the region
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between the red markers, the linkage has 0 GIs, which means the mechanism cannot be assembled. With a linkage in this

second zone, two GIs are possible that only permit an oscillating input producing an oscillating output.

−3 −2 −1 0 1 2 3
0

1

2

3

4

5

6

θ
1

θ 3

 

 

(−0.37,3.81)

(0.37,3.16)

(−0.57,4.77)

(0.57,2.21)

(−0.21,6.03)

(0.21,0.95)

a
1
 = 0.5

a
1
 = 1

a
1
 = 1.5

Fig. 7. Traces of the motion curve at various lengths of a1 = 0.5, 1.0, and 1.5, from the second zone on the singularity trace. Singularity

points are identified with red markers.

Figure 8 shows traces of the motion curve from the third zone of the singularity trace curve with a1 = 1.58, 1.65,and

2.00. For all values of θ1, the linkage has two GIs and two circuits with no singularities. A third zone linkage contains two

circuits that have a fully rotating output with a fully rotational input.

−3 −2 −1 0 1 2 3
0

1

2

3

4

5

6

θ
1

θ 3

 

 
a

1
 = 1.58

a
1
 = 1.65

a
1
 = 2

Fig. 8. Traces of the motion curve at various lengths of a1 = 1.58, 1.65,and 2.00, from the third zone on the singularity trace.
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4.6 Validation

The analysis of the inverted slider-crank linkage is included in most machine theory texts [3, 4]. A single equation

relating θ3 and θ1 is stated as

Dsin(θ2)−E cos(θ2)−a3 sin(γ) = 0, (27)

where D = a1 cos(θ1)−a4 cos(θ4) and E = a1 sin(θ1)+a4 sin(θ4). The resulting motion curves from Eq. (24) and Eq. (27)

are identical. Additionally, Murray et al., [16] outline the transition conditions for the inverted, slider-crank as being a1 =

a4 + a3 sinγ and a1 = a4 + a3 sinγ . Substituting the values of physical parameters a3 = 0.6, a4 = 1.0, γ = 1.2 result in

a1 = 0.44 and 1.56, which correspond with the critical points identified in Fig. 5.

In the two examples previously discussed and those produced in Refs. [1, 2], a link length has been selected as a design

parameter. It is noted that the fixed angle γ could be designated as a design parameter without changing the general method.

5 ASSUR IV/3 with TWO PRISMATIC JOINTS

The general motion analysis method is applied to the linkage shown in Fig. 9, which is classified an an Assur Class IV,

Order 3, denoted Assur IV/3 [29]. This is an example of a kinematic architecture used in planar rigid-body mechanisms used

to approximate shape changes defined by closed curves [30]. Links 11, 12, 13, and 14 constitute a closed loop connected by

revolute and prismatic joints that has the capacity to vary between specific shapes in a controlled manner. Applications for

such shape change mechanisms include morphing aircraft wings [31] and variable geometry dies for polymer extrusion [32].

The input variable is x= θ1, the design parameter is p= a1, and the passive joint variables are y= {θ2,θ3,a4,a7,θ9,θ14}.
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Fig. 9. Assur IV/3 linkage position vector loop.

5.1 Loop Closure

The variables S4 = a4T3 and S7 = a7T14 are defined to represent the prismatic joints that slide along links 4 and 7,

respectively. The loop closure conditions and appropriate identities are

g1 := a1T1 +a2T2 +a3T3 +Tδ3S4 +a5T5 = 0,

g2 := a1T1 +a6T6 +S7 +a8T8 +a9T9 +a10T10 = 0,

g3 := a11T11 +a12T12 +a13T13 +a14T14 +S7 = 0,

h j := T jT j−1 = 0 j = 1,3,9,12,14,

q4 := T3S4−T3S4 = 0,

q7 := T14S7−T14S7 = 0.

(28)

5.2 Forward Kinematics

The fixed angular relationships on the ternary links are represented with T2 = Tδ1Tδ2T14, T6 = Tδ1T14, T8 = Tδ4T14,

T11 = Tδ5
T14, and T13 = Tδ6

T3. Variables {S4,S4,T9,T9,T12,T12} can be eliminated by rewriting and manipulating
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Eqs. (28),

R4 :=−T3S4 = Tδ3T3(a1T1 +a2Tδ1Tδ2T14 +a3T3 +a5T5),

R9 :=−a9T9 = a1T1 +(a6Tδ1 +a8Tδ4)T14 +S7 +a10T10,

R12 :=−a12T12 = (a11Tδ5
+a14)T14 +a13Tδ6

T3 +S7.

(29)

The conjugates R4, R9, and R12 are also formed. The identity equations h9, h12, and q4 are used to achieve the reduced form

of the loop closure, which can be expressed as follows

Q4 := R4−R4 = 0,

H9 := R9R9−a2
9 = 0,

H12 := R12R12−a2
12 = 0.

(30)

For an input value of θ1, Eqs. (30) coupled with h3, h14, and q7 form a system of six equations in the variables {T3,T3,T14,T14,S7,S7}.

The solutions can be obtained from Bertini to determine the passive joint positions. As before, actual solutions are those

where |T3|=
∣∣T3
∣∣= |T14|=

∣∣T14
∣∣= 1 and S7S7 ∈ R. The prismatic joint variable is determined by using a7 =

√
S7S7.

5.3 Singularity Points

The singularity points for the Assur IV/3 are obtained by solving the system of equations that includes Eqs. (30), h1, h3,

h14, and q7 along with the singularity condition equation,

D := det


∂H4
∂θ3

∂H4
∂θ14

∂H4
∂a7

∂H9
∂θ3

∂H9
∂θ14

∂H9
∂a7

∂H12
∂θ3

∂H12
∂θ14

∂H12
∂a7

= 0. (31)

The solution to the system of seven equations with seven unknowns can be obtained from Bertini to determine the the input

and passive joint positions that place the linkage in a singularity.

5.4 Critical Points

To find the critical points of the linkage, the design parameter is set to be a variable and one more equation is added to

the system from the singularity analysis, so that the number of unknowns equals the number of equations. The additional
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equation is given by

E := det



∂H4
∂θ1

∂H4
∂θ3

∂H4
∂θ14

∂H4
∂a7

∂H9
∂θ1

∂H9
∂θ3

∂H9
∂θ14

∂H9
∂a7

∂H12
∂θ1

∂H12
∂θ3

∂H12
∂θ14

∂H12
∂a7

∂D
∂θ1

∂D
∂θ3

∂D
∂θ14

∂D
∂a7


= 0. (32)

The solution to the system of eight equations with eight unknowns can be obtained from Bertini to determine the the design

parameter value, input and passive joint positions that place the linkage at a critical point.

5.5 Singularity Trace

For this numerical example, the physical parameters are set to a2 = 0.72, a3 = 0.77, a5 = 0.87, a6 = 0.57, a8 = 0.53,

a9 = 0.9, a10 = 1.546, a11 = 0.65, a12 = 1.34, a13 = 0.6, a14 = 1.09, θ5 = 0, θ10 = −2.926, δ1 = 2.015, δ2 = 1.727,

δ3 = 0.634,δ4 = 0.981, δ5 = 1.487, and δ6 = 0.356. The singularity trace of the Assur IV/3 linkage with the design variable

a1 is shown in Figure 10. The singularity trace is divided into zones with the same number of circuits, and regions with with

same number of GIs. As the design parameter varies, the number of circuits changes by one when the critical point occurs

at a smooth extrema. Critical points that appear on the plot as a cusp correspond to a point where the linkage moves into a

different region of GIs. By setting a1 = 0.22, and allowing a12 to vary, a second singularity trace can be obtained with new

critical points as shown in Fig. 11

5.6 Motion Curve

Figure 12 shows a motion curve with a1 = 0.25 projected onto θ1-θ2 plane. At this driving link length, the linkage has

six circuits, five of them have continuously rotating cranks. Additionally, the sixth circuit exhibits two singularity points,

between which is a linkage that is able to rotate greater than one full revolution. That is, the linkage upon return to the same

value of the input link angle is placed into a different GI without encountering a singularity. As observed in Ref. [1], this

motion characteristic is associated with being near a cusp on the singularity trace.

6 CONCLUSIONS

This paper illustrated a general method for generating the critical points and the singularity trace for any planar single

DOF, closed loop linkage with a design parameter. The linkage may consist of rigid bodies connected by revolute joints

and prismatic joints, which could be translating along a fixed or moving line of slide. As part of the process, forward
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Fig. 10. The singularity trace for Assur IV/3 with respect to a1. Red markers denote the critical points. Regions of equal GIs and circuits are

identified. The zone shaded in gray contains at least one circuit with a fully rotatable crank.

Fig. 11. The singularity trace for Assur IV/3 with respect to a12. Red markers denote the critical points. The zone shaded in gray contains

at least one circuit with a fully rotatable crank
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Fig. 12. Motion curve for Assur IV/3 with a1 = 0.25 projected onto θ1-θ3.

kinematics, singularity points, and motion curves were developed. The method was applied to three different mechanisms

with different levels of complexity to develop all facets of the use of the additional theory. The numerical examples show

the formulation applied to a slider-crank, inverted slider crank, and an Assur IV/3 mechanism. Singularity traces for each

linkage were generated and motion curves were plotted to fully understand the mechanism behavior on each zone and region

of the singularity trace.
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