1. Consider the function f(x) = {

(a)
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Solutions

Si% ifx#0
1 ifz=0"

Verify that f is continuous at 0. (We did this informally in the fall, now we can
do it formally. This part should be trivial.)

Solution: There are two possible valid approaches:

e use L’Hopital’s rule, or:
e use what we now know about the derivative of sin:
sin sin(0 4+ x) — sin 0

lim = lim
z—0 X r—0 xX

=sin’0 = cos0 = 1.

Verify that f is differentiable at 0, and find f’(0). (This requires a small -0
argument; it’s the argument we skipped in class, when we talked about sin and
cos being differentiable at 0, £, £27, et cetera. Basically what you have to show,
either in general or for this specific example, that if f is defined on some open
interval that contains a, f is continuous, f is differentiable everywhere except
(possibly) at a, and if there is some number L such that f’ approaches L near a,
then in fact f is differentiable at a, and the derivative there is L).

T cosx—sinz

Solution: Away from 0, f is differentiable with derivative 7%= But what
about at 07

An application of L’Hopital’s rule yields that

. TCosT —sinx . —rsinx

lim — = lim—— = 0.

z—0 3;'2 x—0 2:1;‘
In other words, the function f’ (which we now know to be defined everywhere
except perhaps at 0), approaches 0 near 0. But also, as observed in part (a), the
function f is continuous at 0. We now need the following technical result, alluded
to in the question:

If a function f is continuous at a, f’ exists near a, and lim,_, f'(z) exists
and equals L then f'(a) = L.



This allows us to conclude that f'(0) exists and equals 0.

There are two ways to prove the quoted result above. The “hard” way is to give a
(fairly short) e-d proof. I won’t reproduce it here; it is Lemma 12.6 of the course
notes.

The “soft” way is through the most general form of L’Hopital’s rule. We are

looking at

IO~ )

b—a b—a
This expression doesn’t satisfy the conditions of the easily proved, weak, form of
L’Hoépital’s rule (Claim 9.11 in the notes), because the function in the numerator
(sending b to f(b) — f(a)) is not known to be differentiable at a. However, it does
satisfy all the conditions of the strong (kick-ass) form of L’Hopital’s rule (Theorem
9.12 of the notes). Specifically:

e limy,, f(b) — f(a) =0
e limy ,,b—a=0

deriv. of num. wrt b . f(b)
= lim ——=

im = = L.
b—a deriv. of denom. wrt b bv—a 1

So Theorem 9.12 allows us to conclude that

, . f(b) = f(a)

fla)y=jim == —— =1L
The second approach was “soft” because it just used a known theorem; but
remember that the full version of L’Hopital’s rule (and that full version is
needed here) is quite hard to prove — we skipped it in the fall because it
would take too long. On the other hand, the -0 proof of Lemma 12.6 is quite
easy! The second approach here is an example of using a sledgehammer to
crack a nut.

2. Compute

lim [ — — — .
=0 \x sinx

1 1 sinrz — x

r sinzx rsinxy

Solution: We have

By L’Hopital’s rule,

lim(l— 1 ) = hm—smx—a:

z—0\xr sinz z—=0 rsin
. coszr — 1
= lim ————
z—=0 x COST + sInx
. —sinx
= lim -
=0 —xsinx + 2cosx
= 0.



3. This question is about Machin’s formula for .

(a)

Prove that for all @ and g for which all of tan(a + ), tan @ and tan /3 exist,

tan a + tan 3
t = .
an(a + ) 1 —tanatan g

Solution: Assuming tan(a + /) exists we have

sin(a + )  sinacos § + sin B cos

t = = '
an(a + () cos(aw + )  cosacosf —sinasin 3

As long as both tan «, tan 3 exist, it is legitimate to divide through by cos a cos
to get

tan a 4 tan 8
t =
an(a+ f) 1 —tanatan 8’

as required.

Deduce from the previous part that for certain z, vy,

Tty
arctan x + arctany = arctan .
1—ay

Determine exactly what conditions on z,y make this identity valid.
Solution: For all reals x, y, there are numbers «, § with tan o = z and tan g = y,
and with —7/2 < o, f < w/2. Tt is tempting now to say:

“As long as a + 3 # +m/2, we know

tan a 4 tan 8
tan(a 4+ p) = ,
( 2 1 —tanatanf
SO N
x
tan(arctan x + arctany) = y
1—xy
SO

x
arctan x + arctany = arctan ( +Y ) S
1—ay

This is correct up to the last line. To deduce that
arctan tan(arctan x + arctany) = arctan x + arctany

we need to know that arctan z + arctany is in the part of the domain of tan on
which we defined arctan, namely the restricted domain (—m/2,7/2). Once we
know this, everything is ok.

So the assumption we need to make on x and y to conclude

r+y
arctan z + arctany = arctan
1 —xzy
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is that . -
3 < arctanzx + arctany < 5

(which also ensures that o 4+ 5 # 4+m/2, and therefore allows the application of
the tangent summation formula).

This is an awkward condition to check. Since we’ll need the formula later in
the question, here is an easy-to-check condition that implies —7 /2 < arctan x +
arctany < /2, and applies in all cases where will need it to:

z,y € [-1,1], and not both =1 or = —1.

(Since on [—1, 1], arctan increases from —7 /4 to /4, this is equivalent to arctan x, arctany €
[—7/4, /4] and not both = —m/4 or = 7/4; this clearly gives —7/2 < arctanz +
arctany < m/2.)

There is in fact a simple-to-check condition on z,y that is necessary and sufficient

for —m/2 < arctanx + arctany < 7/2, namely xy < 1, but we won’t prove that

here.

S

i )i y

(c¢) (This part is an aside, but hopefully a cute one). The picture above shows a 1
by 3 rectangle divided into three 1 by 1 squares. Show that a = 3 + v. You
may assume the connection between our analytic trigonometric functions, and the
ratios of sides of right-angled triangles, as illustrated below:

Q
e

Opposite

Adjacent

opposite csc = hypotenuse

Snes hypotenuse opposite

adjacent secd = hypt_)tenuse
hypotenuse adjacent

opposite _ adjacent
adjacent cotd = opposite

c0s@ =

tang =

Solution: We have a = arctanl, f = arctan1/2 and v = arctan1/3. Since
1/2,1/3 € [-1,1],, and not both = 1 or = 1, the arctangent summation formula
applies' and says

1/2+1/3
1= (1/2)(1/3)

LOr, more directly, it is clear that 7/4 =a > >~ > 0,50 0 < a + < 7/2, so arctangent summation
formula applies.

B+~ = arctan(1/2) + arctan(1/3) = arctan ( > = arctan(1l) = a.




One could also approach this problem using arccos and/or arcsin, but at some
point, no matter how the problem is approached, one has to address the issue that

Inverse trig function(trig function(z))= « only for = in a certain range.

Prove Machin’s formula:

T A arct 1 ) 1
— = 4arctan — — arctan —.
4 5 239

Solution: Machin’s formula is equivalent to

239 5
By the arctangent summation formula (valid in all cases, either by our sufficient

criterion, or by observing that arctanx € (0,7/4) for all 0 < z < 1, so clearly
every time we look at arctan x 4 arctan y below, it is in the range (0,7/2)),

1 1 1 1 1
arctan 1 + arctan — = (arctan g -+ arctan S) + (arctan 5 + arctan —) .

1 1
arctan — + arctan — = arctan —
5 5 12

and so the right-hand side above is

; 5 + arct 5 ) 120

rctan — rctan — = arctan —

arcta 17 aca12 acallg,
while the left-hand side above is

1 120

arctan 1 + arctan — = arctan —

239 119

also.

Find formulae for sin 3z in terms of sin x, and for cos 3z in terms of cosz.
Solution: We have
sin3z = sin(2z + z)
= sin2xcosx + cos2xsinz

= 2sinzcos’x + cos® xsinx — sin® x

— 3sinzcos’z —sindz
= 3sinz(l —sin®z) —sin®x
= 3sinz — 4sin’ z.

and

cos3r = cos(2x + x)

= cos2xcosx —sin2xsinx

= cos®x — sin®

cos® x — 3sin? z cos

xcosx — 2sin’ x cos T

= cos’z — 3(1 — cos® ) cos x

= 4cos®x — 3cosz.



L VE]
=43,

(b) Deduce that (not unexpectedly) sin % = 3 and cos

6

Solution: From the formula for sin 3z in terms of sin x, evaluated at x = 7/6, we
get
4sin®(w/6) — 3sin(7/6) + 1 = 0.

So sin(7w/6) is a solution to the polynomial equation f(z) = 0, where f(z) =
42% — 3z + 1, and must lie between 0 and 1.

Now f(0) =1 and f(1) =2, and f'(z) = 122 — 3, which is negative on [0,1/2)
and positive on (1/2,1]. It follows that f decreases from 1 to f(1/2) on [0,1/2]
and increases from f(1/2) to 2 on [1/2,1]. We have f(1/2) = 0, so f > 0 on
[0,1/2) U (1/2,1]. Hence x = 1/2 is the unique solution to f(z) = 1/2 on [0, 1],
and sin(7/6) = 1/2 as claimed.

From the formula for cos 3z in terms of sin x, evaluated at © = 7/6, we get

4 cos®(m/6) — 3 cos(m/6) = 0.

So cos(m/6) is a solution to the polynomial equation g(z) = 0, where g(z) =
423 — 3z, and must lie (strictly) between 0 and 1. It is easy to check that the
unique such solution is = = v/3/2, so cos(7/6) = v/3/2 as claimed.

5. If t = tan(x/2) find simple expressions for sin x and cosz in terms of ¢. (“Simple” here
means that the expressions should be rational functions in ¢t. The only assumption you
should make on z is that tan(z/2) is defined.)

Solution 1 (a weak solution): We have ¢ = tan(x/2), so, assuming —7 < x < 7, we
get © = 2arctant. It follows that

sin x = sin(2(arctant)) = 2sin(arctan t) cos(arctant).

Now
(/o) — sin(x/2) _ sin(z/2)
t=tanle/2) = 0B T A sin’(z/2)

(note that we take the positive square root, since —m < z < 7 implies cos(z/2) > 0).
Rearranging, we get

t2

.2
2) =
sin”(x/2) T

or
t

V14t

(note that if x > 0 then ¢ > 0, so the above expression is positive, as it should be since
sin(x/2) > 0 in this case; and if z < 0 then ¢ < 0, so the above expression is negative,
as it should be since sin(z/2) < 0 in this case).

Since cos(z/2) = /1 — sin?(x/2) in our range of z (on which cos(z/2) is non-negative),

we get also

sin(arctant) = sin(x/2) =

t? 1

1+ Vit

cos(arctant) = cos(z/2) =1/1 —




So,

. 2t
sinx = :
1+1t2
Also,
2 . 1—¢
cosz = cos(2(arctant)) = cos”(arctant) — sin“(arctant) = T

The issue with this solution is the assumption that —m < x < m, which is not actually
required. For example, if 2 = 77/6 then /2 = 7n/12 and t = —2 — /3, so

2t 1 :
Rl b sin(77/6)

and

11— V3
m = —7 = COS(77T/6).

Solution 2 (a much better solution): Here’s an alternate solution, that does not make
any assumption on x, other than that x/2 is in the domain of the tangent function.

Knowing ¢ = tan(z/2), we have

sinx = 2sin(x/2) cos(z/2)
sin(z/2) cos?(x/2)
cos(x/2)
= 2tan(z/2) cos®(z/2)
2t
sec?(x/2)
2t
1 + tan?(z/2)
2t
T

with everything valid exactly as long as tan(z/2) is defined.



Also, since cos x = cos?(z/2) — sin®*(z/2) and 1 = cos?(x/2) + sin?(z/2), we have

cosz = 1—2sin?(z/2)

B 2sin2(:c/2) cos?(z/2)
cos?(z/2)

= 1—2tan*(x/2)cos*(z/2)

= 1—2t*cos?(x/2)

t2
= 1-29——
sec?(x/2)
t2
- 12— "
1 + tan®(z/2)
t2
= 1-2
1412
1=
14t

again with everything valid exactly as long as tan(z/2) is defined.

. This question is about the hyperbolic trigonometric functions sinh and cosh, defined as

follows:
sinh: R = R and cosh:R—R

—x

e’—e el+e *
T B — T +— s

It is a long question, and I don’t expect you to do all of it carefully. You should do
every part in a less careful, scratch-work sort of way (in particular, you will do your
soul good if you verify Part (h)), but here are the only parts that you should turn in
for grading:

e Part (c)
(d)(iif) and (d)(vii)
(e), (f) and (g).

(a) Look at a graph of sinh. Check that all the features of the graph follow from basic
calculus considerations: sinh is increasing from —oo (at —o0) to 0o (at oo), never
has zero derivative, is concave for negative xz, convex for positive x, and passes
through the origin.

e Parts and
e Parts and

Solution: Routine (I hope!).

(b) Look at a graph of cosh. Check that all the features of the graph follow from
basic calculus considerations: cosh decreases from oo (at —o0) to 1 (at 0), then
increases to oo (at 00), and is always convex.

Solution: Routine.



(c) Name the famous monument, located in the midwest, whose shape is an upside-
down cosh graph?.

Solution: It’s the Jefferson National Expansion Memorial (a.k.a. the Gateway
Arch) in St. Louis, MO.

(d) Check that sinh and cosh satisfy the following identities, that are very reminiscent
of identities satisfied by sin and cos:

i. cosh? —sinh? = 1.
Solution: Routine.

ii. tanh®+1/cosh® = 1 (Here tanh is defined to be sinh /cosh; note that its
domain is all reals).

Solution: Routine.
iii. sinh(x 4 y) = sinhz coshy + sinh y cosh

Solution:

sinh(z +vy) = ———,
while sinh z cosh y + sinh y cosh x

)55

6x+y + e:tfy _ efa:er _ efxfy _|_ 6y+x + eyfz _ 67y+x _ efyfx

4

2e* Y — 2% Y

4
ez+y o efzfy

2 )

so the two sides are equal.

iv. cosh(z + y) = cosh z cosh y + sinh y sinh z.
Solution: Routine (same as last part).

v. sinh’ = cosh.
Solution: Routine.

vi. cosh’ = sinh.

Solution: Routine.

2This is not some math professor BS. See, for example, the “Mathematical elements” section of its
Wikipedia page. (You can also find the verification on its official page, but Wikipedia presents it better.)



vii. tanh’ = 1/ cosh?

Solution: Since

sinh(x)
h =
tanh(z) cosh(x)
have

tanb/(z) = sinh’(z) cosh(z) — sinh(z) cosh’(x)

cosh?(z)
cosh?(z) — sinh?(x)
cosh?(z)
1
cosh?(z)’
using parts (i), (v) and (vi).
One could also directly differentiate

ette *
2

with respect to x and check that one gets

(e) sinh is invertible, with inverse sinh™' : R — R. Because sinh never has zero

derivative, sinh ™' is differentiable everywhere. Find a very simple expression for

(sinh™)'(z) (one that does not involve hyperbolic trigonometric functions).
Solution: We have

nh 1Y (2) — !
(sinh™)'(x) Sjnh’(sinhfl@))
_ 1
cosh(sinh_l(x)) .
Now

cosh?(sinh ™! () — sinh?(sinh ™' (z)) = 1
(part (d)(i)), so

cosh?(sinh™!(x)) = 2% + 1,
and so, since cosh is always positive,

cosh(sinh ™ (z)) = Va2 + 1

leading finally to .

(sinh ™) (z) = T
10



(f)

Verify that sinh™'(x) = log(x + /22 + 1) for all real z.

Solution: Because sinh is an invertible function whose domain and range is all
reals, by definition sinh™'(z) is that unique real number y such that sinh(y) = z.
To check that sinh™!(x) = log(z + V22 + 1), we therefor need only check that
sinh(log(z + v22 + 1)) = x. And indeed, we have

elog(m+\/x2+1) _ e—log(x+\/m2+1)

2
2 o 1
TVl - e

sinh(log(z + V22 +1)) =

2
(z+Vr2+1)2 -1
2(x + V22 +1)
222 + Qm\/m
2+ VT 1)

x.

Calculate fab \/%.

Solution: We have just learned that sinh ™' (#) is an antiderivative of 1/v/1 + 2,
and that log(t + v/#2 + 1) is another expression for sinh™*(¢). So by FTOC part 2,

bt
/ = log(b+ Vb?+1)—log(a+ Va%+1)

Vit
o b+vb2+1
- at+va:+1)

This question justifies the name “hyperbolic trigonometric functions” for sinh and
cosh.

Consider the curve in the (x,y)-plane consisting of all points (z,y) satisfying
x? —y* = 1 (this curve is called a hyperbola). Let P = (a,b) be a point on the
curve, with @ > 1 and b > 0. Suppose that the area A bounded by

e the z-axis between (1,0) and (0,0),

e the line segment from (0,0) to P, and

e the curve 22 — y*> = 1 between P and (1,0)
is t/2 (see the picture below). Prove that a = cosht and b = sinht. (So: the
hyperbolic trigonometric functions can be defined in exact analogy with the

ordinary trigonometric functions, by replacing the circle 2% + y? = 1 with the
hyperbola z* — y* = 1).

11



AY

(cosh t, sinh t)

Area

t/2
>
X

X2 - yh2 =1

Solution: Not routine at all!l The solution to this exercise is described in Section

12.5 of the course notes.
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