A A quick introduction to sets

The real numbers, that will be our main concern this semester, is a set of objects. Functions
of the real numbers have associated with them two sets — their domain (the set of possible
inputs) and their range (the set of possible outputs). A function itself will be defined as a set
of ordered pairs. Sets are everywhere in mathematics, and so it will be important to have a
good grasp on the standard notations for sets, and on the standard ways by which sets can
be manipulated.

Formally defining what a set is is one of the concerns of logic, and goes well beyond the
scope of this course. For us, a set will simply be a well-defined collection of objects — a
collection for which there is an unambiguous test that determines whether something is in
the collection of not. So, for example, the collection of good actors will not be a set (it’s open
to debate who is and isn’t good), but the collection of best actor or actress Oscar winners
from the last twenty years is a set.

A.1 Notation

We represent sets by putting the elements between braces; thus
A=1{1,2,3,4,5}

is the set of all integers between 1 and 5 inclusive. We can list the elements like this only
when the set has finitely many elements, and indeed practical considerations dictate that the
set needs to be quite small to admit an explicit listing. (I would not like to have to list all
the integers between 1 and 101010, for example.) We thus need compact ways to represent
sets, and some of these ways are described in the next section.

Two sets A and B will be said to be equal if they have the same elements, that is, if for
every x, if x is in A then it is in B, and if it is in B then it is in A. A consequence of this is
that if we re-arrange the order in which the elements of a set are presented, we get the same
set. So each of

{1,2,3,4,5}, {5,4,3,2,1}, {2,5,4,3,1}, {4,3,1,2,5}

are the same set.

A set cannot contain a repeated element. We do not write A = {1,1,2,3,4,5}. And so,
although Hilary Swank has won two Oscars for best actress in the last twenty years, she
would only be listed once in the set described in the last section. (There is such a thing as a
multiset where repeated elements are allowed, but we won’t think about this.)

The standard convention for representing sets

In calculus we work mainly with sets of real numbers. The most common notation/way to
describe such a set is as follows:

S=Az:p(x)} (or {z[p(x)})
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where p(x) is some predicate; the set S consists of all real numbers x such that p(z) is true.
The way to read this is

“S is the set of all z such that p(x)” (or, “such that p(x) holds”).

For example
{z:2>0}

is the set of all non-negative numbers,
{w : the decimal expansion of w contains no 3’s}
describes a somewhat complicated set of real numbers, and
{t:3t3 -2t — ¢t > 1}

describes a less complicated, but still hard to pin down, subset of the real numbers.
Sometimes we cheat a little and put an extra condition on the variable before the “:”, to
make things easier to write. For example, the domain of the function g(y) = \/y/(y — 2) is
all non-negative reals (negative reals don’t have square roots), except 2 (we can’t divide by
0), so we should write
Domain(S) ={y :y > 0 and y # 2},

but it makes sense to write, slightly more compactly,

Domain(S) = {y > 0:y # 2}.

The ellipsis notation

We sometimes describe a set by listing the first few elements, enough so that a pattern
emerges, and then putting an ellipsis (a ...) to say “and so on”. For example

{2,3,5,7,11,.. .}

is probably the set of prime numbers. I say “probably”, because there are plenty of reasonably
natural sequences that begin 2, 3, 5, 7, 11, and are not the prime numbers. The amazing
Online Encyclopedia of Integer Sequence, oeis.org (which is just what its name says) lists 956
such sequences, including the sequence of palindromic primes (prime numbers whose decimal
expansion is a palindrome; the next is 101).

Because of these possible ambiguities, ellipsis notation should be used only when the
context is absolutely clear. In the above example, something like

{n : n is a palidromic prime}

should be preferred.
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Ellipsis notation is sometimes used for a finite set. In this case, after the ellipsis there
should be one or two terms, used to indicate where one should stop with the pattern. For

example,
] 11 1
727377777100

probably indicates the reciprocals (multiplicative inverses) of all the natural numbers between
1 and 100; to make this absolutely clear one should write

{1/n:1<n <100, n € N}.

Special sets of reals

There are some special sets of reals that occur so frequently, we give them special names.
These are the intervals — sets of all numbers between two specified reals, with slightly
different notation depending on whether the specified end points belong or don’t belong to
the set. Here’s a list of all the incarnations that occur.

o [0, ={x:a<z<b}

o [a,b) ={z:a<x<b}

e (a,b]={zr:a<z<b}
(

a,b) ={z:a <z <b}

la,00) ={z:a <z}

a,0) ={r:a <z}

(

o (—oo,b]={x:2<b}
(—00,b) = {z :< b}
(-0

° o) =R.

Notice that a square bracket (“[” or “|”) is used to indicate that the relevant endpoint is
in the interval, and a round bracket (“(” or “)”) is used to indicate that it is not. Notice
also that we never put a “[” before —oo or a “|” after co; Neither —oo nor oo are numbers,
merely notational symbols.

A.2 Manipulating sets

e It is possible for a set to contain no elements. We use the symbol () to denote this null
or empty set.

411



e We use the symbol “€” to indicate membership of a set, so x € S indicates that z is
an element of S. On the other side, x ¢ S indicates that x is not an element of S.

e When there is a clear universe U of all objects under discussion, we denote by S¢ or S’
the complement of S — the set of all elements in U that are not in S. So, for example,
if it is absolutely clear that the universe of objects under discussion is the reals, then

(0,00)¢ = (—00,0].

If instead it is absolutely clear that the universe of objects under discussion is the set
of non-negative reals, then

(0,00)¢ = {0} (the set containing the single element 0).

e If all the elements of a set A are also elements of a set B, we say that A is a subset
of B and write A C B. For example, the set of prime numbers is a subset of the set
of natural numbers. The two lines at the bottom of the symbol “C” are intended to
convey that it is possible that A = B, that is, that A and B have exactly the same
elements. In order words, any set is a subset of itself.

If AC B and A # B (so there are some elements of B that are not elements of A) then
A is said to be a proper subset of B, and this is sometimes written C, or &, or &. It is
also sometimes written C, but be warned that for many writers A C B and A C B are
identical.

To prove that A C B it is necessary to prove the implication A(z) = B(x) where
A(z) is the predicate z € A and B(x) is the predicate z € B. To prove that A = B, it
is necessary to prove the equivalence A(x) <= B(x), which we know really requires
two steps: showing A(z) = B(z) (A C B) and B(z) = A(z) (B C A).

The empty set () is a subset of every set.

The collection of all subsets of a set S is called the power set of a set, written P(.S).
We will rarely use this.

A.3 Combining sets

There are a number of ways of combining old sets to form new ones.

e Union: The union of sets A and B, written AU B, is the set of all elements that are
in either A or B, or perhaps both:

AUB={z:(x € A)V (z € B)}.

For example, [0,1] U [1,2) = [0,2).
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e Intersection: The intersection of sets A and B, written AN B, is the set of all elements
that are in both A and B:

ANB={z:(x € A)A(x € B)}.
For example, [0,1] N[1,2) = {1}.

e [t is possible to take the intersection or union of arbitrarily many sets. The notation
{A; : i € I} is used to indicate that we have a family of sets, indezed by the set I:
for each element ¢ of I, there is a set A; in our family. Often [ is the set of natural
numbers, and then we can write the family as

{A1, Ay, A, ..}

The intersection of the sets in a family {A; : i € I}, written N;erA;, is the set of
elements that are in all the A;, while the union U;c;A; is the set of elements that are in
at least one of the A;.

For example, if I = N and A; = (—i,4), then

UiEIAi =R and ﬂiel Az = (—]_, ].)

e The notation A\ B, sometimes written A — B, denotes the set of all elements that are
in A but are not in B (the — sign indicating that we have removed those elements). It
is not necessary for B to be a subset of A for this to makes sense. So, for example

{1,2,3,4}\ {3,4,5,6} = {1,2}.

e Notice that we always have the relations A\ B C A, ANB C A C AUB and
ANBCBCAUB.

e The Cartesian product of two sets X and Y, denoted by X x Y, is the set of all ordered
pairs (z,y) with x € X and y € Y. Note that when we describe a list of elements with
round brackets “(” and “)” on either side, the order in which we present the list matters:
(a,b) is not the same as (b, a) (unless a = b), whereas {a, b} = {b,a} since both, as sets,
have the same collection of elements. Also note that an ordered pair allows repetitions:
(3,3) is a perfectly reasonable ordered pair.

A.4 The algebra of sets

The relations satisfied by union, intersection and complementation bear a striking resemblance
to the relations between the logical operators of OR, AND and negation. [This is essentially
for the following reason: given a universe of discourse U, and any predicate p(z), we can
associate a subset A of U via A = {x € U : p(z) is true}. Most of the logical equivalences
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that we have discussed between propositions have direct counterparts as equalities between
the corresponding sets.]

We list the relations that hold between sets A, B and C' that are all living inside a universe
U. For comparison, we also list the corresponding relations that hold between propositions
p, ¢ and r. You should notice a direct correspondence between V and U, between A and N,
between negation and complementation, between 7" and U and between F' and (). You should

be able to come up with proofs of any/all of these identities.

Name of law Equality /equalities Equivalence(s)
. ANnU = A pANT <= p
Identit
ety AU A pVF << »p
.. AuU = U pVT = T
Domination
AN = 0 pANF < F
Idempotent Avd = 4 pVP =P
P ANA = A PAD <= p
Double negation (A9 =A (-p) < »p
Commutative AUB = BUA pVa = qVp
ANB = BNA PAq = qAp
Associative (AuUB)UC = AU(BUCQO) (pVq)Vr < pV(gVr)
(AnB)NC = (AnB)NC (pAg)Ar <= (DA AT
Distributive AUu(BNC) = (AUB)N(AUC) | pV(ghr) <= ((BVgA(pVr)
AN(BUC) = (ANB)U(ANC) | pA(gVr) <= (mAgV(pAT)
De Morgan’s (AQB)C - ACUBC “(pAg) = (-p) V(9
(AUB)® = A°NB ~(pVve = (=p)A(=9)
. AN(AuB) = A pA(pVqg) <= p
Absorpt
sorption AU(ANB) = A pV(pAq) <= p
Tautology AUA =U pV(-p) = T
Contradiction ANAc =1 pA(—p) < F
Equivalence A=B < ACBand BCA prqg <= P—=>9N(G@—Dp)

Table Al: Set identities.

More generally, the highly useful De Morgan’s laws say that for any index set I,

(UierAi)© = Nier A and
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