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for all bipartite G.
We consider the independent set sequence of finite regular bipartite graphs, and graphs
obtained from these by percolation (independent deletion of edges). Using bounds on the

ﬁé’:{gﬁ;ém set polynomial inc!ependgnt set polynomial P(G, ) = tho i (G)A! for these graphs, we obtain partial
Stable set polynomial unimodality results in these cases.

Regular graph We then focus on the discrete hypercube Qq, the graph on vertex set {0, 1}¢ with two
Discrete hypercube strings adjacent if they differ on exactly one coordinate. We obtain asymptotically tight
Unimodal sequence estimates for i) (Qg) in the range t(d)/2%~! > 1 — 1/+/2, and nearly matching upper and

lower bounds otherwise. We use these estimates to obtain a stronger partial unimodality
result for the independent set sequence of Qg.
© 2012 Elsevier B.V. All rights reserved.

1. Introduction and statement of results

For a (finite, simple, undirected, loopless) graph G = (V, E) set
ii(G) ={l € LG : I| =1t}

where £(G) is the collection of independent sets of G (sets of vertices spanning no edges). The independent set sequence of
G is the sequence {it(G)}‘t";%) where «(G) is the size of the largest independent set in G. The independent set polynomial or

stable set polynomial of G, first introduced explicitly by Gutman and Harary [7], is the polynomial
a(G)
P(G.A) =Y i(GA".
t=0
A sequence {a;}}_; is said to be unimodal (with mode at k) if
Gp <A1 < -+ S0k = Qgy1 = -+ = 0y,

and the polynomial Z?:o a;\! is said to be unimodal if its sequence of coefficients is. There has been some consideration in
the literature of the question of the unimodality of the independent set polynomial of a graph. There are two major positive
results. The first of these follows from the celebrated result of Heilmann and Lieb [9] to the effect that for any graph G the
matching polynomial ) ;. , m (G)A" of G (where m,(G) is the number of matchings of G of size t) has only real roots, implying
by a theorem of Newton (see for example [12, page 504]) that it is unimodal (in fact, log-concave). Since independent sets
of a fixed size in the line graph of a graph are in bijection with matchings of that size in the original graph, Heilmann and
Lieb’s result shows that if G is the line graph of a graph, then P(G, A) is unimodal.
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The second of these positive results is due to Hamidoune [8], who showed that if G is claw-free (that is, does not contain

a star on four vertices as an induced subgraph) then P(G, A) is unimodal. Later Chudnovsky and Seymour [3] showed that

in this case P(G, A) also has all real roots. Since line graphs are claw-free, this result generalizes that of Heilmann and Lieb.

On the other hand, if G contains a claw then P(G, A) may not be unimodal. For example, the graph obtained from a claw

by replacing each of the degree 1 vertices with a K4 (the complete graph on 4 vertices), the degree 3 vertex with a K37, and

all edges with complete bipartite graphs, has independent set polynomial 1 + 49 + 4812 + 641>, In fact, Alavi, Erdés,

Malde and Schwenk [1] showed that in general the independent set polynomial of a graph can have every possible pattern

of increases and decreases. Specifically, they showed that for any integer m > 1 and any permutation 7 of {1, ..., m}, there
is a graph G with «(G) = m and with

ix1)(G) < ir@)(G) < -+ <izgm(G). (1

In the language of [1], the independent set polynomial of a general graph is unconstrained. Note that there are at most

2™ = o(m!) permutations 7 of {1, ..., m} for which (1) holds for some graph G satisfying «(G) = m and P(G, A) unimodal.
Alavi, Erdés, Malde and Schwenk made the following positive conjecture.

Conjecture 1.1. If T is a tree then P(T, A) is unimodal.

In [11] Levit and Mandrescu make the stronger conjecture that P(G, 1) is unimodal if G is a Konig-Egervary graph (a graph
in which the size of the largest independent set plus the size of the largest matching equals the number of vertices in the
graph). In particular, since all bipartite graphs are Konig-Egervary graphs, we have the following:

Conjecture 1.2. If G is bipartite then P(G, A) is unimodal.

Very little progress has been made towards this conjecture; indeed, even Conjecture 1.1 remains open. A partial result of Levit
and Mandrescu [11] is that for G a bipartite graph, the final third of the coefficients of P(G, A) form a decreasing sequence,
that is,

ir2a)—1)/31(G) = i1aG)-1)/31+1(G) = -+ = iy (G). (2)

In this note we consider the independent set polynomial of a graph drawn from the families of regular and almost-regular
bipartite graphs. One approach to showing unimodality of the independent set polynomial of a graph is to obtain upper and
lower bounds on i; (G) foreach 0 < t < «(G), and this is the approach that we take here. We begin with two simple bounds.
Here and throughout H(x) = —xlogx — (1 — x) log(1 — x) is the binary entropy function and log = log,.

Lemma 1.3. For d-regular G (not necessarily bipartite),
) < e, L (2 V1LV -
i ex — | =4+ =1.
W =P\ W) 2 T 2

If G is bipartite then we also have

ir(G) > % > ex {H(E)M—llo |V|} (4)
t =\ )= P2 i) 2 ) g .

Proof. We begin with (3), which is based on the observation that for all t > 0and A > 0 we have i;(G)A! < P(G, A) and so

P(G, 1) }

AL (5)

ir(G) < min {
A>0

We now use the following inequality, proved in [13]: for d-regular G (not necessarily bipartite)

PG, ) <25 (1+1)7. (6)

(A weaker bound with |V|/d replacing |V|/(2d) had earlier been obtained in [2].) Taking A = szﬁ in (6) and plugging
into (5) we get (3) for t # 0, |V|/2, and these two extreme cases are trivial.

The near-matching lower bound (4) is obtained by specifying a bipartition V = & U @ of G and considering only those
independent sets which are subsets of &. The second inequality in (4) follows for all [V| > 1and 0 < t < |V|/2 from
Stirling’s formula. (Note that for regular bipartite G, «(G) = |[V(G)|/2.) O

The upper bound (3) is close to best possible; the graph consisting of disjoint copies of K; 4, the complete bipartite graph
with d vertices in each class, shows that |V |/2d cannot be replaced by c|V|/d for any c < 1/2.

vi/2
t

Combining (3) and (4) we see that for regular, bipartite G we have i;(G) ~ ( ) This suggests that in contrast to the

general situation, for regular bipartite G the independent set polynomial may be quite constrained (in the language of [1]),

in the sense that any sufficiently sparse subsequence of {it(G)}lt‘;(OG 172 should be unimodal.

To state a precise result in this direction, it will be helpful to set up some notation.
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Definition 1.4. A sequence {a;};>o is s-step monotone increasing on the interval [a, b] (where a and b satisfy 0 < a < b) if
foreverya <i <j < bwithj—i > swe have a; < a;. We define s-step monotone decreasing analogously.

Note that {a;}]_, being unimodal with mode at k is equivalent to {a;}}_, being 1-step monotone increasing on [0, k] and
1-step monotone decreasing on [k, r].

Definition 1.5. A bipartite graph G on 2n vertices has property (8, v, s) if the sequence {i;(G)};>o is s-step monotone
increasing on the interval [8n, (1 — y)n/2] and s-step monotone decreasing on the interval [(1 + y)n/2, (1 — B)n].

n

Note that property (0, 0, 1) is equivalent to the unimodality of {i;(G)}{_, with mode at n/2.
The first aim of this paper is to prove a number of results establishing property (8, y, s) for 8 and y arbitrarily small
constants and s = o(n).

Theorem 1.6. Fix ¢ > 0. There is C = C(¢) > 0 such that if G is a 2n-vertex, d-regular bipartite graph, then G has property
(0, &, s) with

n
s = Cmax[logn, E}

We prove Theorem 1.6 in Section 2. Note that if d = w(1) above, then s = o(n).

The condition that G be regular can be relaxed quite a bit; using a recent result in the spirit of (6) obtained in [4] we may
extend Theorem 1.6 to all bipartite graphs which are suitably close to regular. Specifically, let G be a bipartite graph on 2n
vertices with bipartition classes & and @ (with |@| > |&]), let d be an arbitrary positive parameter and let

1 |{veé&:dw) <d)| 1 9] — |&]
hG,d = - —_— d —d1 v)> -
G d) =+ . + ;‘;( ©) = D lgwza + ——

(where 1 is the indicator function of the event E). The parameter h(G, d) is intended to capture the extent to which G is
“almost d-regular”: h(G, d) being close to 1/d (the value it takes when G is d-regular) means that G has not too many low
degree vertices, that the sum of the degrees of high degree vertices is not too large, and that the difference between the sizes
of the partition classes is not too great.

Similar to Theorem 1.6, we have the following statement, whose proof is also given in Section 2.

Theorem 1.7. Fix ¢ > 0. Thereis C = C(e) > 0 such that if G is a 2n-vertex bipartite graph and d is an arbitrary positive
parameter, then G has property (e, &, s) with

s = C max {logn, nh(G, d)}.

This result is mainly of interest when s = o(n), that is, when there is a choice of d for which h(G, d) = o(1). One quite
general situation in which this occurs is in percolation. Given a graph G and a parameter 0 < p < 1, let G? be a random
subgraph of G obtained by deleting each edge independently with probability 1 — p (so

Pr(G” = H) = pE™I(1 — p)E@I-IEEDI)

In [4, Section 4] it is shown that if G is a d-regular bipartite graph on 2n vertices, and G” is obtained from G by percolation
with p > f(d)/d for an arbitrary function f (d) = w(1), then there is a function g(d) = o(1) such that with probability at
least 1 — g(d), we have that h(GP, d’) < g(d) (where d’ = dp — (2dp)'/?f (d)'/*). We thus have the following corollary of
Theorem 1.7.

Corollary 1.8. Fix ¢ > 0. Let G be a d-regular bipartite graph on 2n vertices. Let p = f(d)/d for an arbitrary function
f(d) = w(1). There are functions g(d) = o(1) and s(n, d) = o(n) such that with probability at least 1 — g(d), GP has property
(e, &,5(n, d)).

A particularly interesting application of Corollary 1.8 is to the random equi-bipartite graph G(n, n, p). This is the graph on
vertex set & U @ with |&| = |@| = n in which the edge {u, v} (u € &, v € ) is present with probability p, independently
for all choices of u and v. (In other words, G(n, n, p) is the result of percolation on K, , with parameter p.)

Corollary 1.9. Fixe > 0. Let p = w(1)/n. There is a function s(n) = o(n) so that almost surely (with probability tending to 1 as
n goes to infinity) the random bipartite graph G(n, n, p) has property (e, €, s(n)).

In other words, almost all equi-bipartite graphs exhibit partial unimodality of the independent set sequence. (See [6] for
further results in this direction.)

The bound in (6) is valid for all d-regular graphs, and we expect that it, as well as both the upper and lower bounds
on i (G) ((3) and (4)), can be significantly improved if further structural conditions are put on G. In [5] the programme of
improving (6) is carried out in the case when G is the discrete hypercube Q. This is the graph on vertex set V = {0, 1} with
two strings adjacent if they differ on exactly one coordinate. It is a d-regular bipartite graph with bipartition classes & and
O, where € is the set of vertices with an even number of 1’s. Note that || = |@| = a(Qq) = 2%~'. The following bound is
obtained in [5]. (All asymptotic statements in what follows are as d — ©0.)
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Theorem 1.10. Thereis a ¢ > 0 and a function f (d) — 0 such that for A > C;fﬁd,

_ a1 A 2 d
P(Qgq,A) =2(1+2) exp {2 (1+)»> ¢! +f(d))] .

This generalizes work of Korshunov and Sapozhenko [10], who had shown

d—1
P(Qi, 1) = 2ve+o0(1)2* .
Using Theorem 1.10 (or rather, using two of the intermediate inequalities that ultimately lead to the theorem), we can
significantly improve the bounds on i;(Qg) given by (3) and (4), obtaining optimal (asymptotically matching) bounds for a
large range of values of t.

Theorem 1.11. There is a constant ¢ > 0 and a function f (d) — 0 such that if t = t(d) eventually (i.e., for all but finitely many
d) satisfies

_, (clogd _ 1 2logd
24 =" ) <t <24 (1 - — 7
<d1/3>— = 27 (7)

2d71 t d—1
it<Qd>=( t )exp[t(l—zd_l) (1+f(d))].

If t eventually satisfies

1 2logd
2d—1<1—$+ 3g>§t§2d‘l (8)

2d71 t d—1
i[(Qd)'vZ( ; >exp{t<l—2dl) }

After some groundwork in Section 3.1, we prove Theorem 1.11 in Section 3.2.
A corollary of Theorem 1.11 is that the quantity i;(Q4) undergoes a transition around t = 2972, in a window of width
0(1/d). This is analogous to [5, Corollary 1.2].

then

then

Corollary 1.12. If t = ¢(d) = 24! (% + %ﬁ) then

it (Qq) o0 if g(d) - —o0
tidq — | exp {672"/ 2} if g(d) — k, aconstant
2(2r ) 1 if g(d) — +00

asd — oo.

We now turn to considering the unimodality of P(Qq, A). By direct counting this polynomial may be shown to be unimodal
for all d < 5 (although for 3 < d < 5 it has some non-real roots). For larger d, a corollary of Theorem 1.6 is that for all
e > 0 there is a constant C = C(g) > 0 such that Q; has property (0, &, C2¢/d). By examining the error terms in the
asymptotic estimates of i, (Q4) provided by Theorem 1.11, we are able to obtain much stronger partial unimodality result for
P(Qqg, A), and in particular extend Levit and Mandrescu’s observation (2) (in the particular case of G = Q) to a wider range
of coefficients.

Theorem 1.13. For all sufficiently large d it holds that

ip(Qa) < ip1(Qu) < -+ < lpa-2_1502(Qq)
where p = [(1 — 1/+/2 + 2logd/d)2¢~1], and

ipd—24544(Qq) > ipd-2459411(Qq) > -+ - > 1pa-1(Qq).
We give the proof in Section 3.3. We have not made an attempt to optimize the coefficients of d? and d* here. The proof
strategy is to show that forp < t < t+1 < 2972 — 15d? our upper bound on i;(Q) from Theorem 1.11 is eventually smaller
than our lower bound on i;;1(Qq) (with a similar approach for 2072 4 5¢* <t < t+ 1 < 2¢7"). Below p the upper and

lower bounds on i¢(Qy) provided by Theorem 1.11 are too far apart to be of any use, and in the neighbourhood of t = 22
the sequence {i;(Qq)} seems to be too flat for the present approach to be helpful.
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2. Proofs of Theorems 1.6 and 1.7

We begin with the proof of Theorem 1.6. Let j and £ satisfy 0 <j < ¢ < (1 — &)n/2. By (3) and (4), a sufficient condition
foriy(G) > ij(G) is

£ j 1 log2n
Hl{-)—-H{=)>-+ . 9)
n n d 2n

By the mean value theorem,

()1 ()- e

for some & € (£/n,j/n).Since the minimum of H'(x) on [0, (1 —¢)/2]is achieved atx = (1—¢)/2 and is a positive constant
depending on ¢, we get that a sufficient condition for i, (G) > i;(G) is

(—j>C) (g n 1og2n) .

For j and ¢ satisfying (1 4 e)n/2 < £ < j < n the proof is almost identical, once we observe that H(x) is symmetric around
x=1/2.

In order to prove Theorem 1.7, we need an analog of (3) for the family of G’s under consideration in that theorem. The
following result is a special case of a general result on graph homomorphisms from [4, Section 3]. For A1, A, > 1,

2n

D @M< (kg + 23)"Cha, A)™ED (10)
t=0

where C(A1, Ap) may be taken to be max {256, A1 + A,}. It follows that for all fixed A > 0,
P(G, 1) < (14 0)"C()™@d (1)

where C(A) > 0 goes to infinity both as A goes to 0 and as A goes to infinity. Indeed, if . > 1 then we may take A; = 2\
and A, = 2in (10) to get

2n
P(G.2) = A" Y it(G) (A1/A2)" < (1+ )" max {256, 2(1 + 1)}
t=0

while if A < 1 then we may take Ay = 2 and X, = 2/A to get
P(G, 1) < (1+ A)"max {256, 2(1 4 1/1)}"CD

showing that we may take C(A) to be 2(1 + A) for A > 127, to be 256 for 1/127 < A < 127, and to be 2(1 + 1/1) for
A <127.

Using (11) in place of (6), we may reproduce the derivation of (3) to obtain the following upper bound on i;(G) for G
satisfying the conditions of Theorem 1.7:

t
ir(G) < exp, {H () n + C(t, n)nh(G, d)}
n
where C(t, n) > 0 may be taken as follows:
2n .. 127n
log if — <t
(n — t) 128

n 127n
C(t,n) =18 if — <t<
128 128

2n . n
log | — ift < —.
t 128

It follows that for € > 0 there is C(¢) > 0 such that in the range t € [en, (1 — &)n] we have

i, (G) < exp, {H <%> n + C(e)nh(G, d)} . (12)

Noting that (4) is still valid in the setting of Theorem 1.7, it follows from (12) (just as (9) followed from (3)) that forall ¢ > 0,
ifjand £ satisfy en < j < £ < (1 — ¢)n/2, then a sufficient condition for i (G) > i;(G) is

H (€> —H (i> - (G, d) + 082",
n n 2n

The proof of Theorem 1.7 now goes through exactly as the proof of Theorem 1.6.




2886 D. Galvin / Discrete Mathematics 312 (2012) 2881-2892
3. Proofs of Theorems 1.11 and 1.13
3.1. Preliminaries
We begin with some notation. For A € V (= {0, 1}¢) write N(A) for the set of vertices outside A that are neighbours of a
vertex in A and set
[Al={veV:N{v}h) S NA}

Note that if A is an independent set then A C [A]. Say that A C € (or ©) is small if |[A]| < 292 and 2-linked if A U N(A)
induces a connected subgraph of Q4. Any A can be decomposed into its maximal 2-linked subsets; we refer to these as the
2-components of A, and write k(A) for the number of 2-components of A and cl(A) for the size of the largest 2-component of
A. Finally, for all A > 0 and a, g > 0 we define a function F; (a, g) by

Fi(a,g) = A%(1 4+ 21)75.

There are two bounds from [5] (intermediate steps in the derivation of Theorem 1.10) that we will make use of.

Lemma 3.1. There is a constant ¢ > 0 such that for all A > ‘;f/%d we have
d 242 249d
A 2 d?22(1+ 1?2
> F.(ALIN@A)) < exp { ( ) + } (13)
ACE small 2 1 + A (1 + A)Zd
as well as, for fixed k > 1,
F.(a,g) < e 'd?*229F, (k, kd — 2k(k — 1)). (14)

ACE small, 2-linked, |A|>k
Proof. The first inequality is [5, Eq. (23)] and the second is [5, Corollary 3.11]. O

3.2. Proof of Theorem 1.11

We assume throughout that

clogd\ _,_;
= (229,

with ¢ the same as the constant appearing in the range of validity of (13) and (14). We also, where necessary, assume that
d is large enough to support our assertions. All asymptotic statements in what follows will be as d — oc.

3.2.1. Lower bounds on i;(Qg)
For the lower bounds in Theorem 1.11, we may assume t < %2‘7’*1 (any constant greater than 1/2 would do in place of

d—1
3/4 here) since for t > %2"*1, t (1 — 24%1) = 0(1) and so the bound

2L‘l—l t d—1
if<Qd)z<z—o<1))< t )exp[r<1—2d_1) ]

is trivial. For the remaining range of t, let f = f (¢, d) be defined by

. N
f=maxid,5€t<l—2d_l> } (15)

Both lower bounds in Theorem 1.11 will be based on the following inequality.

Lemma 3.2.

i (Qa) = 2

2471 _ diA|
t—1Al )

ACE, c(A)<1, |A|<f (

Proof. We get a lower bound on i;(Qg) by first choosing a set of vertices of size no more than f, no two of which share a
common neighbour, to be the intersection of the independent set with one of the two partition classes, and then extending
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it by choosing an arbitrary subset of the other class of appropriate size (note that for A with cl(A) = 1, [N(A)| = d|A]).
This gives

-1 _
Q) > - (A)')

ACE or ACO, cl(A)<1, |A|<f < t— |A|

20-1 d|A|>

=2
t— Al

ACE, c(A)<1, |A|<f (

The equality above is valid since f < t/2 and so there is no overlap between the independent sets of size t which intersect
& in no more than f vertices and those which intersect ® in no more than f vertices. O

Forallaand g withg > g,and0 <t < 29-1 we have the identity

2d71 —g _ 2d71 ta(zdfl _ t)gfa
( t—a ) - < t ) (2d,‘1)g E(a, g)

2d71
= Fn(a, g < ; )E(a,g) (16)
where A(t) = t/(2¢"! — t) and
a—1 . g—a—1 i
o= 1 (1-5)
E(a,g) — i=0 i=0 )
g—1 .
1— o7
il;!) ( 2d 1)
Note that

k
t t d—1

and that for fixed d and k, the quantity on the right-hand side of (17) is decreasing in t for the range of t that we are
considering (indeed, it is decreasing for t > (2! — 1)/(d — 1)), a fact that we will use repeatedly in the calculations
that follow, usually without comment. For those A contributing to the sum in Lemma 3.2,

f-1 i\ @D i
E(IAl, d|A]) > H(l—;) I1 (1—ﬁ)

i=0 i=0

%
e
X
kS|

e e,
|

N ...r‘*:)
|

%

\"1

N

R

(18)

\Y
L]

b}
=)
e e,
|
H‘\n

N
——

In the second inequality we use 1 — x > e~2 for 0 < x < 1/2. The use is valid since both f < t/2and f < 41 — t)/(2d)
hold.
The number of ways of choosing A C & with cl(A) < 1and |A| = k < f is at least

k—1

a1 _ ;32
,13) (2 id ) (2d—l)k f2d2
Kl =T {_Fl
2d—l k 2
R

since each choice of vertex in A eliminates from consideration at most d* other vertices. By (16) each such A contributes

Zd—l
Fx(t)(’@dk)( ; >5(|A|,d|A|) (20)

to the sum in Lemma 3.2. Combining (17)-(20) with Lemma 3.2 we get

2071 3f2 1 e\
it(Qd)22< . )exp{—t}gkl(t(l—zd]> ) : (21)
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Using k! > (k/e)* and the lower bound on f from (15) we have

k
Zl t1 £\ <>E tf1 £\
1 _ b ox _ b
£ 201 = o eP 201

where

d—1
et(l—zd%l) NG
Eg=1-2] ————2— | exp _t<l_F>

f

and so (21) becomes

2d—1 t d—1
ir(Qd)22< t )exp{t(l—zd]) }51 (22)

where
Ei=exp{——

The dominating term here is exp{—3f2/t}. For t satisfying (7)

¢ \4!
E1 > exp —o(t(l—zd_l) )}

and for t satisfying (8) E; > 1 — o(1), completing the lower bounds. For the purpose of proving Theorem 1.13 we also note
the following more precise bounds.

Lemma 3.3.

1
1—— if t satisfies (8)

dS
Ei= 142 (1 1 3,
1- f2e (- —-) <t<22
2 2 d 4

3.2.2. Upper bounds on i;(Qqg)

We now turn to the upper bounds in Theorem 1.11. For any I € £(Qg) we have [[ N &] N [I N @] = @. Since Qg has a
perfect matching, it follows that at least one of [I N €], [I N @] is no larger than 292, that is, that at least one of IN &,1 N O
is small. This together with &-© symmetry leads to the bound

2471 _IN(A
<2 Y ( '()'). (23)

ACE small t— |A|

We will split the sum in (23) into three cases. Say that small A C & is of type I if |A| < f, of type I if |A| > f and cl(A) < 5,
and of type IIl if |A| > f and cl(A) > 6 (where f is as defined in (15)).

Case 1 - Type 1 A’s: We first consider the contribution to the sum in (23) from A of type I. For these A we have
d2f2
E(|A], IN(A)|) < exp lF}

(this is similar to the derivation of (18), except that in this case we are lower bounding the numerator of E(|A|, [N(A)|)).
Taking A = A(t) = t/(24~' — t) in (13) and combining with (16) we find that the contribution to (23) from A of type I is at

most
201 £\ P £\ &



D. Galvin / Discrete Mathematics 312 (2012) 2881-2892 2889

Case 2 - Type Il A’s: Next we consider the sum in (23) over A of type II. We have

2d—1 _ 2d—l _
( ¢ ) = A0 < ¢ ) Ao
t—a t—a
MO+ AP
d—1 _
= (1+21)* MO Fup(a,8)
_t a1
= ZH(Z‘H)Z Fi(a, ).
By Stirling’s formula, (more precisely, by the fact that foralln > 1,

2n"e™"/n < n! < 3n"e "/n),

IA

this is at most 3 x 2%4/2 <2d;1 ) Fo)(a, g). It follows that the contribution to (23) from A of type Il is at most

2d71
6 (27?) ( t ) ) Fro (1AL IN(A)])- =
ACE€ small, cl(A)<5, k(A)>f/5

To bound this sum, we make a number of observations.

e For each k > f/5 there are at most 2¥¢~V /k! ways of choosing a fixed vertex in each of the k 2-components of A, and at
most 5¥ ways of assigning a size to each 2-component.

e Foreach¢ =1, ..., 5, the number of 2-linked subsets of & of size ¢ that include a fixed vertex is at most (¢ — 1)!(d?)*~".
(Once j vertices have been chosen, there are at most jd? choices for the (j + 1)st.)

e EachA C & with |A] = ¢ < 5 satisfies [N(A)| > d¢ — 2¢(¢ — 1). (Each vertex of A has d neighbours, of which at least
d — 2(JA| — 1) must be unique to it, since a pair of vertices in Q; can have at most two common neighbours.)

e The quantity F (a, g) is decreasing in g, and foreach £ = 1, ..., 5, (and sufficiently large d)

€ — DA T F (L, de — 2€(€ — 1)) < Fyp(1,d).

All this together serves to bound the expression in (25) by

20-1 1 £\ 1 e
d/2 - o i
6(2 )( : >k;5’<! <5r<1 W) ) §3f< t ) (26)

the inequality following from the choice of f and the bound k! > (k/e).

Case 3 - Type Il A’s: Finally we consider the sum in (23) over A of type IIl. Beginning with the same steps as in the case of A
of type II, this is at most

2d71
6(2“)( . ) > FwUAL INAD. (27)
ACE€ small, cl(A)>6
We now use a multiplicative property of F: for any A, if A’ is a 2-component of A then
F.(|Al, IN(A)) = F.(A], INAYDF (A A'|, IN(A\ A)])

and so the sum in (27) is at most

( 3 Fm>(|A|,|N<A)|>>( 3 Fm>(|A|,|N<A>|)) =552,
ACE small, 2—linked, |A|>6 A

C& small
By (13) we have
t d—1 dztzzd t 2d—-2
S, <expit 1—F +m 1—F (28)
and by (14) we have
S1 < €d'°2%F, (6, 6d — 60). (29)

Having examined the sum in (23) in each of the three possible cases, we now combine (24), (26), (28) and (29) to find

that
zdfl t d—1
it(Qd)52< ; )exp[t<1—2d1) }Ez (30)
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where
d2t22¢ £ \2? d2f2 1
E=expy ——m— (1 — — — —
(zd—l _ t)z 2d—1 3f
d?t224
+365d1023d/2Fm)(6, 6d — 60) exp { a1 (1 ) } .

For t satisfying (7)

el -5 )

and for ¢ satisfying (8) E; < 1+ o(1), completing the upper bounds. For the purpose of proving Theorem 1.13, we also note
the following more precise bounds.

Lemma 3.4.

1
1+ P if t satisfies (8)

EZS 1+4d4 ‘ft>2d71 1 1
— 1 - —].
24 - 2 d

3.3. Proof of Theorem 1.13

We will split the proof into four cases, according to various possible ranges for t, specifically

(3/4)2¢7 1 <t <2471, (31)
2972 4 50% <t < (3/4)2%7, (32)
1 2logd 1 1

2d—1 1— — <t zd—l - — =, 33

( o+ ) e (33)

and
d—1 1 1 d—2 2

2 273 <t <2972 _ 1542, (34)

In each of the first two cases we will show that for sufficiently large d we have i;(Qq) > i;+1(Qg), while in each of the last
two cases we will show (again for sufficiently large d) that i; (Qq) < i¢+1(Qq).

Case 1 - t satisfying (31): That i;(Qq) > ir+1(Qq) for t in this range follows from (2).
Case 2 - t satisfying (32): By (22), (30) and Lemmas 3.3 and 3.4, for t in this range it is enough to show that

- d—1
(=) (oo e 1- )" )
- 7 1
4 -1
2(1+4) (5o w0 (1- 34)" ]
d—1
Since t (l - 2%) is decreasing in t, this inequality is implied by
( 14d )(t 4 1)

(1+ 421;') 24-1 —¢)
For t satisfying (32) this is in turn implied by

(1_14d>(2d 24504 1 1)

(1+4) @2 - 5%

> 1.

> 1,

which holds for all sufficiently large d.
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Case 3 - t satisfying (33): In this range we wish to show i;(Qg) < ir+1(Qg). Again by (22), (30) and Lemmas 3.3 and 3.4 it is
enough to show that

2(1+3) (% e e (1= 5) ]
2 (1 _ d%) (ztdﬂ)exp {(t+ 1)( - Z‘I_ﬂ)d—l}

Writing h(a, b) for a(1 — b/2%1)%~1 we have
h(t, £) —h(t+ 1,6+ 1) < h(t,t) — h(t, t + 1)

1 d—1

2(d—1
< ht, 0 (ﬁ) (36)

< 1. (35)

with (36) valid for sufficiently large d as long as 2%~ — t > 2. For t satisfying (33) we therefore have

zdl

exp {h (2973,2973) (ﬁ%) }

1+.764

freo (5]
exp{h(t,t) —h(t+1,t+ 1)} < exph(t,t)

IA

IA

(for large enough d) and so (35) in this range is implied by

(1+2)c+n
(1 - d%) 241t

This is in turn implied by
(1 + %) (24—2 Sl 1)

(1-2) (257

which holds for all sufficiently large d.
Case 4 - t satisfying (34): Again by (22), (30) and Lemmas 3.3 and 3.4 it is enough to show that

(1+4d4)< d; )exp{f(l_zdﬁ)d]}
2(1-8) () e[ (1 52) |

For t satisfying (34) we use (36) to obtain

< 1.

<1,

< 1. (37)

dZ
exp{h(t,t) —h(t+1,t+ 1)} < l—l-?

and so (37) is implied by
(1 + #) t+1)
(-l _ l4d2) (zd 1 _ )
This in turn is implied by
(1 5‘1“) 42 _ 1502 + 1)

(1-42) @42 + 15)

< 1.

<1

which holds for sufficiently large d.
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