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THE MULTISTATE HARD CORE MODEL ON A REGULAR TREE’
DAVID GALVIN', FABIO MARTINELLI, KAVITA RAMANANY, axp PRASAD TETALI®

Abstract. The classical hard core model from statistical physics, with activity 4 > 0 and capacity
C =1, on a graph G, concerns a probability measure on the set Z(G) of independent sets of G, with the mea-
sure of each independent set I € Z(G) being proportional to 1. Ramanan et al. [K. Ramanan, A. Sengupta, L.
Ziedins, and P. Mitra, Adv. Appl. Probab., 34 (2002), pp. 1-27| proposed a generalization of the hard core
model as an idealized model of multicasting in communication networks. In this generalization, the multistate
hard core model, the capacity C is allowed to be a positive integer, and a configuration in the model is an
assignment of states from {0, ..., C} to V(G) (the set of nodes of G) subject to the constraint that the states
of adjacent nodes may not sum to more than C. The activity associated to state i is A7, so that the probability of
a configuration o: V(G) — {0, ..., C} is proportional to 4 wvie)?(*)
ization when G is an infinite rooted b-ary tree and prove rigorously some of the conjectures made by Ramanan
et al. In particular, we show that the C' = 2 model exhibits a (first-order) phase transition at a larger value of 1
than the C' = 1 model exhibits its (second-order) phase transition. In addition, for large b we identify a short
interval of values for 4 above which the model exhibits phase coexistence and below which there is phase un-
iqueness. For odd C, this transition occurs in the region of 4 = (e /b)!/[¢/?1 while for even C, it occurs around
A= (log b/b(C +2))>/(C+2) TIn the latter case, the transition is first-order.

. In this work, we consider this general-
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1. Introduction.

1.1. The multistate hard core model. Let G = (V, E) be a finite or countably
infinite graph without loops, and let S be a finite set. We refer to the elements of S as
states. Many stochastic processes on SV that arise in applications are subject to “hard
constraints” that prohibit certain values of S from being adjacent to one another in the
graph G. Such processes attain only configurations that lie in a certain feasible subset of
SV. A generic example is the hard core model, which has state space S = {0,1} and
imposes the constraint that no two adjacent vertices in the graph can both have the
state 1. In other words, the set of feasible configurations for the hard core model on
a graph G is {0 € {0,1}V:0, + o, <1 for every zy € E} or, equivalently, the collec-
tion of independent sets of the graph G. Processes with such hard constraints arise
in fields as diverse as combinatorics, statistical mechanics, and telecommunications.
In particular, the hard core model arises in the study of random independent sets of
a graph [5], [7], in the study of gas molecules on a lattice [2], and in the analysis of multi-

*Received by the editors April 6, 2009; accepted for publication (in revised form) December 3, 2009; pub-
lished electronically July 1, 2011.

http://www.siam.org/journals/sidma/25-2/75514.html

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556 (dgalvinl@nd.edu). This
author’s work is supported in part by NSF grant DMS-0111298 and the NSA.

Dip. Matematica, Universita’ di Roma Tre, L.go S. Murialdo 1, 00146 Roma, Italy (martin@mat.uniroma3
.it). This author’s work is supported in part by the European Research Council “Advanced Grant” PTRELSS
228032.

*Division of Applied Mathematics, Brown University, Providence, RI 02912 (Kavita Ramanan@brown
.edu). This author’s work is supported in part by NSF grants CMMI-0928154 and DMI-0728064.

School of Mathematics and School of Computer Science, Georgia Institute of Technology, Atlanta, GA
30332 (tetali@math.gatech.edu). This author’s work is supported in part by NSF grants DMS-0401239 and
DMS-0701043.

894

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



THE MULTISTATE HARD CORE MODEL ON A REGULAR TREE 895

casting in telecommunication networks [9], [11], [15].
In this work, we consider a generalization of the hard core model, which we refer to
as the multistate hard core model, in which the state space is

Se=1{0,1.2,....C}
for some integer C' > 1 and the set of allowable configurations is given by
Qq={oeSlio,+0,<C for every zy € E}.

When G is the d-dimensional lattice Z¢, this model was introduced and studied by Mazel
and Suhov in [14], motivated by applications in statistical physics. In our work, we focus
on the case where G is an infinite rooted b-ary tree (i.e., an infinite graph without cycles
in which each vertex has exactly b + 1 edges incident to it, except for one distinguished
vertex called the root which has b edges incident to it), which we denote by T°.

On the tree, this model was studied by Ramanan et al. in [15] as an idealized
example of multicasting on a regular tree network, each of whose edges has the same
capacity C. In communications, multicasting arises when, instead of having a simple
end-to-end connection, a transmission is made from a single site to a group of individuals
[1]. An important performance measure of interest is the probability of packet loss for a
given routing protocol [17]. As in [15], here we consider an idealized model in which the
routing is simple in the sense that nodes multicast only to their nearest neighbors, and
we study the impact of the connectivity of the network (i.e., the value of b) and the
arrival rate on the blocking (or packet loss) probabilities. The state o, of any node
or vertex v € V represents the number of active multicast calls present at that node.
Multicast calls are assumed to arrive at each node as a Poisson process with rate A and
require one unit of capacity on each of the b 4+ 1 edges emanating from that node. If this
capacity is available, then the call is accepted and the number of active multicast calls at
that node increases by one, while if the required capacity is not available, then the state
of the node remains unchanged and the call is said to be blocked or lost. Calls that are
accepted require a random amount of service and then depart the system. Service re-
quirements of calls are assumed to be independent and identically distributed (without
loss of generality with mean 1) and independent of the arrival process. This model is a
special case of a loss network. (See [9] for a general survey of loss networks and [12], [15]
for connections with this particular model.)

For a finite graph G and arrival rate 4, it is well known that the associated stochastic
process has a unique stationary distribution g, on ¢ that is given explicitly by

1
1.1 Hari=114 for o0 € Qg,
( ) G.A ZG,AE/ o, G

where Zg; is the corresponding normalizing constant (partition function)
Z6a = e, ey Ao,» where the form of 1; depends on how the multicast calls are
served. If the calls are assumed to be served in a first-come first-served manner at each
node (see [9]), then we have
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If they are served using the processor sharing scheduling discipline at each node (see
[10]), then we have

(1.2) A=A i=0,...,C.

Here we adopt the usual convention that 0! = 1 so that 1; = 1 in both models, and we
will sometimes refer to the arrival rate 4 as the activity. In this paper (as in [14]) our 4,’s
will always be as defined in (1.2). Thus, our exclusive focus will be the study of the multi-
state hard core model on a b-ary tree T® with activities given by (1.2).

1.2. Gibbs measures and phase transitions. Although there is an explicit ex-
pression (1.1) for the stationary distribution on a finite graph, the computational com-
plexity of calculating the normalization constant for large graphs limits the applicability
of this formula. Thus, in order to gain insight into the behavior of these measures on
large graphs, it is often useful to consider the associated Gibbs measure on an infinite
graph. Roughly speaking, a Gibbs measure on an infinite graph G associated with an
activity 4 is characterized by the property that the distribution of the configuration on
any finite subset U of V| conditioned on the complement, is equal to the regular con-
ditional probability of the measure p G, O the restriction G| U | of the graph G to the
closure U = U U 9U of U, given the configuration on the boundary oU of U. (See De-
finition 2.1 for a more precise formulation.) It is not hard to show that such a Gibbs
measure always exists (in a far more general context, see, for example, [8]).

However, unlike stationary distributions on finite graphs, the associated Gibbs mea-
sures on infinite graphs may not be unique. If there are multiple Gibbs measures asso-
ciated with a given arrival rate or activity 4, we say that there is phase coexistence at
that 1. Let T, denote the finite subtree of T? with root r and depth n, which contains all
vertices in T? that are at a distance of at most n from the root r. As is well known (see,
for example, Chapter 4 of [8]), for a fixed activity 1 > 0, one way to obtain a Gibbs
measure on the tree T? rooted at r is as the suitable limit of a sequence of measures,
where the mth measure in the sequence is the stationary measure wq o7, on
T,U0T, (as defined in (1.1)), conditioned on the boundary T, being empty (i.e., con-
ditioned on all vertices in the boundary having state 0). We shall refer to this Gibbs
measure as the empty boundary condition (b.c.) Gibbs measure (corresponding to
the activity 4). In a similar fashion, we define the full b.c. Gibbs measure to be the limit
of a sequence of conditioned measures on 7', but now conditioned on the boundary o7,
being full (i.e., conditioned on all vertices in the boundary having state C). Let 8, denote
the total variation distance of the marginal distributions at the root r under the empty
b.c. and full b.c. Gibbs measures corresponding to the activity 4. When 4 lies in the
region of uniqueness, clearly the empty b.c. Gibbs measure coincides with the full
b.c. Gibbs measure, and so §, = 0. On the other hand, when 1 is in a region of phase
coexistence, then 8, > 0 and it can be shown (due to a certain monotonicity property of
our model established in Lemma 2.2 and Proposition 2.3) that the empty b.c. and full
b.c. Gibbs measures must necessarily differ. If there exists 4., = A,.(C) for which there is
uniqueness for each 4 < 1., and phase coexistence for every A > 1., then we say that a
phase transition occurs at 4.,.. Moreover, if §,, as a function of A, is continuous at A.,,
then we say that a second-order phase transition occurs, while if §, is discontinuous at
Aer, then we say that a first-order phase transition occurs.

When C = 1, the phase transition point 4.,(1) on the tree is explicitly computable
and is easily seen to be a second-order phase transition (see [9], [18], [19] and also sec-
tion 2.2). The behavior is more complicated for higher C. The multistate hard core

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



THE MULTISTATE HARD CORE MODEL ON A REGULAR TREE 897

model on the d-dimensional lattice Z? was studied in [14], where it was shown that when
C'is odd, there is phase coexistence for all sufficiently large A, while when C'is even, there
is a unique Gibbs measure for each sufficiently large A. If phase coexistence were known
to be monotone in the activity (this remains an open problem on Z even when d = 2),
then the result of Mazel and Suhov would imply that there is no phase transition on Z¢
for even C. On the other hand, numerical experiments for the multistate hard core mod-
el on the regular tree (see section 3.5 and Figure 5 of [15]) suggest that there is a phase
transition on the tree for every C but that the order of the phase transition depends on
the parity of C' (being first-order for even C and second-order for odd C'). This is par-
ticularly interesting as it shows that the parity of the capacity has an effect on the reg-
ular tree as well, although the effect is not as pronounced as on the d-dimensional lattice.

The study of phase transitions of models with hard constraints on trees has been the
subject of much recent research (see [4], [5], [13]). In [4], the focus is on classifying types
of hard constraints (as encoded in a so-called constraint graph) on the basis of whether
or not there exists a unique simple invariant Gibbs measure for all activity vectors
(45,7 € S). For C > 1, the model that we present here allows for two 1’s to be adjacent
but never allows a 1 to be adjacent to C which, in the language of [4], implies that the
associated constraint graph is fertile. From Theorem 8.1 of [4] it follows that there exist
some activity vectors for which there exist multiple simple invariant Gibbs measures.
However, the emphasis of our work is quite different as our aim is to identify regions
where multiple Gibbs measures (not necessarily simple and invariant) exist for the par-
ticular choice of activity vector given in (1.2). Another related work, again motivated by
telecommunication networks, is [13], which studies Gibbs measures associated with a
three-state generalization of the hard core model. However, the hard constraints con-
sidered in 13 are somewhat different from the C' = 2 case in our model.

1.3. Main results and outline. The main contribution of this paper is to make
rigorous some of the conjectures made in [15], leading to a better understanding of the
multistate hard core model. Our results may be broadly summarized as follows:

1. For C =2andevery b € N, b > 2, we show that the Gibbs measure is unique for
larger values of 4 than in the usual C' = 1 hard core model (see Corollary 3.2),
and we also show that the phase transition is first-order (see Theorem 3.3). Re-
call that, in contrast, for C' = 1, the phase transition is second-order.

2. For large values of b, we identify a rather narrow range of values for 4, above
which there is phase coexistence and below which there is uniqueness. Although
we do not establish the existence of a unique critical value 4,.(C) at which phase
transition occurs, we establish a fairly precise estimate of 4..(C) if (as we
strongly believe) it exists: when C'is odd,

e\ 1/1C/2]
ﬂ'cr(c) ~ <Z>

(see Theorem 4.1), while for C' even,

1 log b\2/(C+2)

(see Theorem 4.5).
3. For all even C and all sufficiently large b (depending on C), the model always
exhibits a first-order phase transition (see section 4.3).
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The outline of the paper is as follows: First, in section 2 we establish a connection
between phase coexistence and multiplicity of the fixed points of an associated recursion.
This is based on the construction of Gibbs measures as limits of conditional measures on
finite trees with boundary conditions, as mentioned above. In section 3 we provide a
detailed analysis of the recursion in the special case C'= 2. In section 4 we study
the recursion when b is large and identify the phase transition window. Finally, in sec-
tion 4.3 we study the asymptotics for large b when C'is even and provide evidence of a
first-order phase transition. An interesting open problem is to rigorously establish that
the phase transition is second-order for all odd C.

2. Gibbs measures and recursions.

2.1. Gibbs measures on trees. Consider any graph G = (V, E) with vertex set
V and edge set £ C V® (the set of unordered pairs from V). For any U C V, the
boundary of U is dU ={z € V\ U:zz € E for some z € U}, and the closure of U is
U= UUaU. Let G[U] denote the restriction of the graph to the vertex set U. For
o€ Sg, let 6y = (0,,v € U) represent the projection of the configuration o onto the
vertex set U. With some abuse of notation, for conciseness, we will write just o, for
0, and refer to it as the state or, inspired by models in statistical mechanics, the spin
value at v. For U C V, let F(U) be the o-field in S generated by sets of the form {o, =
i} for some v € U and i € S¢. We now provide a rigorous definition of the Gibbs mea-
sure.

DermiTioN 2.1. A Gibbs measure for the multistate hard core model associated with
the activity A is a probability measure 1 on (S5, F(V)) that satisfies for all U C 'V and
p-a.a. T € Sy,

ploy =tylone =tny) = Hepalov = Tylogr = Tov),

where g, s as defined in (1.1), with A; given as in (1.2).

We now specialize to the case when G is a regular, b-ary, rooted tree T? with root r.
A child of a vertex z in T? is a neighboring vertex that is further from r than z; the
vertices (other than z) that lie along the path from z to r are the ancestors of z.
We will be concerned with (complete) finite subtrees T of T® rooted at r; such a tree
T is determined by a depth n and consists of all those vertices at distance at most n from
r. It has |T| = (b"*! — 1) /(b — 1) vertices, and its boundary 0T consists of the children
(in T?) of its leaves (so that [0 T| = b"+1). The tree consisting of all vertices at distance at
most n from the root r will be denoted by T,,.

Given a finite subtree T and t € Qq, we let Q% denote the (finite) set of spin con-
figurations o € Q7 that agree with T on 07'; thus 7 specifies a boundary condition on
T. For a function f:Qqp e — R we denote by u%,(f) = ZUQQITMTT’A(U)]‘(G) the ezpec-
tation of f with respect to the distribution p% ,(0) & [[,c74?". On the configuration
space Qm, we define the partial order o < 7 if and only if o, < n, for all v with even
distance d(v, r) from the root and o, > n, for all v with odd distance from the root.
Given two probability measures on Qqv, we then say that u < v if u(f) < v(f) for
any (bounded) function f that is nondecreasing with respect to the above partial order.

Let T be a complete finite tree rooted at r, and let ;LUT ,and p % 1> Tespectively, be the
empty b.c. and full b.c. measures (corresponding to the two boundary conditions iden-
tically equal to 0 and C, respectively, on dT'). The following monotonicity result is well
known (see, for example, Theorem 4.1 of [19]). However, for completeness, we provide an
independent proof of this result, which involves a Markov chain argument that con-
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structs a simultaneous coupling of ( ,u% 2T g ,) such that the required monotonicity
conditions are satisfied with probability one.
LemmMaA 2.2 For any © € Qq,

MO“ < uh, < ,u%/l if d(dT,r) is even,
wG, < wh, < uw, if d(oT.r) is odd.

Moreover, if d(0T, r) is even (respectively, odd), there is a coupling w7 = (6°,07,0°) of
(1 Yo D) such that 0° < 67 < 0 (respectively, 0¢ < o7 < ¢°) with probability
one.

Proof. We consider only the case when d(0T, r) is even since the other case can be
established in an exactly analogous fashion. On QY x Q% x QT we construct an ergodic
Markov chain {¢°(t), 07 (), 0 ( )}iez, such that at any time ¢ € Z,_ the required order-
ing relation 0*(t) < o7 (t) < 0 ¢(1) is satisﬁed and moreover each rephca is itself an er-
godic chain that is reversible with respect to the measure w7, with the corresponding
boundary condition. The stationary distribution i of the global chain will then repre-
sent the sought coupling of the three measures.

The chain, a standard heat bath sampler, is defined as follows. Assume that the three
current configurations corresponding to 0, 7, and C boundary conditions are equal to
(a, B,y), respectively, and that they satisfy the ordering relation. Pick uniformly at ran-
dom v € T, and let (a, b, ¢) be the maximum spin values in v compatible with the values
of (a, B,y) on the neighbors of v, respectively. Due to the ordering assumption, either
¢ < b < a or the opposite inequalities hold. Then the current three values at v are re-
placed by new ones, (), B, V), sampled from a coupling of the three distributions on
{0,1,...,a},{0,1,...,b},{0,1, ..., ¢}, which assign a weight proportional to A’ to the
value . It is clear that such a coupling can be constructed in such a way that («, 87, v5,)
satisfy the opposite ordering of (a, b, ¢), and thus the global ordering is preserved. 0

Consider now the sequence { Ty, } pey With d(0Ts,,, ) = 2n. Then, thanks to mono-
tonicity, lim,,_, /,LTM = ,uf exists (weakly), and it defines the mazimal Gibbs mea-
sure. Similarly lim,,_,., u' Tz G = /L defines the minimal Gibbs measure [8]. Notice
that, by construction, hmneoc/LTWl 1= =ul A while hm,HDC “Tml 1= =uf 7. Finally, for
any other Gibbs measure ju, it holds that u9 < u, < wuf e

The main problem is therefore that of deciding when ¢ ¢ = uY. In what follows we
establish the following criterion, which is in fact an equivalent criterion since the other
implication is obviously true. (See [18], [19]; see also [3] [16] for a similar discussion in the
special case of C'=1.) Let P} , be the marginal of u?} T, 00 or given boundary condition
7, and let ]P’O and ]P’0 be the correspondlng rnarglnals for /L 7 and w 7> respectively.

PROPOSITIOI\ 2.3. For every 2> 0, if PY =P, then uf = ul.

Proof. Assume P¢ = PY. Then, by monotonicity,

3 c —
(21) T}E&HPTM - P?z/l” TV — 0,
where || - || 7 denotes the total variation distance. Let A be a local event (i.e., depending

only on finitely many spins), and let m be sufficiently large so that A does not depend on
the spin configuration outside T,,. Fix n > m, and let 75, = (6°,07,0¢) be the mono-

tone coupling of (/LUT% Wl 2 ;L%M) described in Lemma 2.2. Then

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



900 D. GALVIN, F. MARTINELLI, K. RAMANAN, AND P. TETALI

1185, 2(A) = w5, 2(A < 720 (0 # 07 for some v € T,,)

C
Z ZnQn(ofq Z k> 0(1)7)

veT,, k=0
d(v,r) even

D
veT,, k
d(v,r) odd

c

Z Z[M gh,/l(o'v > k) - M%“Zm,l(o'v > k)]

veT, k=0
d(v,r) even

>

veT,,
d(v,r) odd

IN

7'[2”(0'9, Z k> O—g)

M~

Il
S

M=

[M%N”l(ov 2 k) B 'ugz,,y,l(av Z k)}

=~
Il

0

For simplicity, let us examine an even term M%M(UU > k) — /L%“M,,l(gv > k) and show
that it tends to zero as n — co. Let w be the immediate ancestor of v. By conditioning on
the spin value at w we can write

C—i
= /‘Lgh,ﬂ(aw = J)[Mgm,i(gv =1 071/ = .7) - M%’in(av =1 o-w = j)]
=0
C—i
+ Z[/‘L %n,j(o—w =J)— M%“%,A(O—w = j)]/"%‘zn,z(av =ilo, =)
=0

By iterating upward until we reach the root and by using (2.1), we see that it is enough
to show that

: C — — 5 0 — — 2\ —
Jim max Iglgagggglu Tyoa(00 =iloy, =j) — 7y, ,(0, =1ilo, =j)=0.

Now, let

(2.2) ziiy =2y ]

GGQka\(  VETMr}

denote the partition function (or normalizing constant) on the complete finite tree T,
with boundary conditions t and o, = 4. It is clear that

Prat(i) _ Zi()

PL(0)  Z(0)

Therefore,
0 ; 0 .
/L() (U = z|0 = ]) = Z2n7"u(2) _ ]P)ann%.(z)
Ty, A\O v w 3 Zgn—n (k) Pgnin (0, < C—3j)’
k<C—j ! v
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where n, denotes the level of v (the distance from the root). A similar relation holds for
the full boundary condition.
The proof is concluded once we observe that n, < m and that

]P)gnfnu,l(o—T S C— -7) 2 ]P)[l]/l(o) > 0. 0

2.2. Recursions. Our next step, as in many other spin models on trees, is to set up
a recursive scheme to compute the relevant marginals IP’,L , and IP’S ;- In what follows, for
simplicity we count the levels bottom up, and the boundary conditions are at level 0.
Moreover, since the recursive scheme is independent of the boundary conditions and
since we will never be considering more than one value of 1 at a time, we drop both
from our notation.

For =0 ,C,and n € N, we set
i C
%@%8, B () = S~ 1 Blo, > €= )

Thus R,(0) =1, and R, (i) < R, (i + 1). Moreover, let Z,, be as defined in (2.2) but with
7 equal to the empty b.c. Then we obtain the recursive equations

Zoa( _/1[22" ]

Y k;O Qn(k) b_ /11
Qi) = 42&%@]‘%@’
C /1_“
(2.3) Ry (i) = ZQ%

Zk OHb

The case when C' = 1 (the usual hard core model) can therefore be studied by ana-
lyzing a one-dimensional recursion governed by the following maps:

A . A

(2.4) J(z) = m7

Indeed, J defines the recursion for the quantity Z,(1) /Z,(0), while J, defines the re-
cursion of this quantity between two levels on the tree. We close this section with a
summary of the properties of J and J, which, when combined with Proposition 2.3,
show that A.,(1) == b" /(b — 1)"*! is the phase transition point for the standard hard
core model (see, for example, [9]) and that the phase transition for C' = 1 is second-or-
der. These properties will turn out to also be useful for our analysis of the higher-dimen-
sional recursions (i.e., when C > 2). We start with the definition of an S-shaped
function.
DErFINITION 2.4. A twice continuously differentiable function f:[0,00) + [0,00) is
said to be S-shaped if it has the following properties:
1. It is increasing on [0, 00) with f(0) > 0 and sup, f(z) < oo.
2. There exists T € (0, 00) such that the derivative f' is monotone increasing in the
interval (0, ) and monotone decreasing in the interval (Z, 00); in other words, T
satisfies f"(x) = 0 and is the unique inflection point of f.
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For future purpose, we observe here that the definition immediately implies that for
any 0 > 0 and S-shaped function f, 8f is also an S-shaped function. It is also easy to
verify that any S-shaped function has at most three fixed points in [0, o), i.e., points
x € (0, 00) such that f(z) = z. We now summarize the salient properties of J, (see, e.g.,
Figure 1), all of which may easily be verified with some calculus.

1. J, is an S-shaped function with J,(0) = 1/(1 4+ 4)" and sup, J»(z) = 4 and a
unique point of inflection z, € (0, c0).
2. J has a unique fixed point, x;, which is also a fixed point of Js.
If 2 < 2..(1), then Ji(z) < 1for any x > 0 and z; is the unique fixed point of .J,.
4. If 2> 2.,.(1), then J, has three fixed points z_ < zy < z,, where J(z_) =z,
and J(z,) = z_. Moreover Jj(zg) > 1, Jh(z) <1 for z € [0,z ] U [z,,+00),
and the three fixed points converge to zy(4..(1)) as 4 | 4.,.(1).

®

3. Analysis of the recursions when C =2. When C =2, we have R,(1) =
[1—P,(0,=2)]"! and (2.3) can be written as

R,(0) =1,

A A2
Ryr(2) = 14—t =1,

=1t T R

A 22
(3.1) Rua(1) = ED R Fan)
. ) i 2
I+ 75 1+ 75

On replacing n by n — 1 in the last equation above, we see that

The supercritical function J,
5 T T T T 7

Fic. 1. Graph of the function Jy(x) for b=2,A=7 (A, =4).
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A
R,(2)=R,|14+=—=).
@ =01 )
Substituting this back into (3.1), we obtain an exact two-step recursion for YV, :== R, (1):
22
Yn =1 +
" L+ HY a1+ 5]
12

(3.2) =1+

(V5 4+ 2][1 + 5

n—1

i

Tt is useful to determine the initial conditions ( Yy, Y7) for the recursion given the bound-
ary conditions at the zeroth level.

Ve V) = (+00,1) if the b.c. is full (i.e., identically C),
(Yo. Y1) = (1,1 +%) if the b.c. is empty (i.e., identically 0).

Numerical calculations of (3.2) using Mathematica strongly suggest that the critical
value A, below which the recursion settles to a limit independent of the initial values,
takes approximately the following values:

b Aer
2 7.2753875
3 3.58029

10 1.107665
100 0.2817409

and that the transition is always first-order (i.e., if limsup Y, # liminf, Y, then their

difference is strictly larger than some positive constafit §). Similar observations were

made in [15] (see section 3.4 therein). Here we provide a rigorous proof of these results.
Let us change variables from Y, to X, == Y, — 1 in (3.2). It then follows that

12

(3'3) Xn+1 S . b 2 b = F(+n><anl)’
[r]nzl?r} Y+l + (1+X,H)b]
12
" e Vi A+ !

(n)

The maps F,’ defined above can be rewritten in terms of the map J, defined in (2.4) as
follows:
() = (),
(max;>, Yi+ A)
I P — )

(min >, Y;? +2)

Next, for k > 0, we define
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A
K+ A

(3.5) Fi(z) = Jo(z)

so that Fy = J,. For any k > 0, F is a strictly positive multiple of J, and hence is also
an S-shaped function gwith the same inflection point z,). If we denote the fixed points of
F. by 20 < x(()K) < :r(f (with the obvious meaning), we see the following:
1. If F, has a unique fixed point x((f>7 then necessarily x((f> < min(z_, zy).
2. Since Fi(z) = 4 J4(z), necessarily Fi(z) <1 for z < z(®).
3. The critical value 4,.(x) of A such that F, starts to have three fixed points is
increasing in k. In particular,

bb

Ae(K) > Ac(0) = 4., (1) = G

4. If F, has three fixed points, then necessarily ) < z_ and z, < m((]K) < :v(f).

5. The smallest fixed point z*) is continuously differentiable in x > 0. Indeed, by
the implicit function theorem and the fact that F.(z%)) < 1, it follows that

d 9 F (2
ple) — ok T KT T
" T IRy 1
— )Hrk ( )
2+K ( (*K)
2®)
(1= Ty(aW)) +
In what follows, let
(3.6) m:=liminf X, and M = limsup X,.
n n

We are now ready to prove our first result.

Prorosition 3.1. Assume that A > 0 is such that F'| has a unique fized point. Then
M = m, and hence the recursion (3.2) has a unique fized point.

Proof. Since Y, > 1, it follows from (3.3) and (3.5) that X, ,; < Fy(X,_;). Since
F| is S-shaped and is assumed to have a unique fixed point, this implies that M < a:él).
Moreover, recalling that m = liminf, X, we see that forany e > 0, X,, > m + eforalln
large enough. Hence, (3.3) and (3.5) imply that for all large enough n, X, .1 < F (X, _1)
with = (1 + m + €)’. Thus we obtain

(3.7) M e (0, ztmta"y,

Indeed, if F', has a unique fixed point, then (3.7) follows immediately. On the other
hand, if F', has three fixed points, then we immediately have M € (0,2%) U (af, «%).
But M < xé ), and so M < x, (by property (1) of the F\’s) and also in this case z; <
(by property (4) of the F,’s), giving (3.7).
Since € > 0 is arbitrary in (3. 7) we have, in fact, M < 207" Similarly, using (3.4)
and 3.5, we see that m > z0™M)". We want to conclude that necessarily m = M. We
write
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M—-m< /M ds 7ixg1+s>b> )
o m ds

and the sought statement will follow if, for example,

< 1.

d
sup ‘—a:«lﬂ)b)
m<s<M ds

By properties (1) and (4) of F,, it follows that 2*) < z, and hence property (4) of J,
implies J (z¥)) < 1. When combined with the expression for dz*) /dk given in prop-
erty (5) of F,, this implies that

and hence that

£(0+9))

< bx(l)’

sup
m<s<M

d 5
(149" < b
e

where the last inequality uses the fact that z*) < z(1) for any x > 0.
Thus we have to show that z(!) < 1 /b. For this purpose it is enough to show that
Fi(1/b) <1/b. We compute

A bA

(3.8 bFl(l/b):(1+l) (1+(]%%)b)b'

Next, we observe that the map A~ bA/(1+ (1/(1+14)"))" achieves its maximum at

Amax = (1+1/b)" /(b — 1), where it is equal to 75 [”Zb—zl]b The latter expression is de-
creasing in b for b > 2, and for b = 2 it is equal to %. Therefore, if 1/(A+1) < %, ie.,
A < 8, then the right-hand side of (3.8) is strictly less than one.

We now examine the case 4 > 8. We write

bA Ab beb beb

< <—<——-+<1 forb>3.
2 b — 1+ib—/1b71—8b71 =
(L+ )’ 09

Finally the case b =2 and A > 8 is handled directly:

2) 22 16
. 2:(1+g)2§(1+2>2z0.77. O
(1+7) ’ !

Notice that in the proof of the inequality () < 1 /b, we did not use the hypothesis that
F; has only one fixed point. Moreover, we proved something slightly stronger, namely,

(3.9 there exists e(b) > 0 such that 1 /b — z1) > ¢(b) for any .

The following monotonicity property is an immediate consequence of Proposi-
tion 3.1. Recall that A,,(1) = b* /(b — 1)"*! is the phase transition point for the usual
(C =1) hard core model.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



906 D. GALVIN, F. MARTINELLI, K. RAMANAN, AND P. TETALI

COROLLARY 3.2. For everyd < A,,.(1), the C' = 2 multistate hard core model has a unique
Gibbs measure.

Proof. If J, has only one fixed point, then the same is true of F';. By Proposition 3.1
there is then only one fixed point for the recursion (3.2). The result then follows from
Lemma 2.2 and Proposition 2.3. |

The next result shows that the phase transition for C' = 2 is first-order. Recall the
definitions of M and m given in (3.6), and let ¢(b) be as in (3.9).

THEOREM 3.3. If m # M, then M —m > e(b) > 0.

Proof. Suppose m # M. From Proposition 3.1, it then follows that F'; (and a fortiori
J,) has three fixed points z(!) < xél) < l’il) with 1:(()1) > zy. We now show that xy > 1/b.
Indeed, since J(z;) = 2y and J is strictly decreasing, it is enough to check that J(1/b) >
1/b or, equivalently, that 1 /(1 + %)b >1/b. But 4 > #, and clearly

b? b2 1

b—D)F I+ (P-1(b—1) b

Since 1/b — z)) > ¢(b) by (3.9), this implies x[<]1> — 20 > ¢(b).

Next, since X, =[1 —P,(0, =2)]7* — 1, we infer that X, is maximized by the
empty b.c. and minimized by the full b.c. if n is odd (and vice versa if n is even). Thus,
using the recursive inequality X, ; < F(X,_1), we obtain for any odd n the inequality
X, <U,, where {U, nodd} is the sequence that satisfies the recursion
Un+2 F\(U,), with U;=0. In particular, m <z <——€(b). If now
M<m+e(d) < mél), then necessarily X, < x(() ) for any n large enough, and repeated
iterations of X, < F;(X,_1) imply M < 1), At this stage we are back in the frame-
work of the proof of Proposition 3.1 and m = M, resulting in a contradiction.

4. The large b asymptotic regime. In thissection we set up and then analyze the
recursion for any value of C' when b is large. In what follows, e = exp(1).

For any j < C, set j* = C — j. Also, for 1 < 1, set A; =Y 2, 4" = (1 — 1)~L. Tter-
ating (2.3) we obtain

i= 7 “+1 Af(Zk 0 R? k))
:0 }“Z(Zk:o R,g(@)

Rn+2 (]) =

In turn, this implies that

AN )>b

Rn+2(j)§1 k
Cimst 2w
A/{] +1
=1+ =
ZC ,1‘ b
1+ = R0
Z] 1 /1"
k=l ORb
AM'] +1

1+

= 14 A7)0
A +47" %)

Therefore, by letting X, (j) = R,(j) — 1, we have

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



THE MULTISTATE HARD CORE MODEL ON A REGULAR TREE 907
. o A i .
(4.1) Xoia(f) < 420180 (x,) = FU (X, (7)),

where ; := A7'/ and J® = J and J = J, are the maps defined in (2.4) but with the
A dependence now denoted explicitly.
In a similar fashion, we obtain a lower bound

AN (o ww)”

Rn+2(j) Z 1 +
A s+ 2 )

AT 1/1] +1
_ A
=1+ ¢ \b
k=j RO (k)
1+ j—1_ak
k=0 RL ()
Afl/lj“rl
>14+—2

Mo\bT
Therefore, we have
. 9 gii_ixq 7H) — .
(42) Xn+2(]) > Ai 25 i J2 (Xn) = FQ)(X7L(J))’

where 1 == A4,

4.1. The case of C odd. We start by stating the main result of the section. Recall
that for A < 1, A; = (1 —2)"L.
TaeoreM 4.1. Let j, = f%, and define A_ == A7 A and A, == A;A7:. Then the fol-
lowing two properties hold:
1. If (%)1/]?‘ < A <1 withy > e, then for any b large enough, depending on y, the
smallest fized point of

(4.3) x> A2JS) (2)
1s strictly smaller than the largest fized point of
(4.4) x> A2 ().

In particular, there is phase coexistence.
2. On the other hand, if A < (% )1/]( with ¥ < e, then for every b large enough,
depending on y', there is a unique Gibbs measure.
We start by establishing the first assertion of the theorem. Our proof will make use
of the following elementary observation.
Lemmva 4.2, Fory > 0, the function H,:[0,00) + [0,00) defined by

H,(z)=ye 7", z € [0, 00),
is S-shaped. In addition, the following two properties hold:

1. Ify <, then H, has one fized point z, < 1.
2. If y > e, then H, has three distinct fized points z_ < 2y < z, that satisfy

(4.5) 0 < z_ <log(y) — log(log(y)) < 2y <log y < z,.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



908 D. GALVIN, F. MARTINELLI, K. RAMANAN, AND P. TETALI

Proof. The function H,, is clearly twice continuously differentiable and satisfies
H,(0) =y > 0and sup, H,(x) = ye? < oco. That it is S-shaped therefore follows from
the fact that

Hy'(z) =ye ?H,(2) >0 and H}(z) =ye "H,(z)[ye* —1].

Now suppose y < e. Then sup, H},(2) < 1, and therefore there exists a unique fixed point
zg. The fact that z; < 1 follows from the observation that

H,(1)=yer <1

On the other hand, if y = e, the value z, = log y is the unique fixed point and satisfies
H!,(z)) = 1. Lastly, for y > e, we have the inequalities

Hy'(log y) > 1,
H,(log y) > logy,
H,(log y —log(log y)) < log y — log(log y),

where the last inequality holds because H,(log y —log(logy)) =1 and
y = log y —log(log y) restricted to the interval [e,00) is increasing with
log(e) —log(log(e)) = 1. Together with the S-shaped property of H, these inequalities
immediately imply that H has three fixed points that satisfy (4.5). |

We are now ready to establish the first statement of Theorem 4.1.

Proof of Theorem 4.1(1). Fix A € [(¥)!/,1) with ¥ > e, and for notational concise-
ness, denote A; simply by A. We first show that the asserted inequality between the
fixed points of the two maps implies phase coexistence. This is a simple consequence
of the fact that for any boundary condition t, the sequence { X%} defined by

Xy=X,0j0) = n% (0, = ) /U5 (0, < jo), neN,
obeys the recurrence
A2IY (X)) < X7, < A2TS(XE),

where we have made use of (4.1) and (4.2), together with the duality property
Je+1=j. If now LCJ boundary conditions are imposed at the zeroth 1evel then X =
0 and X7 will always be smaller than the smallest fixed point of z — AQJ ( ). On the
other hand, under [O] boundary conditions, Xj = 1 and X, will always be larger than
the largest fixed point of z — A~2J () (z) because the range of this mapping is contained
in [0, 1] for large b.

We now prove our statement concerning the fixed points of (4.3) and (4.4). First
consider the case A = (¥)!/¢, and observe that for any z > 0,

(4.6) lim bA=2J8) (2 /b) = lim bA2JY) (2 /b) = H,(2)
uniformly on bounded intervals. Next, we define

. log y —log(log y)
- b

log y

and 7, = )
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From Lemma 4.2, it follows that H,(bz_) < bz_ < bZ, < H,(bz,). Together with
(4.6), this shows that for any b large enough,

A2 G < F < &< AT (3,

and the first assertion of the lemma follows (for this case) because 4A72.J é/h) and A%J g’)
are S-shaped exactly like H,,.
We now consider the case (%)1/ Je <2 < 1, and again we compute

A

A
47 A2 () < A2 == A2
( ) 2 (iU )— (1—&—/1_6_“*)1) (1+/1 logy)

If 2 does not tend to zero as b — oo, then it is obvious that the right-hand side of (4.7) is
smaller than z_ for large enough b. If instead lim,_,,, 4 = 0, we proceed as follows. The
function f,(4) =4/(1+ ﬂlOgT'y)b satisfies

1 bl log v
"VN)=— 1 - —7F7
@) (1—|—/11°gyy)2b< )/—|—/110gy>

and hence is decreasing in the interval (Mﬁ ,00). Since y > e and our assumption
A — 0 implies A = A, = 1 for large enough b, we have the inequality

Ao> Ay /b>y/((b—1)log y).

Thus, we can conclude that the right-hand side of (4.7) is smaller than the same expres-
sion with A_ replaced by A~!y /b. After this replacement, the resulting right-hand side of
(4.7) is indeed smaller than Z_ for all large enough b because of (4.5) and (4.6). In con-
clusion, we have shown that for any (¥)!/7c < 1 < 1, the function A Jé ) has a fixed
point smaller than z_

Next, we examine A 2J ) If limy_,, bA, = 0o, then it easily follows that for large
enough b, we have A-2J) (A 20, /2) > A22, /2> z_. If instead A, < C /b for some
finite constant C, we choose z; = log(bA,) /b > z_ and write

A—QJ(QLr)(‘,L.ﬂ) > A—Q/LL e—bl+/(1+:r/1)l’.
By construction, lim;_,., e ?+/0+%)" = ¢=1 Therefore, for sufficiently large b,
A2 e /)" > (1 — O(b 1)) A et > x,

because 4, > y /b with y > e. In conclusion A’QJg*) (z) has a fixed point strictly bigger
than z_, and the existence of a phase transition follows. O

We now turn to the proof of the second assertion of Theorem 4.1, namely, the ab-
sence of a phase transition for 2 < (% )1/ Je with y' < e. For this, we first establish two
preliminary results in Lemmas 4.3 and 4.4. For any vertex y € T, and i € S, we define

a probability measure /Aj) on the set of spins at y as follows:

(4.8) o, =) =P, =jlo, <i),  jeSe

with P, as always, depending on 1 and a boundary condition on T, (which, for clarity,
we have suppressed in the notation). Note that if z is a site in T',, that is neighboring to y,
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then /ij) represents the marginal on y of the Gibbs measure (with some boundary con-
dition on the leaves of T,), conditioned to have i particles at z. Recall that || - || 7y
denotes the total variation distance.

Lemma 4.3. For any k < i, we have

0 % *

11 — ) _ (o, €[ + LK)

Ky Ky llTv (0) < I :
py (0, < k)

Proof. By definition, /j,gf)(O'y =j) = /Lg}o) (0, = jlo, < 7). Therefore, also recalling

that k < ¢ implies £* > ¢*, we have

’ K 1 i . k ) 1 & k .
lay = w oy =5 Iy 0, =) =m0, =Dl +5 Y w0, =)
7=0 =+l
1o, < k) = (o, <) 1p (i +1 <0, <)
- 0 " 0 «
2 ny (o, < k) 2 190, <k

0 -k *
w0, el + 1K)
_ v =l

Mg/)(o—ygk)

Notice that if x is an ancestor of y, then ,ug,o) is nothing but the Gibbs measure on the tree

'JI‘?lj rooted at y with the boundary conditions induced by those on T',,. If instead y is an
ancestor of z, then Mgo) becomes a Gibbs measure on the (nonregular) tree 7', \ T%. How-
ever, if z, y are sufficiently below the root of T',,, then T, \ T? will coincide with a regular
tree rooted at y for a large number of levels. That is all that we need to prove uniqueness
below (§)1/7:.

In what follows, given any nonnegative function b — f(b) of the degree of the tree
T, we will write f(b) = 0 if lim,_,.. bf(b) = 0.

Lemva 4.4. Fizy' < e, and assume A < (%)l/j“. Then there exists a <1 andny € N
such that for any n > ng and any boundary condition t on the leaves of T,

0 ifi<|[$],

limsup bu(o, > i*+1) < A
P but'( ) { if i=j, = [

b—o0

Proof. 1t suffices to bound X, (i) from above for i < |<] or i = [{]. In the first case,
when i < |£], the stated bound follows easily since (4.1) and the assumed bound on 1
imply that, for some finite constant K,

bX, (i) < A7+ < Kb(-(+1)/id) ~ 0,

In the second case, when i = j, set a,, = limsup,_,., b2, (b), where Z,(b) is the largest
fixed point of the S-shaped function z — A, J;’U (z). Due to the assumption A < (4)!/7¢,
it follows that a,, < y'. Because of (4.1) it is enough to prove that a,, < 1. Assume the

!

contrary. Then the fixed point equation, together with 4 < (%)1/ Je readily implies that
0y < ye e,

which in turn implies that a., must be smaller than the unique fixed point z, of the map
H.Since ye™7/¢ < 1ify < e, necessarily z, < 1, and we get a contradiction. Note that in
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the above proof by contradiction, the hypothesis a., > 1 enters as follows. If z > 1 — §,
0 < 6 < 1, then J. é’l) (z) is increasing in 4, and so we may safely assume A = (%)1/ 7e and is
not just smaller or equal. O
We are now ready to prove uniqueness for 1 < _
Proof of Theorem 4.1(2). For simplicity we begin with 4 = (%)1/]". In this case, it
follows immediately from the basic inequality (4.1) that for any initial condition, any
n > 2, and any b large enough, there exist constants c;, ¢y such that

Il .lt
().

(4.9) X0 < cre ¥,
where &« =1/(j. + 1). In another words, recalling the probability measure ug/” intro-
duced in (4.8) and using the obvious fact that for any i < C,

1 (e + 1, C)) < X121

we get that the probability of having more than j,. particles at y given i particles at z is
exponentially small in b.

Now recall that T, is the finite tree of depth # rooted at r, and let 7,7’ be two
boundary conditions on the leaves of T, that differ at only one vertex v,. Let also I" =
{vy, v1, ..., v} be the unique path joining vy to the root r = v,. We recursively couple
the corresponding measures u* = 7,47 and pu7 = /HT/K’ , by repeatedly applying the fol-
lowing step. Assume that for any pair (o,,,0,,) with o,, # o/, we can couple u*(- |0, )
and ¥ (- |07, ) and call 217" the coupled measure. It is understood that v5""" is con-
centrated along the diagonal if o0, = o7, . Let ni““'r”” be the coupling of the marginals of

the two Gibbs measures on wv; that realizes the variation distance (i.e.,

Ty »Thy
m, " (0, #0%,) = i, — i, l7v)- Then we set

! g [
v 00") = 1 (0, 0l v (o OQT?\%)'

\vy
If we iterate the above formula, we finally get a coupling v™ such that the probability of
seeing a discrepancy at the root can be expressed as

Ty 2 Th 0, .00 14y 1%,
(4.10) Y (00, 00w (i)
0y F00,

N0y #1'

with self-explanatory notation. If we can show that the above expression tends to zero as
¢ — oo faster than b~¢ uniformly in 7, v, then uniqueness will follow by a standard path
coupling (or triangle inequality) argument (see, for example, [6]).

On the state space S:=10, ..., 0]2 consider a nonhomogeneous Markov chain
{&,}0_, with transition matrix at time ¢ given by P;(§,§') = 75 (&) and initial condition
& = (1,,.7),)- Let also B={(i,j) € S:i>j.+1} U{(i,j) € S?:j > j.+ 1} be the
bad set, and let D = {(i,i) € S:i € [0, ..., C]} be the diagonal. Equation (4.10) is then
nothing but the probability that the chain does not hit D within time .

For b large enough (depending only on y’ < e), the two key properties of the chain,
which immediately follow from Lemmas 4.3 and 4.4 and the inequality (4.9), are the
following:
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(4.11) sup sup P,(&, D) < 2, a <1,
t geBe b
(4.12) supsup P, (&, B) < c;e” ", a > 0.
t &

Notice that it is not difficult to show that

supsup P,(§, D) =~ 1> 1/b.
t &eB

In other words, the probability of not entering the diagonal D in one step is suitably
small (i.e., smaller than a /b, a < 1) only if we start from the good set B¢. Using
(4.11) and (4.12), we can immediately conclude that

f —2k—

(4.13) <

The “—1”in the exponent of a /b above takes into account the fact that we may start at
7o in the bad set B, while the extra “—k” in the exponent accounts for the fact that for
any transition from B to B¢, we do not necessarily have a good coupling bound. It is clear
that the right-hand side of (4.13) tends to zero faster than b~ as £ — oo because a < 1.

4.2. The case of C even. Throughout this discussion, we assume C' even, and we

set j, =< + 1. Notice that j. = (§)* + 1.

THEOREM 4.5. Assume A = (y@)l/]’“ with y > 1/(C + 2). Then for any large en-

ough b there is phase coezistence. If instead y < CLH, for any large enough b there is a
unique Gibbs measure.

Proof. Fixy > &5, and assume 4 = (y %)1/ J¢. We will show that the largest fixed
point of F(¢/?) is strictly larger than the smallest fixed point of F(f/ 2), By the usual
argument, that is enough to prove phase coexistence.

Pick a halfway between 1 /(C + 2) and y, and compute the value F(¢/?) (&bgb) for

large enough b. From the definition we get

b ~ e

plos (" log b) Y 1‘;;‘5 b e ¥ l(zg by @ l(;g b

Therefore there exists a fixed point of F(¢/2) greater than &bgb. On the other hand,

log b + log b _,.c log b »
(4.14) FSFC/Z) (2)/% b/ 2)> ~y Ogb e M & 2y Ogb b/

so that F'”/? has a fixed point smaller than 2yl b o= b/
of the theorem follows.

Assume now y < 1. In that case, using (4.1), we infer that for any boundary con-
dition and any large enough b,

, and now the first statement
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1

a:m—y

T, (or > §+ 1) <X\ < e,

The proof of uniqueness follows now exactly the same lines of the odd case, with the
difference that now the bad setis B={C' /2+1, ..., C} and (4.11), (4.12) are changed
into

(4.15) sup sup P,(&, D°) < cie” @, a >0,
t geB°
4.16 supsup P,(&, B) < ¢;e b, o> 0. a
( psup P, 1
t £

4.3. First-order phase transitions for C even and large b. We now turn to
showing that for all even C and large enough b (depending on (), the phase transition
established in Theorem 4.5 is first-order. At the end of section 4.2 we showed that as 1
varies, for example, in the interval

Klog b) 2/(C+2) (3 log b) 2/(C+2)]
b ’ b ’

m(2) = limsup[u§ (0, > C/2) — u% (0, > C/2)]

n—o0

the values of

vary between 0 and Q(2 IO% %), (Recall that the superscripts €' and 0 indicate full b.c. and
empty b.c., respectively.) Notice that, by monotonicity, the limsup,, above is attained
over the sequence of even n’s and that u%n (0, > C/2) is decreasing in n.

Here, we argue that in the above interval, m(4) cannot be continuous. The starting
point is the observation that, because of (4.14), for all

log b\ 2/(C+2) 310g b\ 2/(C+2)
)“ E b b b ’

the smallest fixed point of F(f/ 2 is exponentially small in ¢ for some o > 0. Thus, in
particular, there exist constants c;, ¢y such that

1Y (0, > C/2) < cre=@” forall n > 1.

n

Fix now 6 < 1, and assume that for some ny,

M% (0,>C/2) <

2

6
-

By monotonicity, that implies

SRR

sup sup g (0, > C/2) <

n>2ng T

Thus we can proceed with the previously described coupling argument with (4.15) and
(4.16) replaced by
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)
(4.17) sup sup Py(§, D) < -,
t>2ny E€B* b
(4.18) sup sup Py(§, B) < eye ",
t>2ny &

and we may conclude that m(1) = 0.

In other words, we have shown that m(4) > 0 implies that for all n,

so that

o
,U,%H(GT > 0/2) > 37
m(d) > % —cpe e,

It follows now that the phase transition is first-order.
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