Graphs and Combinatorics (2011) 27:177-186
DOI 10.1007/s00373-010-0976-z

ORIGINAL PAPER

The Number of Independent Sets in a Graph
with Small Maximum Degree

David Galvin - Yufei Zhao

Received: 19 August 2009 / Revised: 26 July 2010 / Published online: 25 August 2010
© Springer 2010

Abstract Letind(G) be the number of independent sets in a graph G. We show that
if G has maximum degree at most 5 then

. 1
lnd(G) < 21S0(G) H ind(Kd(u)!d(v))d(lt)d(U)
uveE(G)

(where d(-) is vertex degree, iso(G) is the number of isolated vertices in G and K, p is
the complete bipartite graph with a vertices in one partition class and b in the other),
with equality if and only if each connected component of G is either a complete
bipartite graph or a single vertex. This bound (for all G) was conjectured by Kahn.
A corollary of our result is that if G is d-regular with 1 < d < 5 then

VG|
2d

ind(G) < (2d+1 - 1) :
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with equality if and only if G is a disjoint union of |V (G)|/2d copies of K4 4. This
bound (for all d) was conjectured by Alon and Kahn and recently proved for all d
by the second author, without the characterization of the extreme cases. Our proof
involves a reduction to a finite search. For graphs with maximum degree at most 3 the
search could be done by hand, but for the case of maximum degree 4 or 5, a computer
is needed.
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1 Introduction and Statement of the Result

For a graph G let ind(G) denote the number of independent sets of G (sets of vertices
no two of which are adjacent). Kahn [2] made the following conjecture concerning
ind(G). (All graphs in this note are finite, undirected and simple.)

Conjecture 1 For any graph G,

. 1
lIld(G) = 2ISO(G) H ind(Kd(M),d(U))d(uM(v) s
uveE(G)

where d(x) is the degree of x, iso(G) is the number of isolated vertices in G and K, j
is the complete bipartite graph with a vertices in one partition class and b in the other.
Equivalently,

1
lnd(G) < 2iSO(G) H (zd(u) + 2d(u) _ 1) d(u)d(v) ) (1)
uveE(G)

(Here we adopt the convention that the graph without vertices has 1 independent set,
and that a product over an empty set is 1.) Note that there is equality in (1) when G is
the disjoint union of complete bipartite graphs together with some isolated vertices.

The special case of Conjecture 1 when G is d-regular was made implicitly by Alon
[1] and appears explicitly in [2]. It was recently resolved by Zhao [3].

Theorem 1 For a d-regular graph G withd > 1,

V(G|
2d

ind(G) = (271 1) )

Kahn [2] proved (2) for bipartite G using entropy methods, and Zhao’s proof also uses

entropy in the sense that he deduces the non-bipartite result from the bipartite result.
The aim of this note is to prove the following.

Theorem 2 For all G with maximum degree at most S, (1) holds. There is equality in
(1) if and only if each connected component of G is either a complete bipartite graph
or a single vertex.
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Fig. 1 An example where
vertex x is not good

As a corollary we obtain a new proof of Zhao’s result in the case d < 5 that does not
use entropy and that in addition provides the information that there is equality in (2)
if and only if G is a disjoint union of |V (G)|/2d copies of K 4.

Our proof is motivated by the observation that for G with at least one vertex the
quantity ind(G) satisfies the recursion

ind(G) = ind(G — x) +ind(G —x — N(x)) 3)

where x is any vertex of G, and N (x) denotes its set of neighbours. To see (3), consider
first those independent sets which do not include x, and then those that do.
Set

1
M(G) = 7is0(G) H (2d(u) 1 0d®) _ 1) Todw
uveE(G)

So Conjecture 1 asserts that for all G, ind(G) < T1(G). Say that x € V(G) is good
for G if

M(G) > TI(G — x) + 1(G — x — N(x)). 4)

Note that (4) is satisfied with equality if the connected component of G that contains
x is either K,  or a single vertex. Note also that if uv € E(G) is such that both u and
v are at distance at least 3 from x, it contributes the same multiplicative factor to both
the right- and left-hand sides of (4). This observation reduces the verification of (1)
for graphs with bounded degree to a finite search.

Here is a conjecture that implies Conjecture 1 (we will prove the implication in the
next section).

Conjecture 2 For every graph G with at least one vertex there is x € V(G) that is
good for G.

Note that it is not true that for every G every x € V(G) is good for G. See Fig. 1 for
an example.

We also propose a strengthening of Conjecture 1 that is suggested by our compu-
tations.

Conjecture 3 Let x € V(G) be a vertex of maximum degree. Then x is good for G.

We will prove Theorem 2 by verifying Conjecture 2 for all bipartite G with maxi-
mum degree at most 5, and then using Zhao’s observation to deduce (1) for non-bipar-
tite G with maximum degree at most 5. Here is the main result of this note.
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Proposition 1 Let G be a bipartite graph with at least one vertex.

1. If G has maximum degree at most 5, and v is a vertex of minimum degree, then
there exists a good vertex x which is either v or one of the neighbors of v.

2. If G has maximum degree at most 4 then any vertex x of maximum degree is good.

3. If G is d-regular then any vertex x is good.

Furthermore, in each case, equality holds in (4) if and only if the connected component
of x is either an isolated vertex or a complete bipartite graph.

The process of verifying that every graph with maximum degree at most A has
a good vertex is a finite one (with the number of cases depending on A) and so in
principle we could use the method outlined here to verify Conjecture 1 for the set of
graphs with maximum degree at most A for some larger values of A. However, the
number of cases to be examined grows quickly with A, and even the case A =6 seems
out of reach at the moment.

In Sect. 2 we show that Proposition 1 implies Theorem 2. In Sect. 3 we prove
Proposition 1.

2 Reduction to Proposition 1

The following lemma verifies that Conjecture 2 implies Conjecture 1, thereby reducing
the problem to showing the existence of good vertices.

Lemma 1 Let G be a family of graphs that is closed under deleting vertices. If for
every G € G with at least one vertex there is x € V(G) that is good for G, then (1)
holds for all G € G.

Proof We proceed by induction on the number of vertices of G. For G with no vertices,
there is nothing to prove. Otherwise, choose a good vertex x for G. We have

ind(G) = ind(G — x) +ind(G — x — N(x))
<II(G —x) +II(G — x — N(x)) ©)
< I1I(G) (6)

where in (5) we use the induction hypothesis and in (6) we use the fact that x is good
for G.

The next two lemmas show that Proposition 1 implies Theorem 2. First, we consider
the case when the graph G in Theorem 2 is bipartite. Then, we relax this restriction
by using a recent result of Zhao [3].

Lemma 2 Proposition 1 implies Theorem 2 for bipartite graphs G.

Proof For a bipartite graphs G with maximum degree at most 5, Proposition 1 shows
that G contains a good vertex, so Lemma 1 implies that (1) holds. It remains to find
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the equality cases. Suppose that G is a bipartite graph for which equality holds in (1).
With x chosen as in Proposition 1, we have

I1(G) = ind(G)
=ind(G — x) +ind(G — x — N(x))
<II(G —x)+TII(G —x — N(x))
< I(G)

so that in fact [1(G) = I1(G — x) + [1(G — x — N (x)). Then the equality condition
in Proposition 1 implies that the connected component of x in G is either an isolated
vertex or a complete bipartite graph. Removing this component, the resulting graph
G’ satisfies T1(G') = ind(G’) so repeating the above argument we find that each
connected component of G is either a complete bipartite graph or a single vertex.

Lemma 3 If Theorem 2 is true for bipartite graphs, then it is true in general.

Proof Zhao [3] showed that
ind(G)? < ind(G x K») (7

with equality if and only if G is bipartite. Here x means tensor product (so G x K3
is the graph on vertex set {(v,i) : V € V(G),i € {0, 1}} with (u,i) ~ (v, j) if and
only if uv € E(G) and i # j).

Now let G be a non-bipartite graph with maximum degree at most 5. Each edge uv
of G with d(u) = a and d(v) = b gives rise to two edges u'v” and u”v" in G x K»
withd(u') = d(u"”) = a and d(v') = d(v"") = b, each isolated vertex of G gives rise
to two isolated vertices of G x K>, and G x K> is a bipartite graph with maximum
degree at most 5. Combining these observations with (7) and Theorem 2 for bipartite
graphs, we obtain

ind(G)? < ind(G x K»)

1
< 9is0(GxK2) H (Zd(u) 4 0d) _ 1) TWdw)

uveE(GxK>y)
2

1
5is0(G) H (zd(u)+2d(v)_])d(tz)d(v) ,
uveE(G)

as required. In particular, equality never occurs for non-bipartite graphs.

Therefore, Theorem 2 reduces to Proposition 1, which we prove in the next section.

3 Proof of Proposition 1

We begin with some notation. For a, b > 0 set

@ Springer



182 Graphs and Combinatorics (2011) 27:177-186

fla,b) = (2“+2b— 1)%.

Note that f(a, b)ab = ind(K, ). Here is a useful fact about the function f (-, -). For
all0 <ad’ <a<5and0 < b <b <35,

fa—a',b)f(a,b—1) -
fa—a,b—->0)f(a,b) ~

®)

This relation in fact holds for all a, b, but in the sequel we only need it for a, b < 5,
for which it is easily checked by hand.

Fix a reference vertex x € V(G). Say that a vertex at distance i from x is a level
i vertex (distance measured by number of vertices in a shortest path). Say that an
edge of G is an ij-edge (with i < j) if it joins a level i vertex and a level j vertex
(necessarily j = i + 1; recall that G is bipartite). Write E;; for the set of ij-edges.
Adopt the convention of writing an ij-edge as an ordered pair (u, v) with the level of
u smaller than the level of v.

Write G’ for the component of G that includes x, and TT(G, x) for the contribution
to I[1(G) from all other components. We have

M(G) = (G, x)2*@ ] [ r@w,dw.

ij€(01,12,23,34,..) (u,v)€E;;

This is valid both when G’ contains more than one vertex (in which case iso(G’) = 0)
and when G’ = {x} (in which case iso(G’) = 1). We also have

(G —x) = (G, 02 [  fdw) —1.dw)

(u,v)€E

< [T I1 rdw.dwy

ij€(23,34,...) (u,v)€E;;
and

(G — x — N(x)) = [1(G, x)2i80(C'—x=N )

< [ £ —dyw@.dw))

(u,v)€E

< [T I1 rew.dw,

ij€{34,...} (M,U)EE,’j
where d(x) (1) denotes the number of neighbours of u that are contained in N (x).
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The condition that x is good for G 1is, in the notation we have just established,

2is0(G') H H fd),dw))

ij€{01,12,23} (u,v)€E;;

> 9iso(G'—¥) [1 raw-1aw) [] r@w.dw)

(u,v)€EER (u,v)€E

+2isO(G,*X*N(X)) H f(d(u) — dN(x) (u), d(U)) (9)

(u,v)€E

All terms involving i j-edges with i > 3 cancel out, as do all terms involving vertices
at level 5 or greater, or not in the same component as x.

It is now clear that there is a finite process to verify (1) for all G € GPIP@ie(A), the
set of bipartite graphs with maximum degree at most A, since there are only finitely
many cases (the number depending on A) for which (9) needs to be checked. Indeed,
we only need to check all possible configurations within an edge-radius of 4 about x.
However, for A = 5, the number of cases is already too large to do an exhaustive
search, so we need to make some observations that reduce the search.

Lemma 4 Fix G € GYPatite(A) (with A < 5) and x € V(G). Let G’ be obtained
from G by deleting all level 5 and greater vertices and all vertices not in the same
component as x, and adding edges (and level 4 vertices) to increase the degrees of all
level 3 vertices to A (without changing the degrees of level 0, 1 and 2 vertices). If x
is good for G’ then it is good for G.

Proof Let vy, ..., v be the level 3 vertices of G and let a; be the degree of v; for
1 < j<k.Ifaj = Aforall j, then there is nothing to prove, as (9) is then identical
for both G and G'. Otherwise, we have a; < A for some j, without loss of generality
J = 1. We consider the graph G” obtained from G by deleting all level 5 and greater
vertices and all vertices not in the same component as x, and adding a single edge (and
a single level 4 vertex) to increase the degree of vertex v; to a; 4 1 (without changing
the degrees of level 0, 1 and 2 vertices). We claim that if x is good for G” then it is
good for G; the lemma clearly follows from this by repeated application.

To see the claim, let the level 2 neighbours of v| have degrees by, . . . , by with the jth
level 2 neighbour having b;. level 1 neighbours. By hypothesis we have A’ > B’ + C’
where A’ is the left-hand side of (9) (applied to G”), B’ is the first term on the right-
hand side and C’ is the second term. If A, B and C are the left-hand side and first and
second terms of the right-hand side of (9) (applied to G) then we have

Hf(bz»m"‘l)
f(blsal '

_ f(bl5a1+1)
BH fbi,a;)

i=1
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and

fbi — bl a1+ 1)
_CH f(bl-—b;,ao

and so

fbi = bl a1 +1)f(bi,a)
fbi =bj,a)) fbi,ar+1)

A>B+CH

So we get (9) for G from (8).
The next observation is a restatement of Proposition 1 (statement 3).

Lemma 5 If G is d-regular and bipartite then any x € V(G) is good for G. There is
equality in (9) if and only if the component of x is isomorphic to K4 4.

Proof Pick any x € V(G). Each of the d level 1 vertices has d — 1 level 2 neighbours,
so there are in all k level 2 vertices for somed — 1 < k < d(d — 1). (The two extreme
cases, k =d — 1 and k = d(d — 1), correspond respectively to G = K4 4 and to G
not having a 4-cycle through x). Label the level 2 vertices vy, .. ., vg, and for each v;
let x; = d — dyx)(vi) (so x; is the number of level 3 neighbours that v; has). Note
that G has d Ol-edges, d(d — 1) 12-edges, and kd edges leaving level 2 vertices, so
kd — d(d — 1) 23-edges. The left-hand side of (9) is

f(d d)d+d(d D+kd—d(d—1) _ f(d d)kd+d

the first term on the right-hand side is f(d — 1, d)?@=D £(d, d)kd=d@d=1) and the
second term is

Hf(xl, " =H( +2% —1)°

i=1

(where we have adopted the convention f (0, d)° =2). To get (9), then, it is enough
to verify

_ d(d—1) k d L axi_ 1\y
fd Ld)) +H,:1(2 +2% —1) 10

d
fd.4) 2( Fd.d) Fd. d)k

foralld —1 < k<d(d—1)andforall (x1,...,x;)€{0,...,d— l}k with Zle X, =
kd —d(d —1).
In the extreme case k = d — 1, (10) becomes
1 2d 2d—1 -1 2d—1
(2d+1 - l)d z h 1 T d—1
(2d+1 _ 1)7 (2d+1 _ 1)7
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which holds with equality. Since only the third term of (10) involves k, what we have
to show is that

U=

2¢-1 [Tis (2 +2% 1)

>
d—1 —

(2041 — 1) T (24+1 — 1)5

or, equivalently,

(2d+1—1)k (d-1) d(d=1) lj( + 2% _ ) (11)

foralld — 1 <k <d(d —1) and forall (x1, ..., xx) € {0, ...,d — 1}* with Zle Xi
= kd — d(d — 1) (and, without loss of generality, x; > --- > xi), with equality only
ifallx, =0(andk =d — 1).

For a sequence (x1, ..., xg), set g(x1, ..., xx) = Hle(zd + 2% —1). An equiv-
alent formulation of (11) is that for all sequences (xy, ..., xx) that are valid for the
right-hand side of (11),

gd,...,d,0,...,0) > g(x1,...,xx)

where there are k — (d — 1) d’s and d — 1 0’s in the string on the left-hand side, with
equality only if k = d — 1 and all x; = 0. By a sequence of moves in which two terms
x; and x; with x; > x; are replaced by x; + 1 and x; — 1, it is possible to transform
any valid sequence (xy,...,xx) into (d,...,d,0,...,0). So (11) follows from the
observation that the function g(x) = 2¢ 4+2* — 1 (defined on positive integers) has the
property that gfgx(;r)]) is strictly increasing in x and so g(x; +1)g(x; —1) > g(x;)g(x;)
for x; > x;.

Armed with Lemmas 4 and 5, we are now in a position to complete the proof of
Proposition 1. Statement 2 yields to a direct search.

Lemma 6 Let x be any vertex of maximum degree in G € GPP¥®(4) Then x is good
for G. There is equality in (9) if and only if x is an isolated vertex, or the component
of x is a complete bipartite graph.

Proof Exhaustive analysis of all possible situations that can arise in (9), always taking
level 3 vertices to have degree 4.

Now we consider the case when the maximum degree is at most 5. We are not able
to verify the analogue of Lemma 6, as there are too many cases to examine. To reduce
the number of cases, we take as a working hypothesis that any minimum degree vertex
in G € GPParti(5) 5 good. This turns out to be false, but only just.

Lemma 7 Let G be a graph in GPP2(5) that is not regular. Let x € V(G) be a
vertex of minimum degree. Either x is good for G or the subgraph of G induced by
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Fig. 2 The levels 0,1,2 and 3 appearances of the exceptional graphs in Lemma 7. The graphs are drawn
with x as the top vertex

x and all the level 1, 2 and 3 vertices has one of the fourteen appearances shown in
Fig. 2.

There is equality in (9) if and only if there are no level 3 vertices, and the level 0,
1 and 2 vertices together induce either a single vertex or a complete bipartite graph.

Proof Again, exhaustive case analysis.

To complete the proof of Proposition 1 we need to show that the exceptional graphs
of Lemma 7 (the fourteen graphs shown in Fig. 2) all contain good vertices. To accom-
plish this, we take x’ to be any neighbour of x, and examine (9) for every instance in
which the level 0, 1 and 2 vertices (measured relative to x") induce a subgraph consis-
tent with one of the exceptional graphs. There are only finitely many such cases; an
exhaustive search verifies that in each case x’ is good for x (with no case leading to
equality in (9)).

The program used to conduct the searches required for Lemmas 6 and 7
is available, with documentation, at http://www.nd.edu/~dgalvinl/research.html#
graphscombinatorics.
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