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1 | INTRODUCTION

For many ecological communities, the changes in population abun-
dances due to interspecies interactions are much faster than the
evolutionary changes in the traits that mediate these interactions.
This affords us the theoretical convenience of dealing with popu-
lation dynamics equations with unchanging interaction parameters
(Turchin, 2003). However, to describe the population dynamics of
interacting communities over long periods, or of those that evolve
rapidly, one must also take into account how species coadapt and
interact differently over time (Dawkins & Krebs, 1979; Dietl & Kelley,
2002; Maor & Shirasu, 2005; Stahl & Bishop, 2000; Vural et al.,
2015; Weitz et al., 2005). To illustrate, when a pathogen crosses a
species barrier, a previously zero interaction parameter between it
and its host becomes finite. Conversely, when a pathogen (perhaps
the same pathogen) kills all but resistant individuals, a previously fi-

nite interaction parameter drops to zero.

In a complex community, species continuously adapt to each other. On rare occa-
sions, the adaptation of a species can lead to the extinction of others, and even its
own. ‘Adaptive dynamics’ is the standard mathematical framework to describe evo-
lutionary changes in community interactions, and in particular, predict adaptation
driven extinction. Unfortunately, most authors implement the equations of adaptive
dynamics through computer simulations that require assuming a large number of
questionable parameters and fitness functions. In this study, we present analytical
solutions to adaptive dynamics equations, thereby clarifying how outcomes depend
on any computational input. We develop general formulas that predict equilibrium
abundances over evolutionary time scales. Additionally, we predict which species will

go extinct next, and when this will happen.

adaptation, adaptive dynamics, adaptive extinction, evolution of ecological communities,

evolutionary suicide, simulation, theory

Amending population dynamics equations to include such
adaptive changes to interspecies interactions is referred as ‘adap-
tive dynamics’ (AD) (Abrams, 1999; Abrams, 2000; Cortez et al.,
2020; Dieckmann & Law, 1996; Dieckmann et al., 1995; Gandon
et al., 2008; Gavrilets, 1997; Hochberg & Holt, 1995; Jian et al.,
2016; Lehtinen & Geritz, 2019; Lion, 2018; Loeuille & Hauzy, 2018;
Marrow et al., 1996; Rosenzweig et al., 1987; Rosenzweig & Schaffer,
1978; Schaffer & Rosenzweig, 1978). We should caution that AD is
applicable only to asexual, well-mixed communities, in the low mu-
tation rate limit.

As with much of classical population dynamics, AD typically fo-
cuses on demonstrating the stability of communities—even in the
face of perpetual evolutionary arms races (Cortez & Patel, 2017;
Cortez et al., 2020; Jian et al., 2016; Lehtinen & Geritz, 2019; Weitz
et al.,, 2005). However, adaptive changes in interspecies interactions
can occasionally lead to catastrophic displacements in equilibrium

abundances, and even extinction, as was suggested theoretically
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(Boldin & Kisdi, 2016; Gyllenberg & Parvinen, 2001; Leimar, 2002;
Marrow et al., 1996; Matsuda & Abrams, 1994; Matsuda & Abrams,
1994; Parvinen, 2005; Parvinen, 2010; Parvinen & Dieckmann,
2013) and empirically (Conover & Munch, 2002; Fiegna & Velicer,
2003; Howard et al., 2004; Muir & Howard, 1999; Olsen et al., 2004;
Rankin & Ldpez-Sepulcre, 2005). This phenomenon is referred as

‘evolutionary suicide’. Analytical studies of adaptive extinction have
so far been limited to only single species mutating (Boldin & Kisdi,
2016; Gyllenberg & Parvinen, 2001; Matsuda & Abrams, 1994;
Matsuda & Abrams, 1994; Parvinen, 2005; Parvinen & Dieckmann,
2013) or coevolving two-species communities (Leimar, 2002;
Marrow et al., 1996; Parvinen, 2010).

Prey-predator, host-parasite, plant-herbivore coevolution, as well
as suicidal over-hunting, are standard textbook material. However, in
a complex community, arms races need not be an exclusively two-
species phenomenon. The equilibrium abundances of two species
may change only marginally as they coevolve, while still causing a
chain of events that lead to the extinction of other, possibly even far
removed, species. Furthermore, in a complex community, evolution-
ary arms races need not take place between two species privately
and end when one goes extinct. Arms races could involve so many
species and span such long times that speciation and extinction
events can be viewed as ordinary background events that merely
decorate the Hutchinsonian evolutionary stage.

In this paper, we are primarily concerned with calculating the rate
of extinction in a complex community, as driven by the parallel co-
evolution of its members. We will be interested in predicting which
species will next go extinct, when this will happen, and how fast
a community will lose its members to complex evolutionary arms
races. While doing so, we will also obtain how equilibrium abun-
dances and interaction mediating traits evolve.

As general, widely applicable and conceptually insightful AD
models are, in practice, questions of this kind can presently be
addressed only by elaborate computer simulations that require a
specific choice of initial conditions for the species abundances and
interaction structure. Furthermore, these initial conditions must be
accompanied by an army of functions that relate evolving traits to
evolving interspecies interaction parameters. These functions are
parameterized by an army of constants, typically randomly chosen
according to specific probability distributions, which themselves are
parameterized by arbitrarily chosen constants.

For example, (Ito & Dieckmann, 2007) discovered that if there
is frequency-dependent disruptive selection in one trait and weak
directional selection in another, then the community can enter a
cycle of recurrent adaptive radiations and extinctions. Although
this provides a mechanism for continuous introduction and re-
moval of species it requires very particular interaction functions
that allow trait branching. Likewise, (Johansson & Dieckmann,
2009) investigated the consequences of extinctions in ecological
communities and found evolutionary keystone species that can
switch the community from one evolutionary domain of attraction
to another. Although their work carefully describes the conver-

gence landscape, due to the combinatorially large possible number

of trajectories it is extremely difficult to gain general insights into
how fast a large, complex community would decline under adap-
tive dynamics. Other theoretical studies that examine extinction-
speciation dynamics suffer from the similar difficulties, of having
to assume highly specific parameter sets (Dercole, 2003; Ito &
Dieckmann, 2014; Kisdi et al., 2002).

Given the high dimensionality of initial conditions and model pa-
rameters, and given the sensitivity of the outcomes to the precise
values of some of these parameters, numerical simulations provide
little general insight into the macroscopic consequences of adaptive
dynamics for short, medium and long time scales. For short time
scales, we should be able to predict how species abundances change
upon evolving interspecies interactions. For medium time scales, we
should be able to predict how often a species will go extinct upon
an accumulation of such adaptations; and for long time scales, we
should be able to predict if and when an entire community would
accumulate enough adaptations to annihilate itself. Furthermore, we
should be able to make these predictions for any community, without
having to assume functions, parameters or probability distributions
that are not only highly specific and questionable, but also highly
consequential. Lastly, since it is practically impossible to measure an
interaction matrix in entirety, we would like to know which interac-
tion parameters suffice to make ‘reasonably accurate’ predictions,
and empirically measure only those.

Here, we take a step towards addressing the above questions
by deriving accurate and general analytical solutions to adaptive dy-
namics equations. Since our results are analytical, they allow us to
see clearly how population trajectories and extinction times depend
on model inputs, without necessarily assuming what they are.

Our work consists of two parts. In part one, we assume that
the interspecies interactions Aij change in time according to
A(t) =Hg +Ht + Hyt? + ...
dances and extinction times of species in terms of Hy, H;, H,, ... This

and calculate the equilibrium abun-

way, if Aij(t) is measured empirically at multiple time points, one can
fit a line or polynomial and from there extrapolate equilibrium abun-
dances and extinction times.

Despite being a useful tool for extrapolation, the result of part
one is really a stepping stone. Its true strength will become apparent
in part two of our paper, where we derive what the H's are, starting
with the canonical equations for adaptive dynamics, which take into
account the coupling between evolving traits and interaction matrix
elements that depend on these traits.

Equipped with the results of both part one and two, one
could now measure how the interactions A(S) depend on traits
S= {51,52, } fit a line to each, and then feed these slopes into our
analytical formulas to get future abundances X (t), trait evolution s (t)
and extinction times <. After we analytically obtain X (t), s (t) and =,
we apply them to specific AD models which we gather from the liter-
ature. We compare our general analytical formulas with the numer-
ical solutions of three specific models (which, as is customary, we
run with a large number of made-up parameter values and ad-hoc
functional forms): One where A(t) is a random matrix, where each

matrix element changes at its own random constant rate, one where
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A(3) depends on the difference between two evolving traits, as in
(Rosenzweig et al., 1987; Rosenzweig & Schaffer, 1978; Schaffer &
Rosenzweig, 1978), and one where A(3) has a Gaussian dependence
on evolving traits, as in (Marrow et al., 1996; Marrow et al., 1992).

Throughout, we verify our analytical results with determin-
istic (mean field) simulations, as well as stochastic simulations (cf.
Numerical Methods), and find very good agreement.

We conclude our introduction with an exposition of canonical
adaptive dynamics, as much as it relates to the present work. In clas-
sical population dynamics, the growth rate (fitness) f; (7) of the abun-
dance x; of species i depends on the abundances of other species in
the community, X = {X;,%,, ... }. That is, dx;/dt = f; (X) x;.

There are many population dynamics models with varying de-
grees of complexity and realism (Turchin, 2003), and adaptive dy-
namics can be imposed on any of them. Here, we will follow the
original AD formalism which assumes the simple Lotka-Volterra (LV)

fitness f; =r; + Y A;x;, where A; quantifies how the jth species af-
J

fects the ith species and r; the growth rate of the species in isolation.
The LV model is a rather crude representation of reality, however,
under certain biotic and abiotic conditions, LV does overlap with
more realistic models. These conditions are well established and well
(2018) and
Furthermore, due to its analytical simplicity, LV also forms the basis

understood (cf. O'Dwyer references therein).
of most empiric measurements of interspecies interactions (Delmas
etal., 2019).

While standard LV equations keep A,.j unchanging, AD considers
parameters A; (3) that depend on some traits 3= {s;,5,,...}. The
specific functional form of A; (§) depends on the ecological details
of the system of interest (Abrams, 1999; Abrams, 2000; Cortez et al.,
2020; Dieckmann & Law, 1996; Dieckmann et al., 1995; Gandon
et al., 2008; Gavrilets, 1997; Hochberg & Holt, 1995; Jian et al.,
2016; Lehtinen & Geritz, 2019; Lion, 2018; Loeuille & Hauzy, 2018;
Marrow et al., 1996; Rosenzweig et al., 1987; Rosenzweig & Schaffer,
1978; Schaffer & Rosenzweig, 1978). However, the defining aspect

of all AD models is that novel strains with differing traits (and there-
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It was shown in (Dieckmann & Law, 1996) that in the rare mu-
tation / fast selection limit, the traits governing the interspecies in-
teractions evolve, on average, according to the so called canonical
equation,

dsg, _ 1 5 X Ofy

— 1
dt = 2/ 5s, W

where s, is the oM trait of species k, y, , and o‘fﬂ are the mutation rate
and variance of mutation strength for s, , 1 is the abundance corre-
sponding to a single individual so that x,/4 represents the number of
individuals, and f, is the LV fitness defined above. This equation makes
intuitive sense: traits change at a rate proportional to how much they
increase fitness and also proportional to the rate at which a population
can generate variation. This equation constitutes the starting point of

the present work (Figure 1).

2 | RESULTS
Setting dx;/dt — O with x; # O in the LV equations, gives the coexist-

ent equilibrium condition:
X=-A"'. (2)

from which we qualitatively see that as small changes accumulate in A,
the equilibrium abundances X will move along some trajectory, which
occasionally might cross zero. Our goal is to determine X (t), the com-

ponents i of X that crosses zero, and the times z; for which x; (z;) = 0.
2.1 | Implicit adaptive dynamics
According to AD, as traits s climb up a fitness landscape, the interac-

tions A; (3) that depend on them also change, leading to a difference

in equilibrium abundances. Suppose we somehow know A; (t), in the

fore different interaction matrix elements) will be introduced, and form.
subsequently, LV equations will govern the fate of these strains,
thereby playing the role of natural selection. A(t) =Hy + Hyt + Hot? + ... (3)
1— Selection I Theoretical outputs
L . . - Time to Number of
Traits, 5(t) » Interactions, A(S) » Abundances, x(t) < D + )
extinction, T species, N (t)
= Empirical input =

FIGURE 1 Schematics of our approach. Here, we analytically solve canonical adaptive dynamics equations (yellow), where interaction
mediating traits evolve as to climb up a fitness landscape, as defined according to Lotka-Volterra-type equations. We take the trait
dependence of interspecies interactions A(3) as given (red), and from here, calculate (green), (1) how equilibrium abundances shift, X(t); (2)
the time 7 it takes for this shift to lead to a single extinction and (3) the species that gets extinct the soonest; (4) the number of species as a
function of time N(t), as many such extinctions accumulate; and (5) the evolution of the traits 3(t) while all the above is happening. The blue
arrows indicate causal links, and also show which quantity is used to calculate which other



NGUYEN ano VURAL

sournaL of Evolutionary Biology .0

1098
—I_Wl LEY

where the H matrices could have been obtained experimentally, by

measuring A(t) at few time points and fitting a line or polynomial; or
theoretically, by modelling the evolution of 5 (t) and knowing A (§)

Of course, in reality, the interaction matrix elements will not
change all together continuously (mean-field dynamics). Instead,
small discrete changes to randomly selected matrix elements will ac-
cumulate (stochastic dynamics). Of course, when mutation strength
is small, over long times, the two approaches give identical results (as
shown in Figures 2 and 3). Thus, we proceed with analysis based off
of a mean-field description of Equation 3.

We find how
X(t) =%y + &t +E,t2 + .., inserting this and Equation 3 into

abundances evolve by expanding
Equation 2, and match the coefficients of every power of t (for de-

tails, see Appendix A),
m
En=—Ay" Y HiE, (4)

Lastly, we evaluate all € 's and plug them into the definition of X (t).

% (t) =204-[u1t+-(u§4-u2)r2+-(u§+-u1u24-u2u14-u3)t3+.”]xo(5)

where U, = - Ao’lHk. The pattern here is that the coefficient
of the mth power of time consists of all U's that sum up to m, in
every possible order. For example, the coefficient of t*is a sum of
Ui, VU, U,U2, U,U,U,, U3, U U;, UsU; and U,

Note that Equation 5 is an infinite series and depending on the
nature of the original interaction matrix A; might have a finite ra-
dius of convergence, which would prohibit us from knowing X (t)
beyond a certain time. However, there is a quick workaround this:
Suppose we already evaluated X (t) all the way till t = T and would
like to see beyond the radius of convergence. All we have to do
is to reset the time to zero: we substitute A(T) and X (T) as initial
conditions Aj and X, and just use the same formula, now with a
radius of convergence pushed forward in time. A principled way
to determine the T at which to do this replacement is given in the
final Appendix.

Using Equation 5, we can obtain the time to first extinction. We
set x,(z) =0, solve for 7, and pick the i that has the smallest z value (for
details, see Appendix B),

. - [Xo];
Ty = Min —
P+ ZEN

(6)

where [g;]; denotes the ith component of the jth £ vector, and min()
indicates to chose the value of i that yields the smallest positive value
of (). This is an iterated solution. We start by plugging in z, = 0 on the
right hand side to get z,. Then, we plug in 7, on the right hand side to
get 7,, and so on, such that z,, rapidly approaches to the true value of
7 with increasing m.

Evaluating the first approximation m = 1 for the time to extinc-
tion will turn out to be insightful,

T, = miin ([70],'/ [A61H17°];)' 7)

This result informs us of two risk factors for adaptation driven
extinction: a small numerator and a large denominator. The first
confirms what we might expect intuitively, that the species with
the smallest abundances to begin with, are more likely to go ex-
tinct. The second risk factor is less intuitive. Species i with large
[g1]i = [A51H170],- values are also more likely to go extinct. We tested
the convergence of this scheme in Appendix B which shows rapid
convergence to the true extinction time when an extinction event
occurs within the domain of convergence for Equation 5.

Equation 7 also suggests that larger communities will lose spe-
cies faster, since the minimum of a larger list of numbers will be
smaller. We confirm this trend in our numerical simulations (Figure 5,
first row).

We should emphasize that Equations 5 and 6 (and the approxi-
mate Equation 7) are very general: As long as we are provided with
H's we can track X (t) and determine extinction times regardless of
the community structure, and regardless of the evolutionary mech-
anism that gives rise to the H's. In fact, the next section will be de-
voted to obtaining H matrices starting with the canonical equation
of adaptive dynamics, which will be simply plugged into the above
formulas. However, before doing so, let us illustrate a more practical
use of the results we obtained so far.

Suppose that A is empirically measured at two times and then a
line is fit, A = Ay + Hyt. In this special case, Equation 5 reduces to a
geometric sum and can be evaluated in closed form,

X (t) =Xo + U t(l = U )~ 1%,. (8)

where U; = — A0"1H1. This formula is exact, and luckily, even has an
infinite radius of convergence (Appendix C). We compare it against nu-
merical solutions and stochastic simulations and find excellent agree-
ment (Figure 2).

To obtain the time to first extinction 7z, we again set the left side
of Equation 8 to zero, and identify which component i crosses zero

first (see Appendix D).

= min — Xol; — (9)
i Uy (1=Uy 1)Ko

Tm

where again, we start the iteration with 7, = O on the right side, and
min; indicates that the smallest positive value should be selected.

The first iteration for this special case gives us a 7, that is identi-
cal to Equation 7, which of course is expected, since the general case
depends only on H, to begin with.

Comparing Equation 9 to numerical simulations of a N = 100 spe-
cies community (see Numerical Methods), we find high accuracy and
rapid convergence. The simple expression 74 = min; ( — [Xo];/[U1X,];)
gives us a reasonably good estimation to begin with, off only by 13%.
The next iteration 7, = min; ( — [Xy];/[U1(I — Uy74) ~1X,];) brings this
error down to 3%.

To better understand the qualitative behaviour of Equation 8,
we write X, as a linear combination of the eigenvectors of U, (see
Appendix D).
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FIGURE 2 Equilibrium abundances X (t) in a community whose
interactions are changing at a fixed rate. Our analytic formula
(Equation 8) correctly tracks each species abundance over time
and can also be used to predict an extinction. We sampled 1,000
stochastic trajectories to find the min and max bounds shown by
the red shaded region using ¢ = 0.1 (cf. Numerical Methods) for a
community with N = 10 species

Number of species, N
w
[$)]

30+ [0 Stochastic simulations
——Mean-field simulations
25+ * Theory, 7
O Theory, T,
20 ' ' '
100 150 200

Time, t

FIGURE 3 Decline of a community as driven by species
coadapting. Here, we compare the extant number of speciesin a
coevolving community where random matrix elements of A are
mutated incrementally (stochastic simulations) and where all matrix
elements change all together, continuously (mean-field simulations),
to analytical theory Equation 8 and the second order approximation
Equation 8. The shaded red regions contain all (5,000) simulated
trajectories using the minimum and maximum extinction times

at each community size. The initial N = 50 community has an
interaction density p = 1.0 and randomly selects 50% (¢ = 0.5) of
interaction elements to change at each time-step (cf. Numerical
Methods)

N (v*i)jk[io]k/ljtv

Xt =X+ :
“(2:1 1 A4t /

(10)

-

where /1j and V; are the jth eigenvalue and eigenvector of
U, = -AJ 1H1; and V is a matrix formed by writing the jth eigenvec-
tor v; into the jth column. We observe in Equation 10, that the de-
nominator approaches zero, as time approaches one over the largest
eigenvalue. This means that the abundances of many species will

either boom or crash simultaneously depending on the sign of the

sournaL of Evolutionary Biology 0()'&S)

corresponding component of V;. Interestingly, we observed a similar
singularity in a previous work that explored ways to edit community
composition (Nguyen & Vural, 2020).

The first order formula for extinction time 7, is reasonably
accurate, even though it can identify who goes extinct only 54%
of the time (although still better than random guessing, 1%). This
is because many species start crashing around the same time.
Fortunately, the second iteration (m = 2) increases the success rate
to 93%. Since the first order extinction time only takes into account
the initial downward slope g, this observation suggests that about
half the time, the species initially in rapid decline are not the ones
that goes extinct first. Half of the time, second order effects (i.e.
evolution of neighbours of neighbours in the interaction network)
will accelerate an otherwise slow decline, a scenario we mentioned
in the introduction.

Incidentally, if we are allowed to make two best guesses instead
of one, extinctions can be predicted 71% (m = 1) and 99% (m = 2) of
the time.

Conveniently, our formulas for extinction time Equations 6
and 9 need not be used only for the soonest extinction. To obtain
the times for latter extinctions, one simply removes the row and
column from the interaction matrix corresponding to the species
that went extinct, and substitute this reduced interaction matrix
for A, in Equations 6 and 9. This can be repeated to get a series of
extinction times. Then, these extinction times can be put together
to obtain the number of extant species as a function of time N(t)
(Figure 3).

In Figures 2 and 3 and first column of Figure 5, we plot Equations
8 and 9 and the repeated use of the latter to get N(t). We compare
these results with mean-field simulations and stochastic simulations
and find excellent agreement.

We should caution that the iterated use of Equations 6 and 9
to obtain N(t) neglects the possibility that extinct species can re-
turn back later. In other words, we remove species from the inter-
action matrix permanently, thereby neglecting the (seemingly rare)
scenario where a community becomes uninhabitable for a species,
after some time becomes habitable again, and the originally extinct
species migrates or mutates back and successfully fixes.

2.2 | Canonical adaptive dynamics

In the previous section, we obtained how equilibrium abundances
change for any community, given H,, H,,... In this section, we will
obtain these H matrices assuming the canonical equation of adap-
tive dynamics, which relates interaction values with the evolution of
traits they depend on.

Specifically, we assume that A(s;, s, ...) depends on some
traits $ = {sy5,5,q, ... }. If at present, t = O these traits are 3, for small
changes in trait values we can Taylor expand.

0A:
Aj () ~ A; (30) + Z 05,(‘} L SSk (11)
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where §s;,, = (ds,/dt) 6t is the amount that the ath trait of the kth
species can change within some time interval 5t. The time interval for

which this approximation is valid depends on the functional form of
A; (3):
Then, we write the chain rule

dA;
i)

ka

aAU dska

) 12
0sy, dt (12

plug in Equation 1 for ds,,/dt, with f, =r + XAyx, expand
X(t) =8, + 51t +5,t2+ ... and A(t) =Hy+ Hyt+H,t2 4+ ... and
match polynomial coefficients to get (Appendix E)

2
HnaOna

k-1
2k ijna Z [?s]ncnqna[gk—s—i]q (13)
5=0

[Hk]ij = Z

nqa

where Cyy, = 0A;;/9ds, depends on the specifics of the biology, that
is how interactions depend on traits. The indices n and g run over
all the species, whereas a runs over all the traits. Note that in this
formula, each order of H depends on previous orders of ¢'s, which
themselves depend on previous orders of H, via Equation 4. Thus,
Equation 13 can be evaluated order by order, starting with Hy = A
and gy =X,

This is our central result. With H's in hand, one evaluates
Equations 5 and 6 to get abundances X (t), extinction times z and
number of extant species N(t). Furthermore, now that we know X (t),

we can plug it in Equation 1 and obtain the evolution of traits,

2
HkpOyp
22

S () =545 (0) +

where Sks is the g-th trait for species k. In Figure 4, we compare numer-
ical simulations (cf. Applications and Numerical Methods sections) to

these analytical formulae and find excellent agreement.

2 [[70]kcqua[701qt + ([YO]kaqka[gl]q + [?1]kcqua[70]q) % + ..
a,q

2.3 | Applications

We now use our central result, Equation 13 (as plugged into
Equations 5 and 6) to solve some classical models gathered from
the AD literature. All we need to do is to extract Cl.jk, from a specific
model, and plug it into Equation 13. We will illustrate how to do this
for two models. In both models, species happen to have only have
one evolving trait, so a can only be 1in C

= Cijk

ik and s, . For brevity, we

will omit writing 1 each time, C,.jk, ands; =s;

2.3.1 | Escalating traits (Linear A(s))

We start with the model in (Rosenzweig et al., 1987; Rosenzweig
& Schaffer, 1978; Schaffer & Rosenzweig, 1978), which assumes an
arms race scenario between every predator-prey pair. Over evo-
lutionary time scales, each species develops their trait to counter
the progress of their opponent. This has been empirically shown by
Brodie and Brodie through the correlation between the toxin resist-
ance of garter snakes and toxicity of newts in various geographi-
cal areas (Brodie & Brodie, 1990; Brodie & Brodie, 1991; Brodie &
Brodie, 1999a; Brodie & Brodie, 1999b). Their work suggests snakes
have greater toxin resistance in order to consume newts with higher
toxicity.
Theinteractionbetweeniandjdependsonthedifferencebetween
their two traits A; (s;s;) = (s;—5;) M and A; (s;,5;) = (5, = 5;) M.

Note that reciprocal interactions use the same trait difference but

(14)

can have different signs (due to M). The first term scales the strength
of the interaction with the difference in traits and allows for the sce-

nario where this difference changes in sign. For example, if we were

N
3
-

N
T

Simulations

Abundances, x
o

-

o
o

FIGURE 4 Equilibrium abundances

X (t) in an arms race adaptive dynamics
community. Our analytic formula

] (Equation 5) correctly tracks each species
abundance over time and can also be used
to predict the traits over time. The N = 50
community was generated using the
parameters presented in Methods using

up to O(t* for Equations 5 and 14. For
visual clarity, we only show the first 10
species (unsorted)

150
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modelling two types of carnivorous fish, if a prey species evolves to
be larger than its predator then the role of predator and prey can be
flipped.

Next, we Cijx = 0A;/ 05,
Cii = My (83 = 83) » G = My (83 — 83) ,Ci =0 where &, is the
Kronecker delta. We plug these into Equation 13 and compare the

evaluate For all i < |

analytical model against numerical simulations of the model, and
find excellent agreement (Figure 5, middle column).

2.3.2 | Bounded traits (Gaussian A(s))

Next, we consider the model in (Marrow et al., 1996; Marrow

sournaL of Evolutionary Biology .0(\&=1SlE

where all model parameters are contained inside the matrices P,, P,,
..., P5. Similar to the linear A (3) model, we use M to incorporate the
signs, trade-off and density of interactions. In this model, the inter-
actions cannot change signs so one can incorporate a more realistic
predator-prey type of interactions by restricting the positive inter-
actions to be weaker than the negative interactions (cf. Numerical
Methods).
Next, we evaluate Cy = dA;;/9ds. For all i < j

2 sl IPd
Pl \ 0 [Py [P2];

24, si—[P4];  5;—[Psl;
+§jkm ([PS]UW - [P4]U )

Cy= 5

et al,, 1992) where interactions are bounded, such that A; (3) has a Co—s ﬂ (P.]. s5i—[Pq]; _ s5;—[P3l; (16)
Gaussian peak. Specifically, e T [P,]; > [P,]; [P4;i
+5'kﬂ <[P5]“5—j _[PS]ﬁ - 5_,"“’1];; > )
A.. (SA,S,) :M“exp [_ﬂz _y§+2[p ]ﬂ}’] I [P2]ji o [P4]ji [PZ]ji
ij \2i22j ij i ij SijFij7ij (15) Gz O
Bij= (Si_[P1]ij)/[P2]ij }’ij:(sj_[Pslij)/[P4]ij il = =
Const. Rate A(t) Linear A(s) Gaussian A(s)
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As each species changes their trait monomorphically, we up-

date the values of A according to each interaction model and then
determine the population abundances using the Equation 2. These
numerical simulations are compared against our analytical formula
Equation 13 in the third column of Figure 4.

As expected, analytical theory agrees with simulations during
some initial time, and then gradually departs (Figure 5, third column).
This is because of our linearity assumption Equation 11. The Gaussian
A (?) can be approximated by a line only for small trait changes. Of
course, one could remedy this by occasionally correcting the slope
of A (E’) However, even without doing so, our formula retains its ac-
curacy over a timescale that spans many extinctions (Figure 5, third
row, second column). Note, however, that we can accurately pinpoint
which species will go extinct only about half the time (Figure 5, third

row, third column).

3 | NUMERICAL METHODS

We have applied our analytical formulae to solve some models gath-
ered from the literature, which so far had only specific numerical
solutions. In this section, we outline the initial conditions and pa-
rameter values we chose for reproducing these numerical solutions,
for the purpose of comparing them against our analytical formulae
(Figure 6).

All initial communities were generated using normal distribu-
tion for the population abundances and trait parameters for varying
community sizes and interaction types. Across the three sampled
models, we use the same average population abundance (x) = 1and
standard deviation (¢, ) = 0.1. For the two models which simulates
AD traits, we initialized the traits (s) =0 with standard deviation
(o) =0.1. The classification matrix M randomly assigns predator-
prey interactions for each pair (i, j). Additionally, we modify the in-
teraction density, O < p < 1, which is the probability that we do not
assign Mii = Mji = 0 to a matrix element.

The initial communities for the constant rate A(t) use the in-
teractions generated by the linear A(§) but does not simulate the
traits. Instead, we randomly sampled the values of H from a normal
distribution H; = u x N [1, 1] for u = 107 and kept self-competition
and initially nonexistent interactions from changing. The linear A (§)
model uses u, = 107, the Gaussian A (3) model uses y, = 1072, and
both of these model use o, = 107 and 2, = 1073 for all species k. The
stochastic trajectories were generated for Figures 2 and 3 by assign-
ing each off-diagonal element a probability of change, 0 < ¢ < 1 per
unit time. In order to keep the average change over time the same,
the rate of change was modified to Hii - Hi}./g“ so as ¢ decreased from
unity each element experiences rare but stronger changes than the
mean field.

The Gaussian A (§) model requires additional parameters for its
peaks (P,, P;) and widths (P,, P,). These parameters are symmetric
for each interaction pair (P,.j = Pﬁ) with an average peak magnitude
(|P11) = (IP3|) =5and widths (P3) = (P,) = 10. The peak values

have a standard deviation of 0.1 and are randomly chosen as either
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FIGURE 6 Convergence to true extinction time. Left: Average
relative error, G, , for initial ecosystem sizes of N = 20 (top) and

N = 50 (bottom) with interaction density p = [0.3,0.5,1.0] and
scaling parameter y = [107% 1073,...,1] for A(t) = A(0) + H,t. Each
line represents one parameter set (p, u) averaged across 5,000
random ecosystems. The zeroth order starts the iteration with

7o = 0 so it always starts with 100% error. Right: Convergence ratio
estimated using Equation B6 for the m = 10 iteration compared to
G,,- Generally, higher relative errors in 7 positively correlate with
high values of the convergence ratio

positive or negative with equal probability. The width values have
unit standard deviation and are strictly positive. The coupling coef-
ficients (P;) for each interaction pair are uniformly random between
zero and unity while keeping it symmetric. The sign of each Gaussian
interaction cannot change as the community evolves its trait so pos-
itive interaction values Aij > 0 are given an inefficient mass-transfer
penalty of 10% in comparison with the negative interaction values
(A; = -0.1A;). The overall magnitude of the Gaussian interactions is
scaled up by a factor of 50 in order to accelerate changes.

Similar to (Marrow et al., 1996), we assume that the intrinsic
birth/death vector does not change with mutations for both models.
However, we also assume that the self-interaction for each species
is also kept constant while (Marrow et al., 1996) allows the self-
interaction of the prey to change with its trait and there is no self-
limiting interaction for the predator. To keep the model simple, the
self-interaction for all species is kept at -10.

In our models, we assume that a random walk in interaction
space replicates a random walk in trait space of AD in a low mutation
rate and high selection limit. Comparing the stochastic effect of this
random walk to our deterministic mean-field model (Figures 2 and 3)
shows that our deterministic (mean-field) approximations agree with
the average stochastic behaviour. Therefore, we can average over
the stochastic effects of randomly walking in interaction space by

just using our mean-field theory.
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4 | CONCLUSION

We obtained general analytical formulas for species abundances
(Equations 5 and 8), evolution of interaction mediating traits
(Equation 14), and a series of extinction times (Equations 6 and 9)
for complex communities involved in multi-party arms races. We
then showed how to evaluate these formulas when the species in-
teractions are governed by the standard adaptive dynamics equa-
tions (Equation 13), applied these analytical formulas to solve AD
models gathered from the literature (Marrow et al., 1996; Marrow
et al., 1992; Rosenzweig et al., 1987; Rosenzweig & Schaffer, 1978;
Schaffer & Rosenzweig, 1978) and compared our analytical solutions
to specific numerical solutions of these models.

Having analytical formulas, as opposed to numerical solutions, show
us the effect of every single parameter on the abundances and series of
extinctions. For example, we find that a crucial quantity governing the
extinction is [AalHlio],- (for species i), which is the most prominent fac-
tor in almost all of our results. We can also see the precise dependence
of relative initial populations on extinction time, as well as the influence
of community size. Another interesting observation is, if all initial popu-
lations are modified by a constant factor, then Equation 6 shows us that
X (t) scales by the same amount, but the extinction times (which after
all, are obtained by setting the left hand zero), remain invariant. In other
words, communities with small abundances exhibit similar adaptive ex-
tinction times with those with large abundances.

In closing, we mention two important problems that still remain
open. In the present work, we analytically obtained a string of ex-
tinction times, which we stitched together to obtain the number of
extant species N(t) as a function of time. However, we were not able
to obtain a closed form formula for N(t) that would make apparent the
conditions for which a community would approach to a fixed number
of stably coexisting species (in the red queen sense), versus vanish
entirely. For communities that do approach a stable number of co-
existing coevolving species, we would like to know what this number
is, as a function of initial community size and interaction parameters.

Such a result might also provide some insight into May's paradox
(May, 1972), which, as many authors before us have pointed out, can
be resolved by structured (as opposed to random) interaction matrices.

The evolutionary process that structure interaction matri-
ces is adaptive dynamics. Thus, having a closed form formula for
lim,_, N (t) would allow us to catalogue the interaction structures
that allow nonvanishing communities, and those that lead to maxi-
mal (possibly, even divergent) number of species. It would also allow
us to see what, if any, is the upper bound to the number of species
that can coexist while also coevolving.

The second open problem is the following. Presently, our adap-
tive dynamics solutions accept as inputs, the slope of the function
A (3). In other words, one must empirically measure how interactions
change with respect to some traits, and fit lines. It seems to us that it
should be feasible to generalize the calculations here to any arbitrary
function of A (§) which then would allow evolutionary predictions

that hold for a much longer time.
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The main predictive challenge in testing the feedback between
evolutionary and population dynamical timescales lies in determin-
ing the mapping from traits to interactions. It is currently not feasible
to fully determine N x N functions, A (§) empirically. However, it may
be feasible to measure the local rates of change in interactions dA/
dt. As such, our implicit AD approach, Equation 5 could allow for an
easier (albeit less mechanistic) integration of observation and theory.
When our analytical model is used with the local rates of change in
the slopes, we can accurately track the abundance levels over long
periods of time, albeit not indefinitely. However, coupling analytical
theory with periodic measurements of the local values of dA/dt one
can avoid mapping traits to interactions and still retain high accuracy
in predicting abundance trajectories and series of extinctions.
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APPENDIX A

IMPLICIT ADAPTIVE DYNAMICS—ABUNDANCES

For a time-dependent interaction matrix, A(t), we wish to find a
time-dependent form for the equilibrium population abundances,
X (t), through the fixed-point constraint AX = —7 given the intrinsic
birth/death rates 7. Then by expanding the time-dependencies as a

polynomial with respect to time, t, we can then write
X(t) =8y +Et +Et2 + ...
and assume that the form of A(t) is also given as
A(t) =Hg +Hyt + Hyt? + .. (A1)

where all coefficients (H, g) are constant with respect to time. This then
gives

(Ho + Hit + Hot? + ...) (8o + Eqt + 8,2+ ...) = = F
equating each power of t gives

HoZo= —T
Hoz, +H,2,=0

Hog, +H€1 +H2, =0

m
z HEn=0
k=0

where m > 0. The zeroth order gives our starting point by definition H,
=A(t =0) and g, = X (t = 0). We then sequentially calculate the higher

order coefficients for the population abundances as

- 1y =
£,=-Hy"H%

2= —Hy" (H2, +H,%0)

where each coefficient only depends on terms of a lower order. This
will also work for population dependent mutation rates as long as we
can write H__ using terms up to order m - 1.

For example, if the interactions are only linearly changing with
time then all higher orders are removed, H, = Hy = --- =0, and the

coefficients can be simplified to
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2= -H;'H,%,
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2 0 1€1 0 1 0 (A2)

2y =(—Hy"Hy)"2,.

APPENDIX B

IMPLICIT ADAPTIVEDYNAMICS—TIMETO EXTINCTION
In this section, we will develop a scheme to easily estimate the extinc-
tiontime for each species as we iteratively increase the accuracy of the
polynomial expansion of X (). Given that A (t) = Ag + Hyt + Hyt? + ...
we can track the population abundances over time using the coeffi-

cients given by Equation A2. This gives
X(t) =Xo +Et +Et2 + ...

which can be solved to find the extinction time for each species
X; (r) = 0 and pick the earliest extinction time. However, this requires
that the series be truncated at some order t™ and the calculated extinc-
tion time will vary slightly as the order is changed. We wish to quickly
estimate the extinction time using a mth order polynomial by itera-
tively calculating the extinction time {74, 7y, ..., 7, } as we increase the
time order m. As we increase the order we should quickly converge to
the true extinction time by relying on our previous estimates without
needing to solve for the roots of a high order polynomial. The basic
idea is to convert the equations from O = [X]; (z) to

0=[Xpl; + [E1)ith + [ElitmTmoy + - + [Em]i‘rm‘rm:i (B1)
by replacing 7* = 7,,7% ~ %, such that the highest order extinction time 7,
appears in every power of time and can be easily solved for by factor-
ing it out for each species i to solve for the earliest positive extinction
time. This approximation should then converge as 7,, = 7.

For a community of N species, this system of equations has N
possible extinction times. There will be an extinction time for each
species, however, there cannot be multiple extinction times for the
community. Instead, the species with the earliest extinction event will
die and the community structure will rearrange after its death. So as
we are iterating this method we must pick for this specific extinction
time. In other words, given the N possible extinction times returned
by the iteration, we will pick the earliest positive extinction time.

For m = 1, we have for the ith species

0=[Xol + [E1)izy;
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S (B2)

where we discard any negative extinction times and pick the earliest
positive time, 7, = min;z4;, as our first order approximation to the ex-
tinction time. Then form =2

=Kol + [Eqli7a + [Ex)iToi7y

to get N
= [Xo];

—_— B3
[E1)i + [E5)i74 (83

T =

where we plug-in the result for z,, and then again discard the negative
extinction times and pick the earliest positive, z, = min;z,;. This proce-

dure can be iterated m times to get

i = — Dol (B4)
TR+ X EN

and applying our positive minimization at each step.

Assuming that the true extinction time is = then each iteration of
this method has an error §,, such that 7, = 7 + §,,. Assuming that the
errors are small relative to the true extinction time, 6, /z = 1 we can

then estimate the error ratio 6,/ 6,,_; by using the approximation

(o015),

Then for 7, and the extinction of the ith species we have

=(r + 5m)k

= [Xoli = [Xoli

so the convergence ratio is given by

Om Zu D,

- (B6)

[ﬁo]

This can be evaluated before hand for each species to determine
the convergence of their extinction times. For our system, the coef-
ficients ¢ are very small relative to the initial population abundances
which allow this method to rapidly converge.

We tested the convergence of this scheme for N =20 and N =50
by varying the parameters used to generate an adaptive dynamics
given by A(t) = A
1.0] and a wide range of random constant H, with different rate
scales p = [1074, 107°,..,,
convergences to the true extinction time, 7, given by numerically

o+ H,t for interaction densities p = [0.3, 0.5,
1]. Figure 6 shows how well this scheme

evaluating Equation 10 based on starting with the zeroth order
or the second order estimate of the earliest extinction time. We
then compare the relative error, G, = (r — 7,,,) /7, for each iteration
m. This result shows good convergence even when we start with
79 =0.

However, there are several limitations involved in this calculation.
First, there is no guarantee that any species will go extinct. For small
ecosystems, it is possible that all returned coefficients are positive
such that all species are growing to infinity. Second, because we are
dealing with only a single expansion around the initial starting time
this requires that extinction must occur within the domain of con-
vergence of our polynomial series given in Equation 5. This is, in gen-
eral, not true, especially for more complex dynamics involving higher
orders of H, . Overall, the best method to determine the extinct time
involves iterating our full scheme as shown in Figure 5 when neither

of the above conditions are reliably satisfied.

T+ 6, = —
"R+ XoEl+6m V"t [Eq] + XLl

Now we assume that the expansion is sufficiently high enough
order to closely approximate the true extinction time such that
0= Xl + [E1dit + [Elit2 + ... + [Eplie™

We can then multiply Equation B5 on the top and bottom with =
to simplify to

- [70]'1'

+6,~
! "Rl + 27,0~ DIk 15,

Now assuming the residue terms are small relative to the initial
population sizes we can then again apply the binomial approxima-
tion to get

T+5mz‘r< [ﬁ]Z(J 1)[_’]1'1 m1>

gl (714G - 16, 4772) (B5)

Unfortunately, there is no way to mathematically isolate this condi-
tion. However, we have shown that when these conditions are meant,
our scheme provides a good estimate of the extinction time. For ex-
ample, truncating the polynomial series at second order can reason-

ably estimate the extinction time within 1%-10% error on average.

APPENDIX C
Species abundances for the special case of A = Ay + H,t

For an initial n-species community described by (A,?) and the
mean-field approximation to the changes of the interactions H, we
have that the fixed point of the system at some time t can be calcu-
lated as X (t) = — (Aq + Ht)~1F = (I + Ao’lHt> Xq Where X is the ini-
tial fixed point of the
(I +A0'1Ht)7(t) =Xp and if the initial and time-dependent fixed

system. Using the implicit form

points can be written as a linear combination of the projections on
the eigenvectors of the operatorU = — AS 1H we then have that



NGUYEN ano VURAL

n n
Y 1OV - 4t (V= Y GO,
i=1 j=1

- N - = N = = - .
where Xy = 21:1 ¢ OV, X(t) = 21:1 ¢ (HV; and Uy; = 4V, If the ei-
genvectors are linearly independent and normalized, we can solve for

c!.(t) to get

%] 0

14t

Gt =

Finally, this allows us to write down the fixed point at some time
t to be

Note that cj(O) is the length of X, along the jth eigenvector. That
is, ¢(0) = V'lio, where V is a matrix whose jth column is the jth
eigenvector v,

The possible extinction time, 7, for the i-th species is the earliest
real, positive root of the n order polynomial, x; (r,-) =0, and if this
root does not exist then the i-th species does not go extinct in the
current community. The actual extinction of the current community,
T = min;t;, is the earliest extinction time of all the species and all later
possible extinction times are invalid. This is because as soon as a
species dies the community reduces in size and the operator U also
changes. The additional constraints on the applicability of this result

can be found in Appendix F.

APPENDIX D
Time to extinction for the special case of A = Ay + H,t

In this section, we will approximate the extinction time for com-
munities which have an interaction matrix changing as A (t) = Ay + Ht
. Although the exact solution is given by Equation 10, it is nontrivial to
calculate the extinction time. For a community composed of N species,
we must solve a system of N equations where each equation is the root
of a N order polynomial with respect to time t. Then, filter the resulting
roots for a realistic extinction time. Additionally, we hope that writing
down the expression for the extinction time will provide some insights
in how community parameters such as interaction density, interaction
strength, etc. can alter the rate of collapse for the community.

We will apply a perturbation scheme on the exact solution given
by Equation 8 to approximate the extinction time of the community.

First setting Equation 8 to zero to find the extinction time ¢
0 =Xy +Uyz(l = Uy7) %,

gives us a system of equations used to determine the extinction time
for each species. However, only the first species which goes extinct
will realistically do so. The other species will rearrange themselves into
a smaller community which we must solve separately to determine the

next extinction time.
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We apply a perturbation scheme in order to estimate the extinction
time of the community. First, we substitute z,, and 7, _, for the two 7's,

0=Xg+ Uyrp,,(1 = Uqzp_4)” 1704 (D1)

Then by repeatedly substituting in our guess of the extinction
time into 7z,,_, we can solve for a more accurate extinction time 7.
Using the first guess 7z, = 0, we can find the extinction time (m = 1)

for the ith species

ry= ol (D2)

This term approximates the behaviour of X (t) near t = O. If the spe-
cies has a positive slope then the extinction time returned will be nega-
tive and if it appears that the population abundance is declining then the
extinction time will be positive. However, the species with the earliest
positive extinction time will die first which will cause the community to
rearrange in its absence. Therefore, we must examine each extinction
time, discarding the negative extinction times, and select only the earli-
est extinction time. We perform this positive minimization and define
it as the first order approximation, r; = min;z4;. This minimization also
specifies which species is going extinct in the approximation.

We can now plug this estimate into Equation D1 and solve for the
next estimate (m = 2)

B — [Xol;
27 0,(— Uy ) 1R, (b3)

This will again give N possible extinction times from which
we discard the negative times and pick the earliest positive time,
7, = min;z,;. This process can be repeated m times to find

i = Dol __ (D4)
[U1(1=Uy7,_1)"X0];

where a positive minimization is required after each step and tells us
which species is likely to die.

If the scheme converges to the true extinction time [X]; (r) = O for
the extinction of species i then we would expect the error between
each iteration to decrease in magnitude. We now ask how does the
error, 5, in the mth estimate change as m increases.

First, we shift to the basis which diagonalizes U,. By defining the
ith eigenvalues 4; and normalized eigenvector V; of U, as

U,v; = 4V;
we can find the projection of X, on this basis as
N
Xo = 2 WV
k=1

where the projection coefficients are given by
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and V is the matrix of eigenvectors with V; in its ith column.
Then, substituting the error terms into Equation D4 in the new
basis we have
- [Yo]

T+6, = = (D5)
g 11— A(f+5 ck[vk]"

where the term in the denominator is approximated as

Ak Ak Ak (

1- A (t+6m1) (1= 4r) (1_ 11@24) T ket
e

’Ikém—l
* 1- Xt
(D6)

assuming that |46, 11=11-Az| If we apply this assump-
tion to all eigenvalues in the summation then we have must have
8mo1 = |1 = AmaxT /] Amax|Where 2___ is the eigenvalue with the largest
magnitude. If our iteration has a small enough error to the true extinc-

tion time we can then find

— [Xol;
T+ 5m ~ . (D7)
N A ABp_ —
Tt (1 32 vl

Using the definition for the extinction time

N
. A =
0= [Xo]i +7 Z 1——’i1kTCk[vk]i

k=1

we can simplify the denominator to

45, = — ol = ——— (D8)

_r, Iy 1-6,,_12
2+ 1Zk 11- Akr(l Ar)ck[vk] m1

A A -
where z = r, T Ek 1T ;kT (1_;” ) ¢ [V, ]; depends upon the true ex-

tinction time of the ith species. Assuming that |6,,_;| = |z}, we finally

arrive at
Om & Opm_17Z (D9)
so the ratio between the new and old errors

N
J = i Z —ik <—/1k )Ck[\_}k]i

AN Sl A \1- A

m

6

m-1

will decrease as long as this ratio is less than unity. Although there are
N possible extinction times to examine in each iteration, we always
pick the earliest positive extinction time so there should only be one

associated time ‘error’ for the convergence.

APPENDIX E

CANONICAL ADAPTIVE DYNAMICS
Here, we derive the H matrices for the special case of mutation
driven AD using the canonical form of AD. We assume that an in-

teraction function has been chosen and that the derivatives of each

interaction with respect to their dependent traits are known. We
then use the framework of AD to construct the each order of H
shown in Equation A1l.

In standard adaptive dynamics for each species, we can assign a
number of traits S, for the kth species and calculate the total rate
of change for the interactions based on all possible changes in the
traits. Let s, denote the ath trait of species k and sum over all pos-
sible changes for the interaction A,.j to get

da. XN

S 0A; dsy,
d_tuzzag ij dSk

& o 05y, dt

where the rate of change for each traits, s, , is given by (Dieckmann &
Law, 1996) as

dsg, 1 52 % ofy
dt 2"k 55,

where s, is the ath trait of specie k, 4, , and ofa are the mutation rate
and variance of mutation strength for s, , 1 is the abundance corre-
sponding to a single individual so that x,/A represents the number of
individuals, and f, is the LV fitness given by f, =1 + ;Ak,x,.The inter-

species interactions A; (§,-, Spy - ) are functions of some traits of species
i, j, or more.

We now evaluate the slope of the fitness hill

of, a
k Z q
= —_ +A, —]. E1l
65,@ [ ()Ska Xq ka 0Sk ( )

Note that fis the relative fitness of a new mutant as it first emerges
in a wild-type population where every other individual is s. The first
term quantifies the relative fitness of a mutant individual that in-
teracts differently with others, while the second term quantifies
the relative fitness of the newly emerged mutant due to a change
it causes to the other species' abundances. Since the new mutant is
very few in abundance compared to the wild type, the abundances
of others will not depend on its trait value, and thus dx,/ds, = 0.
To understand this point better with specific examples, the reader
could refer to (Dieckmann & Law, 1996; Marrow et al., 1996) (in their

notation dx/ds’ = 0). Therefore, we have

ds,, 1 2 X < 0Ayq

dt ~ 2Mke%ka Ty

q=1

Finally, we can write down the rate of change for each pair of in-

teractions as

N
0A
M, (E2)
()Ska

1 . 3

u _ L 2

o 2% X, e Lo
The interaction derivatives can be any general function of time, t.

In order write dA/dt as shown in Equation A1 we must now assume

that each derivative is approximately constant
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ij
Pl Ciika-
a
Although we take this simplifying assumption, it is not completely

necessary. As long as i can be written as a power series of t then

this method will still work but will require updating to fully match the
constraints of Equation Al. A fully general prescription for this deri-
vation is outside the scope of this Appendix.

We now seek to break down, term by term, the time depend-
encies of each expression shown in Equation E2. First, using

[X], = [Eolq + [E1],t + [E5]4t2 + ... we have

X (t)

N N
Z CrakaXlg = Y., Cuhe (Bolg + Ealgt + oLt + ...) .
q=1 q=1

Then

N
X Z ChakaXq
q=1

N
2 vake (Eoli+Eqdit+..) (ol +[Eqlyt+...)

© m N
=2 < 2EKY quka[?ms]q> t"
m=0

= q=

We then arrive at

dA. © N 5 ﬂkaﬂf m N

d_tu = Z z z Tcijka X Z [gs]k Z quka[-ém—s]q t"
m=0k=1a=1 s=0 q=1

This arranges the summation with respect to their power of t for
dA/dt. To find the expression for A(t) we finally integrate over time to

find the m > O order of H_ in Equation Al as

m-1

HkaO, a —
Z Z 2m§ Ci)ka Z [ s]kcqua[em—s—llq' (E3)
5=0

ak=1a

Then using X (t) generated we can then predict the behaviour of the
traits by integrating ds/dt over time. Given the initial trait values as

Sy =5(t = 0) we then have

Sep (B) =55 (0) +

a=1 a=1

where Sks 1S the p-th trait for species k.

APPENDIX F

TECHNICAL DISCUSSION ON THE CONVERGENCE AND
RATE OF CONVERGENCE OF SERIES SOLUTIONS
We now demonstrate why repeated iterations of perturbation the-

ory are required in order to examine the abundances for longer
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times. Consider the constant rate model A (t) = Ao, + H;t for which
we have both the analytical solution using the diagonal basis of the

operatorU = — A~ 'H and the perturbation scheme described in the

0
previous sectlon.(\)Ne now use the results from the perturbation
theory to derive the analytic solution. First, note that U is also used
to get the coefficients in the perturbation theory. Then by projecting
the initial population abundance vector into the eigenvectors of U,

we have that 2, = }’¢; (0)V; where Uv; = 4V, Therefore, the polyno-
i

mial expansion from the previous section can be written as

<1

X (144t a2+
J

)c(O)v— ZC(O)V Z(/lt z

j

which is the same result as the analytic method. However, there are
two restrictions for the valid time domain of this solution. First, the
solution can be divergent for certain values of 1. Second, when con-
densing the geometric series (polynomial expansion) from perturba-
tion theory to the analytic expression we have implicitly assumed
that we are within the convergence region of the geometric series.

Therefore the spectral radius 14| of the operator U restricts the

max’

convergent domain of t < ——

Ilimax

The polynomial series from perturbation theory is more restrictive
than the analytic result from using eigenvalues due to the convergence
condition. Even if there are no singularities for positive (real) times the
result from perturbation theory only converges for a time interval re-
stricted by the magnitude of the largest eigenvalue. This restriction is
always applied because we are approximating the analytic result with
a series which in application is truncated. This restriction applies to
any form of dA/dt because the perturbation theory approximates the
operation of applying a matrix inversion continuously over time.

Typically, the expansion will blow up to infinity for long times and
can alternate between positive and negative infinity as the trun-
cated order is increased. Therefore, we can use a heuristic estimate

to determine a good time step as

-m

_ X
T= _maX; ‘8§m)| (F1)

where y is the allowed error in the approximation for X (t) and as-

suming that a sufficiently accurate order m has been chosen for

Hkﬁ”fﬁ S - N - - N N - P2
27 agl [Xolx Z quka[XO]qt + <[X0]k Z quka[gl]q + &4k Z quka[xo]q> 5 +... (E4)

q=1

X(t) =Xg+ &1t + ... +E,t™ This is because the highest order term
serves as an estimation for the error in our approximation of X (t) when
you compare two power series for X (t) of different truncation orders

m-21andm.



