Name: Date: 02/22/2024

Math 20580 Tutorial
‘Worksheet 5

1. Show that the following sets (with operations) are subspaces of the specified vector spaces

o Py = {p(x) = a+bx+cx? | ab,c € R} C Fun(R), the set of polynomials with degree less than
or equal to 2, and the usual addition and scalar multiplication, as a subset of the vector space of
real-valued functions.

o {A| AT = —A} C Mat,, the set of anti-symmetric n x n matrices with the usual addition and
scalar multiplication, as a subset of the vector space of n x n real matrices.
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2. Let T : Py — Pa be the linear transformation T'(p(z)) = z- (p(z)).
Describe ker T, range T'.
(Hint: consider T'(1),T(x), T(2?) individually, and use linearity.)

Ty = K%‘(l\ =0
T(x)= x%‘(xﬂ X-{=x
TOY=x () =x-(2x)=25
$0) T(Atbxy @)= A+ bW+ TH)
= bx + 2¢x?
\<erT=§?""= a+rbxrext | T(p lx)\=°?>
= { P00z a | aclRY JA—

Fange T= & POO=ar bx+ex®| qu=J ex+€x‘§
and T(qba)= pix)

= 2?66= bx +Z<x"\ b, ¢ eiRY
= §p00=bxr x| b e RY

Nove CL’ (\Le(_‘.\ '\‘A.’w\(romseT\ = \—\-223
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Let T : Maty — R be the linea: tion defined in standard coordinates by T'( <(Cl Z)) = a+d.

T(LHE):= | T(LSN =0,
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4. The standard basis for Py is £ = {1, 2,22}, and we have another basis, given by B = {1,z — 1, (z — 1)?}.
Let p(x) = 2 — x + 32% € Py. Express p(z) in terms of the basis B by following these steps:

1. Write the change of basis matrix Pe, 5. First identify the standard basis of P, with the standard

1 0 0

basis of R, [1]¢ = 0) ,zle = ( ,[2%]e = [ 0], then write each basis vector from B in these
0 0 1

standard coordinates, and concatenate them to form a 3 x 3 matrix.

2. Compute (Pe3 | [p(z)]g) —— RREE, (I5 | [p(z)]B) or compute (P ) *[p(x)]¢ to find the coordinate
vector [p(z)]g in B-coordinates.

3. Use your answer to step 2 to rewrite p(x) as a linear combination of the elements of B.

Remark: Observe that you have just computed the Taylor polynomial of degree 2 about a = 1 for p(x),
without taking any derivatives. Slmllarly you could compute Taylor polynomials of degree n about any
number a, using the basis {1,z —a, ...,

) mf(\ EXG )1, (é

E’Mlt 3[ xﬂxqé = 201,- [, 304 = 2
Creba = P 0= (4 )(2)= (20 (&)
3\ U +S(x-1) *+3(x-1)* = 6



Name: Date: 02/22/2024

5. Show that the linear trausformation 7' Py —» P defned by T(p() — p(1 - 20) is an somorplisn,
M(ee Aow\o(n T = (°c10"16\<—| T
and dwm ( do "'\é\‘nT\= J'«H( kerT\“'éf«(ra-.scT\
a~d T ik l{near; {+ s emon (b to that
T rsetther |-\ or 6t teshen 728
both (Ve an tsowarphrs~) | (\,,[L dwn(P,) <¢o)
Toshow {+:$ l", WC @ show that kerT= 0O
Sq"ase PON= a+ bx+ex® and

T(P)=0O.
T(pw)=P(I1=2x) )
= a+ bL(1-2O + ¢(1-2x)

= a+bh-24x + € =Hexr Yex®
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=0 a v ¢
= OA+hyc =0 \ t {0
> 0
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0
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