Name:

Section #:

Exam 1, Math 20580
February 13, 2025

The Honor Code is in affect for this examination. All work is to be your own.

Please turn off and put away all cellphones and electronic devices.
Calculators are not allowed.
The exam lasts for one hour and 15 minutes.

Be sure that your name and your instructor’s name and
your section number are on the front page of your exam.

There are 12 problems: 8 are multiple choice and 4 are partial credit.

Be sure that you have all 8 pages of this exam.
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Each multiple choice question is worth 6 points. Your score will be the sum of the best 7 scores on

the multiple choice plus your score on questions 9-12.

Make sure you have correctly marked your multiple choice answers by the time the exam ends. No

credit will be given for incorrectly marked answers.

Please mark you answers with an X, not a circle.
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Multiple choice problems

1. (6 points ) Which matrix below is equal to is the product AB, where

=20 e é”
Glad)  w[2d] e[de] e[
010]
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-1 0 0

| ~1+00r ~1'O  |.] +0-]| *’6')'0‘3
EN 1 +1010-0 (<001 # 1 1E 0 <)

N
e

/"W%f L110[~(|9] ('[7{]:

O -1

2. (6 points ) Let A be the matrix

A:

110 0 -1
0 010 0
0 00 1 -1

Which of the following matrices is the reduced row echelon form (RREF) of A?

1100 0 10 0 -1 0 1100 -1
0010 0 mlo1 -2 00 @|0oo0o10 o
0001 —1 00 1 -10 0001 0
10 0 -1 0 1100 -1
@]lo1 -2 00 00100
00 1 00 0001 -1

A e alrwq[% in RREF,



3. (6 points ) For which of the following matrices A is AAT invertible (where AT is the transpose of A)?

(I)[gé_}] (H)[_H (IH)[(l) _(” (IV)[g—(l) _(1)]

-1 1 1
(a) (III) only (b) (III) and (IV) only (c) (I), (IT) and (III) only
(d) (I) and (IIT) only @ (I), (IIT) and (IV) only

The ronps of A in (2)~() ave 2, 1,22,

One hase rual C/r/(r):mm/%/f) gad AAT (s oo tible i f
t4’§ yaul s e&]m/ fo ng tize Cwumber of yoas ancl &0/t/zml/>57«
So Jjj ﬂT—) vV 0(”/7/ are fmx/@f/’i%@,,

fnothor way A s jnvertile in I, 7 (sqvave wtb Hoogy,
{mde,pamc[@mL colemns), g0 AAT is iwvertdle i~ LI,V witly
P N )
CI}Q/I'Q/VVWI\/\OWIL (5 2-]=(0)-(~)=lzD. T I ANAT [" ’] A (/)0‘/
invertible sVice 1o dedwminont s C‘QC—/O— |- = -

O.
4. (6 points ) For which values of h and k is the matrix
1 1 0 0
A=1]10 h 0 1

0 0 k£ 1
in reduced row echelon form (RREF)?
(a) h=1 and any k (b)/no values of h and k are possible
(c) (h,k) = (1,0) and (h,k) = (1,1) only (d) (h,k) = (0,0) and (h,k) = (0,1) only.

(e) h =0 and any k

1’\ cath he a [edaﬁfn em{%/ suce there o g IO —Zevo @m/’V7
CU&W? it 0D, S0t A s RREF Hen =0 gnd | 15 s
I%(Jmﬁ @w’(ﬂf of the second o, B the,, Heres 16 4

non—zerg ewtr ¥ pelow e plvot | in and
P Prnciiog; i e secnd )
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5. (6 points ) Let A be a 4 x 5 matrix such that the dimension of the null space of the transpose matrix A7 is
1. What is the rank of A7

(a) 1 (b) 2 (c) 4 3 (e) 0
T .
AT s a Se4patrix ndlity (47)=1.

ranle ( A7) + pdl] #7 CAT) = pumber of clumne of A= 4
%0 yunjc C/P_) =%. Fuog />/ [/c/(/}[C C/]’)c_ffa/)k @4]7) =3

6. (6 points ) Let T: R? — R? be the linear transformation given by counterclockwise rotation of the plane
about the origin by angle 7 (in radians). Which of the following is the standard matrix of T°?

@ ot Wl S elde] el el ]
5-[0) &= T@)-1ol, 1)-[2]
so 11 L) 60 [59]



7. (6 points ) Consider the vectors

3 3
=10, ®h=]1
1 0

in R3. Which of the following vectors is NOT in Span({y, @2 })?

(3 el e el
av, 1/197; _ %ag%bj . Talaﬁﬂg Cayb)= (2, (),-D,
(~2,2), (0 0) g\'vog toe vedas (v (@), ), @b/ (e)e TO fei

@) e vodd need a=bol b o o i< [3]4 |7
[

8. (6 points ) Consider the basis
4 2] [ -1
B= 1], 1], 0
1 3 | 0

.f:

for R3. Let

a
b
¢

T

be the vector in R® such that the coordinate vector of ith respect to B is

[ 2
[x]gz -1 ] .
4

(c) =3 @ 6 (e) —1

(a) 2 (b) 0

- 4 1-2 —

27:1JJ &%@)]‘ lb\& I 4&0&$ [%X so a=6,
[ O

What is the value of a?



Partial credit problems

9. (18 points) The matrix A has a row echelon form (REF) B, as shown below:

0 0 1 -1 o0 @0—110

1 0 -1 1 0 0@010
A= 1 -1 -2 5 —4 B= 00@5—4
1 0 0 0 0 00 0@)—4

-1 1 1 0 0 00 00 0

(a) Compute the rank of A. va»l(,C/(): %CP"‘/O]LE o PE>:4,
(b) Compute the nullity of A. V)L/”lL] C/f): /ﬁ’CCUleM9 0&/0*\ 6//‘0(/)10/4\ >:‘ g— 4/: lﬁ

(c) Find a basis of the column space col(A) of A. (Write your answer as a list of column vectors.)

Take the clumne of A Corves pamclt‘@ fo o clvmn of Buwiy 0737"\/043

O O ‘1 ‘_l
I ol |~ [
| 1| |72 | &
el lelle

yetd,Lrd)Lo

(d) Find a basis of the row space row(A) of A. (Write your answer as a list of row vectors.)

Take e vouws o€ b Cx/wjra(nf a )’J\’\/mL ot B
LLo-110), [01010)]005-4)0004—4]

(e) Find a basis of the null space null(A4) of A. (Write your answer as a list of column vectors.)

Solve SRR R S =0 '97/ bacle sl stidAion - Ay =T,

%, +2y =) ocqy;g;gép ~4»7c5 =9, ,9LL;~;(—4/ ;w’ié—)
ﬂvﬁbrsx&—%%—:@ A =K —Ky =0,
1 (e
b, —ba=0
0 0 0
. _ - — -~ —I
Nl spite, = xSQ |0 basrs, = ,I
|
%Loz [ ( L0~ 1D L0~ O
: 0 1 90|
050,154 — Oo N,
HAnother woy Redue B to RREF: B— G Db 4 85 o597
/ ] 0 N g0 0O Do O 06 p
|0 9000 5 - _
— oive | A =0
0 [O ?glj ¢ Ly {—Jb/?O lo @/{— Dc(p—ﬁg
g@ o ) - xX -—-?(.5//0 3 73/ —Xc
OO0 O 06 p ’bi‘ !9(/—0 % -
75 Ty =*3
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10. (10 points) Find the inverse of the matrix below (if it exists). If the inverse does not exist, explain why.

-2 12 2 12 -2
[2 ~ ol—? [0 ozjf’?[@ o[> whieh 15 v REF
> P O O | O oD

%0 A hao rank 2, ife RREF ic vot I&' S0 A e wnod

v brhle by 2 i irtivle wiadvix tooomam , o b 1ot hal
Lt A wes ,‘m/o,r%ib/e) LAIL] wold bo rou @%w\/c{/@m[
o [5}’/‘:(] by Mo Gowse ~Jovdan metnod &4 cm;;yuh'@ A
Oad co A would bho row egfuz\/a/amf o Jiga :




11. (15 points)
(a) Let T: R® — R3 be the linear transformation given by the formula

T Ty — T2
T X9 = To — T3 .
€3 T3 — I

Write down the standard matrix A = [T] of T

rE L4 (5] T ] TEefg]- )]

O
<[ O

CTV=T 1) ﬁé;’)ﬁe‘;’)]; (% B

(b) Let S =ToT: R3— R? be the composite of T with itself. Compute the standard matrix [S] = [ToT]
of S. .

" ol 07T T —9
LQJ:EJO’T]:ZLT][T]: [0 |—ll[0 P s[[ | -2

Fo 1d]-1 01 ~2

(c) Fill in the ... below to give a formula for S like that given for T in (a):

[ Py Lrq g Loy

9 L1 —2 7% )
5 ’?Ll - L[ [ =7 ,7(.7/ = _L\ 7C'L+7C>
K wIREIR RS | PR LAy,
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12. (15 points) Consider the two bases B and C of R? given by

s={[ 3] [2]) {12

(a) Let & be the vector in R? with B-coordinate vector

A= 1

Find & explicitly as a vector in R? i.e. what are the values of @ and b such that Z = [ (Z } .

1 =4 ]r(ﬂ[jl:[il quzjb:—ﬂ_

(b) Find the change of coordinates matrix cP from B to C (recall that CPB is the matrix such that
—

[T]c = Ly - [t for all vectors ¥ in R?).
| 1

[ ] S I N A
E 5;2#: O —t-5-7 O |

a2l

(c) Find the C-coordinate vector [Z]¢ of the vector Z in (a).

[33, - P wog L e Lﬂ\
*

e
S 7 O 1 &7



